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Appendix A — Algorithm

This section presents a simple algorithm to find the optimal investment path for the case of a single
firm and the equilibrium investment paths in the decentralized assembly system. The algorithm
is denoted by Algorithm (M, {2}'}), where M denotes the number of firms and {2 € RM : t =

1,..,T; n=1,..,T —t} are the input parameters. We begin with the case of a single firm.

Algorithm (1, {z}'})

1. Set z7, = x%p

2. Fort=T-1,...,1

3. Forn=1,...,.T—1

4. If xj < Zjy,, then Zj = 2} and go to 7.
5. Next n

6. Tf =]

7. Next t

The idea behind this algorithm is to compute, in each period ¢, the optimal investment strategy
for that period assuming that the problem starts in that period. The algorithm produces, for each
period ¢, a unique investment quantity z; = x} for some 1 <n < T —t+ 1. The outcome of the

algorithm can then be used to derive the optimal investment path as follows:

e Invest in period 1 up to the level given by z7 = Z} = 2", for some n;.



e Invest in period n1 + 1 up to the level given by = | = 7 ,; = x,,>;, for some ny.

The next result states that the algorithm indeed produces the optimal investment path. The
proof is based on the result in Proposition 2 that shows that for any given period ¢ at most one of
the inequalities x} < zj,,, n =1,...,T —t, in Step 4 is satisfied. This n (if any) implies that it is
optimal to invest in process improvement in periods ¢t and ¢ + n, but not in between. Otherwise,

the firm must end process improvement activities for this product after period ¢.

Proposition 9 Algorithm (1,{z}}) produces the optimal investment path.

In order to show that a similar algorithm produces an equilibrium of the dynamic investment
game, we need to verify that (3) and (4) continue to hold in the decentralized assembly setting.
It is straightforward to verify that an equilibrium vector z¢ satisfies the properties in Lemma
4, while Lemma 2 shows that (3) holds. Then, a proof similar to that of Proposition 9 shows
that Algorithm (M, {#}}) produces an equilibrium of the dynamic investment game in closed-
loop strategies. Specifically, if the uniqueness conditions (10) hold, then this algorithm produces
the unique open-loop equilibrium of the game. Otherwise, it produces the largest open-loop
equilibrium, preferred by all firms. As for the case of a single firm, the outcome of Algorithm

(M, {z}}) can be used to derive the equilibrium investment path as follows:
e All suppliers invest in period 1 up to the level given by z§ = z§ = 27, for some n;.

e All suppliers invest in period n; + 1 up to zf, ,; =z, ,y = &2, ,, for some ny.

The complexity of these algorithms is O(T?), essentially T (T — 1) /2 comparisons, after the
quantities {z}'} are computed. Computing {z}} requires solving a game with M variables for
each t and n. Because these games are supermodular by Proposition 3, a tatonnement algorithm
starting from large initial values converges to the largest equilibrium in a number of steps that is

polynomial in M.



Appendix B — Closed-Loop Equilibria

This section provides a brief numerical study that explores the number of closed-loop equilibria
that may arise under cost-contingent contracts. We use the example in Section 5.1 as the base
case. The parameters in the base case are M =2, T =2, 5, =1.1and §; = 1.3, k1 = ko = k =4,
d =0.9, vo; = vo; = 1, a = (10,10), and b = (1,0.09). We refer to the two suppliers as suppliers
i and j. Because this is an example with two periods and two suppliers, there are four possible

types of equilibria:

(i) Suppliers ¢ and j invest in both periods

(i1) Supplier i invests in period 1 and supplier j invests in both periods
(713) Supplier j invests in period 1 and supplier i invests in both periods

(iv) Suppliers i and j invest in the first period only.

While equilibria of types (i) and (iv) imply synchronized investments by the suppliers, those of
types (ii) and (7i7) imply asynchronized investments. In the base case, there are three closed-loop
equilibria of the type (i), (i7), and (ii1), respectively. In equilibria of type (ii), supplier ¢ invests
more in the first period than it does in the synchronized equilibria (i), which in turn increases
the investment by supplier j in both periods due to complementarity of investments.® A similar
observation applies to the case of an equilibrium of type (7ii). In other words, in a two-period
setting and under closed-loop strategies a supplier can increase the overall investment levels by
committing to a higher investment level in an earlier period.

The table below presents a set of examples that illustrate how the number and type of equilibria

may change as the parameters of the system vary one at a time.

8In a two-period setting, the investment decisions for supplier j in periods 1 and 2 are complementary to the
first-period investment decision of supplier ¢ when this firm only makes an investment in the first period.



Equilibrium type

0 (i) (i) ()

—~

Parameter changed

by =0.11 v
by = 0.10 v Y v

by = 0.09 (base case) vV v

by = 0.08 v

by = 0.07 v

B =11 v Y v

B;j =13 (base case) VvV v

p; =15 v Y v

k=2 v Y v

k =4 (base case) v v

k=6 v
0 =0.85 v

9 = 0.9 (base case) v v

0 =0.95 v
as = 10 (base case) v v

ag = 9 v
ag = 8 v

The first set of examples correspond to changes in by (higher by implies lower demand in the
second period ). With high by neither firm invests in the second period and only an equilibrium
of type (iv) arises. With low by, demand is higher in the second period, making it more attractive
for suppliers to invest in the second period as well — therefore, an equilibrium of type (i) arises.
With intermediate values of by, however, there exist multiple equilibria. In addition to a type-(i)
equilibrium, asynchronized equilibria arise in which one supplier invests in the first period and the
other invests in both periods. Varying the learning rate 3; does not seem to affect the number and
type of equilibria. We also observe that as the unit cost of investment k increases, the discount
rate § increases, or the second-period demand intercept ay decreases, only equilibria of type (iv)

arises — in all of these cases, investing in the second period becomes less attractive.



Appendix C — Proofs

Proposition 1
Proof. We show inductively that 7} (z;_1) is increasing and concave in z;_1. The property holds
for period T'4+ 1. Assume now that it holds for period t + 1, i.e., that 7} _H(xt) is increasing and
concave in ;. Then, m4(x) — k(zy — 24-1) 4+ 67}, (2¢) is concave and

(@) = {Wt(xt“) —k(z} —xi1) + 0y (2}), ?f T < xf

me(xe—1) + 0mfq (24-1), if o <44

Note that 7} (x¢—1) is linear with slope k for z;_; < zj'. In addition, because () is increasing
and strictly concave and 7y, (-) is increasing and concave, we have that 7 (z;_1) is increasing and

strictly concave for x;—; > z}’. Moreover,

oy (x) B k, if x <y
oz (@) + 620 i gu o g
Since x} solves my(xy) — k + § —F—— 8”“’1(%) = 0, we have that 7} is differentiable at x}', and 87%7(;?) = k.

oy +1(1-)

In addition, since 7y (+) is strictly concave for = > z}', we have that 7} () +d—2— < k for x > x}".

ori(x) _

Thus, =4~ =k for x < z}’ and awt (r)

<kforz>z{ m

Lemma 1

Proof. Consider the case n < T — ty. If no investments are made in periods tg + 1 through

ony (x} om
to +n — 1, then zj > z} and tgjto) = mi(x},) —|—(5M fort =tg+1,...,to+n—1. In
addition, xj = xj, solves
. Omyy 11 (27,) . . Omh o (i)
0= Wéo(xto) —k+ 6% - 7T:f()(xto) —k+ (577204_1(.1‘150) + §P—= = =
x Ox
t0+n 1 87'( .’L‘ t0+n 1
> othri(ar) —k+ 5”7“)” 0= N gtor(ag,) — k+ 6k,
t=to t=to
where the last equality holds since zy < zj .,. Then, zj = zy = xj .
The case with n =T — ty follows similarly.
Following a similar reasoning as above, we have that
orf 1 (ay) or} o(aiy)
0=, (z5,) —k+0 08;1: 0 = (wgy) — k4 0mh  (2g) + 52#0 =.=



to+n—(1+1) Ot (.Z‘n ) to+n—(1+1)
S sttor(ap) — k+ 6 l—t°+g‘l W< > sthor(ap) — k+ 6"k,
t=tg t t=to
where the inequality follows from Proposition 1. This implies that ZEOZ—:(?_(HI) 5o (ap h <
Z:Ot:_(lﬂ 5"y (x}), which is equivalent to zf, < T I 'm

Lemma 4 Suppose that in the optimal investment path a positive investment is made in period tg,
for some 1 < tg < T. In addition, suppose that another positive investment is made in period

to+mn, forto+n<T+1. Then, (a)

1 .
toi sttort(zey = § (1 =00k i l<n <T 1t
t=to ot k, fn=T+1—tp.
(b) For somel <n — 1,
to+n—1 ) |
Ozn: 5t_t0_l71"(x* ) < (1—4" l)ka ifl1<n<T+1—1
t=to+l1 o k‘, an =T+1- tg.

Proof. (a) Suppose that the i + 1 periods of optimal investment in the optimal investment path,
starting with period tg, are tg, tg + n1,..., tg +n1 + ... +n;, and that n = ny + ... + n;, for some

7 <1i. Let m =nj;+..+n;. Note that the optimal investment levels are ;1:?01 at tg, xZ)2+n1 at

to + ni, .. xz)f;,’l ML at to +m. Then,
T t0+n1 1 t0+n1+n2—1
t—to /(% _ t—t t—to -/ (,.Nn2
Z(S omi(af) = Z o romy 'rto) Z 0 O7Tt(37t0+n1)
t:to t= t() t:t0+n1
t—t A LT —to—m+1
o Z O ntiany
t= t0+m
to+ni—1 to+ni+nz—1
S SR TR AND S ST
t=tg t=to+mn1
T
m t—to—m, 1 (T —to—m+1
+..+96 Z 6T (T o )
t:t0+m
By the definition in (2),
t0+n1—1
t—to 1/ M o n
Y. 0Thmal) = (=" k,
t=to
to+ni+nz—1
t—to—mn1 /(.1 n
> s (e, = (1—=8")k, -
t_t0+n1
t—to—m / T to—m-+1 o
Z 6 o t0+m ) - k

t= t0+m



Hence, we get the following telescopic sum

T

> ootom(ar) = (1=6")k+6M(1 - 6")k+ .. + 6"k

t=tg

= k
Similarly,

t0+n—1 t0+n1—1 t0+n1+n2—1 t0+n—1
Y, 0w = Y, ThmER)+ Y, 8T+t D 0T ()
t:to t:to t:t0+n1 t:t0+n—n]-

= (1= ™)k A+ 01— 6"2)k + ...+ 6" (1 — 6™k

= (1— Mt = (1— 6"k

(b) Consider the case tg +n < T + 1. If no investments are made in periods ¢y + 1 through

oy (z} on
to +mn — 1, then xy > z} and tgjto): ACH )+(5Mfrt—to—l—1 wto+n—1. Then,
ory on
xy, solves 0 = mj (w}) — k + 5%@%) = mp(2f,) — k + omy o q(w7,) + 52%@%) = .. =

Ei‘);:: Lot—ton! (a7 ) — k4 gtotnto tl(rto Eiot:_l 5ol (a})) — k+ 0"k, where the last

equality holds since zj, < zj, +n Consider 1 < I < n — 1. Since xj; > zj ,;, we have that

ony _H(I?) ’ U +l+1(rt to+n—1 ¢t—tg—I l :
k> =g = mn(h) +5070 2ttt O 0T mi(af) + 6" k. The case with

to+n =T+ 1 follows similarly. m

Proposition 2

Proof. We show this by complete induction. Begin with T = 2. In this case, 73 = zJ, and
7t = 2l if 2} < 23, and 7} = 2% otherwise. Suppose that z} < x3 but in the optimal investment
path it is optimal to invest in period 1 only. Then, Lemma 1 implies that 2} = 2% = 2? and that

2?2 < i, by part (3). At the same time,
m(27) + 6my(2]) = k = (1 = 8)k + 0k = ) (1) + my(x3) < w)(x]) + dmh (1),

where the first equality follows from Lemma 4(a) and the inequality from z1 < z}. This implies

that x% < x%, a contradiction. We conclude that if ;1:% < x%, it then is optimal to invest in periods

1 and 2. In that case, it follows that 2} = 2} and 23 = 2. If 21 > 2}, then a positive investment

can only occur in period 1, and z7 = x%
Suppose now that the result holds if we consider the investment problem starting in any period

to+1 < T. Consider now the investment problem starting in period tg. Suppose first that



xtlo < xf, 41 — let’s show that it is then optimal to invest in periods ¢y and ¢+ 1 and then follow the
optimal investment path given by the inductive step. Suppose instead that it is optimal to invest
in periods ty and tg +n, for n > 1, and then follow the optimal investment path for the subsequent
periods given by induction. This implies that 2}, < z{ by (3). Note that

to+n—1
Z §hor(ap) = (1= 6"k = (1—0)k+ (1 — 6" "k =m (x],) +6(1—5"")k. (11)

t=to
Suppose that z} .| = xgnil with my > n —1. Then, (3) implies that zj ,; < xg;fl which, in turn,
implies that Eio“:"ﬂl gt—to= lwt(x;"oﬂ) > (1—6""1)k. Suppose now that the last period of positive

investment before period n — 1 from the optimal path that starts in period tg + 1 is tg + mq and

Tl tmy = T, Withn —my <mg <T —tg —my + 1. Then,

to+mq—1 to+n—1 botn -1
DA /1 C7 S A S L. Co N E (B e L S e A C T
t=to+1 t=to+m1 t=totm

> (1— 0™k +6m 1 — o™k = (1 - 6"k,

where the last inequality again follows from (3). Thus,

t0+n 1 t0+n 1
n—1 t=to—1p/( t—to—1
(1-0""Hk< E o T () E oo thto)
t=to+1 t=to+1

for the optimal investment path that starts in period ¢y +1, because xtlo < 2y, 41 and the investments

are cumulative. It follows from (11) that

t0+n 1 t0+n 1
t—to t—to
E EE A E E St xto
t=tg t=to

which implies that xtlo <y, a contradiction. Suppose now that xtlo < @41 and it is optimal to
invest in period ¢y and in no other subsequent period. That investment level would be z; THi=to <

xto, by (3). Then,

Z(St ot (x; T+1 —to) = k—(l—é)k‘—l—5k‘—7rto(xt0 )+6 Z st (27 Z(St borl( xto
t=to t=to+1 t=to

where {x}} is the optimal investment path starting from period ¢y + 1, and the last equality follows
from Lemma 4(a). This again results in a contradiction. We conclude that if xtlo < xf, 41, then it
is optimal to invest in periods tg and tg + 1, following then the optimal investment path given by

the inductive hypothesis.



It xtlo > xy 1 but x?o < @} 4o similar arguments show that it cannot be optimal to invest zj;

and then follow the optimal investment path that starts with zj ., , for n > 2, by noting that

t0+n 1
S oml(af) = (1- 8"k = (1-82)k+82(1— 0"k = mf (a3,) 407 41 (a,) + 8%(1— 6" 2k,

t=to

and then again showing that

t0+n 1 t0+n 1
( 5 2 k, < Z 6t to—1 / Z 6t to— 17Tt xto)
t=to+2 t=to+2

For this case, it remains to show that ;1:?0 > 2y +1- To that end, note that

o (@ 11)H0Thg 11 (25 41) 2 74y (24,)+0m 41 (24, 11) = (1-8)k+8(1—0)k = (1-0%)k = m}, (a7 )+0my, 1 (a7,

where the first inequality follows because xtlo > xy ., and xtlo 41 = i 4q by (3). Then, if xtlo >
Ty 41 but x?o < Ty 49, it is optimal to invest in periods ¢y and #p + 2, following then the optimal

investment path that starts in period tg + 2. =

Proposition 3

Proof. Define I1;(z) = 7;(z) —ki(z;—1) and y(z) = a—>_;vj(x;)). The first derivative

1
o 2(M+1)2b(

of 7; is given by
87TZ‘
9z; ") = (M—i— % Z”” 7))

Because the cross partial derivative of each supplier ¢’s profit function is positive, the game is

supermodular:

O, (z -
ox; 8(;1:) 2(M—1H)2b J(xJ) vi(z;) > 0 for j # 1.
j

Because the game is supermodular, the set of equilibria is a lattice and there exists one largest and
one smallest equilibrium.
For uniqueness, we establish sufficient conditions for strict diagonal dominance of the Jacobian.
011, () B
Ox?

7

82HZ(1‘)

= —7(3«“)1’2/(%) - m(v;(mﬁ - %; mvé(%)vg(ﬂ?i)
JF

= —sarmmi(@) ((a — S vi(@) (B +1) ()~ — %:ﬁjvj(ﬂfj) (J?j)_1>

J

> —sarmmvi(@) ((ﬁi +1a(z) " = (1+8+8;) vj(xi)>

J

\%

—mvg(@ ((ﬁz +1)a(e) ! - ZJ: (1+8;+ ﬁj)v0j> :

9



If the condition stated in the proposition holds, the term in parenthesis is non-negative, establishing
uniqueness.  Otherwise, it suffices to note that each supplier’s profit function II; increases in
the other suppliers’ investment levels and that the assembler’s profit increases in all suppliers’
investment levels. Then, all firms prefer the largest equilibrium. The monotonicity results follow
from the supermodularity of the game and the signs of the derivative of the equilibrium conditions

with respect to those parameters. m

Proposition 4

Proof. This follows from a simple re-formulation of our problem together with the result in Exercise
4.10 in Fudenberg and Tirole (2000). Fudenberg and Tirole state that open-loop equilibrium is
in the set of closed-loop equilibria in deterministic games if the action space in each period is
independent of the state variables.

In our model, the action space for firm 7 is constrained by the state variable, cumulative investment
level in the previous period, i.e. z; > x;;—1 for all 7,¢. However, it is possible to reformulate the
problem without constraints on investment levels. Define the decision variables for firm ¢ as the
incremental investment in period ¢ (y;¢). Then, x; = 1+ an:l yit- In this formulation, the action
space of this deterministic game is the same in each period and is not affected by the history. That

is, y;+ > 0 for all 4,t. The result follows. m

Theorem 1

Proof. Define

) =~ ~ ) (12)

Consider supplier ¢. For any fixed paths of investment z_; made by the other suppliers, supplier
i’s problem is as the one considered in Section 4, with the intercept in period t replaced by a; —
E#i vj(zjt). Then, for fixed x_;, the results in that section apply. Based on the definition of
v¢(x¢), we have that Oy (x4)/0xi = v (2¢)vi(2s). Recall that v,(x) < 0 and v; < 0 and increasing
since v; is convex.

Let (29, ...,25,) be an open-loop equilibrium. Suppose that, under this equilibrium, supplier 4
invests in the last period 7', but there is another supplier j that does not. Denote {5 < T to be the

last period in which supplier j makes an investment. Since supplier ¢ invests in period T we have

that (25 )v;(zir) = ki, while 2, = z§, and y(z%)vi (25, ) < k; because supplier j’s unconstrained

10



investment level in period T is lower than ;135 to-

This implies that (k;/k;)vj(z$,,) > vi(zip).
Moreover, since zf, < ... < xfp and v; is increasing, we have that vj(zf, ) < .. <vj(zf{r). We also
have from Lemma 4(a) that

d on on

Zét—to asz c Z st—to asz ;to’ _Jt Z(St to JTt J7t0) k:j.

t=tg J t=tg t=tg

Because v;(z) < 0, we have that

T T T

_ _ ki -
D5y v(ag) > Y 80y (af)vi(air) > k—J >0y (@) (asy,) = ki
t=tg t=to t=to

Now consider the investment periods for supplier ¢, starting from the last period with positive
investment before or at f3. Suppose that these are the following n 4+ 1 periods tg — [ < 1 < ... <
t, < T, with [ > 0. By Lemma 4(b), we have

Z Sty (26 vl(25,) < i,

t=to
leading to a contradiction.

We have shown so far that in the last period T, either all suppliers make a positive investment
or none does. Suppose now that this is true for every period between periods t, < T and T. We
now consider two possible cases. Suppose first that all suppliers make a positive investment in
period t,. Further, suppose that supplier ¢ also makes a positive investment in period t,, — 1, while
supplier j does not. We then have that y(zf _;)vj(z§, _;) = (1 — )k; for supplier i, while for
supplier j, x§, _; = x§, and v,(zf _1)vi(z§,,) < (1 —d)kj, where ?o is the last investment period
for that supplier before t,,. This again implies that (k;/k;) vj(2§, ) > vi(zf) forallt = to, ..., t, — 1.
Because supplier j invests in periods tg and t,, while it makes no investments between those two

periods, we have that
(1 =8ty = tnz_:l 't aﬂjt (xf) = Etnz_:l 8110, (@) v (26 )<tnz_:1 510y () vj (5,
k; k‘] & Dzt k; P Y\ Ly )V L5 ¢ P Yi\Ly )Ui\ Lyt )
Now again consider the investment periods for supplier ¢, starting from the last period with positive
investment before or at tg. Suppose that these are given by tg — 1 < t; < ... < tp_1 <t, —1 for
[ > 0. By Lemma 4(b), we have

tn—1

Y o't (af)uiah) < (1= 0") ks

t=to

11



leading to a contradiction.

Finally, suppose now that no suppliers invest in periods ¢,, through ¢, + 1 — 1, and all suppliers
make a positive investment in period t,+I. In addition, suppose that supplier ¢ makes an investment
in period t, — 1, while supplier j does not, and let ¢y be the last period before t,, in which supplier

7 makes a positive investment. Because supplier ¢ invests in periods t,, — 1 and t,, 4+, we have that

tn+l—1

> 8y (@f)i(f,, 1) = (1— 6")k;, while

t=tn,—1
tn+l—1
Doy () (a,) < (1= 6"TE;. (13)
t=tn,—1

To see why the latter inequality holds, note that for fixed z€ . ,, supplier j’s unconstrained invest-

_] t

ment level in period ¢, — 1 maximizes the convex function Ei’;ﬂj gt—tntl

mjt(w, 2% ;,) (because
the next period with investment after ¢,, — 1 is ¢, +1). Since this supplier does not invest in period
n — 1, while it does in period ¢y, we must have that x5, is larger than the above unconstrained

maximizer, leading to the inequality in (13). Once again, this implies that (k;/k;) v} (x5 ,,) > vi(zf)

for all t =t,...,t, — 1. The result then follows as in the previous cases. ®m

Lemma 2

Proof. Consider a vector of investment level paths x_; for all suppliers but supplier i. Let

RTL

x_;) be the best response of supplier ¢ to the vector x_; for investing at time ¢y for n periods.
(2 t()

That is, R, (z—;) is the solution to

t0+n 1
36 to It ”“"x T=1) (1= s (14)
t=to ¢

Clearly, R7; (xﬁf to) = x?tf) Fixing xﬁf 10 let ar = ap — > i Vj (x;ltco) and consider supplier
i’s (single firm) investment problem with intercept values a;. It is then optimal for supplier ¢ to
invest in period tg for n periods, and applying (3) in Lemma 1 to supplier i’s single-firm problem

with intercept values a;, we have
l
?tf) = Ry (@ —zto) R?to( —zt ), for 1<i<n-1
The same reasoning applies to all suppliers. Then, for fixed 1 <1 < n — 1, we have that
1 .
;ltc() _R]to( —jto) R;Lto( —]to) for 1§j SM

12



Theorem 2.5 in Vives (2000) states that the largest (or unique) equilibrium xz)_l’c satisfies

i = sup {o 2 < (RE @), Bilean) |

n—I,c

This implies that "¢ <z u

Lemma 3
Proof. We start with period 1. Suppose that the optimal investment levels are 27 and g*. If
n > m, then 27 < 27" < ¢7*, where the first inequality follows from Lemma 2. For investments
in periods m + 1,...,n, note that g)ﬁil > yi* > 2. Then, the investment levels in the second
problem are no smaller than those in the first problem for all periods 1,...,n. Consider now the
case n < m. Here, &7 < 17, for some ny. If ng >m —n, then 27 < 273, < 27" < 7" <97,
where the second inequality follows from Lemma 2 and the last inequality follows from the fact
that in the second problem it is optimal to invest in period 1 for m periods (see Proposition 9).
Thus, zf < yf for t = 1,...,m. If no < m — n, then suppose that 1 +n + ny + ... + n; is the
last period of investment before period m in the equilibrium path of the first problem. Then,
a<i?, <.< j711f7%+...+m <AV SO any, < 917, where the second to last inequality
follows from Lemma 2 and the last inequality follows because it is optimal to invest in period 1 for
m periods in the second problem. Thus, we conclude that zf < yf for 1 <t < max{n,m}. Similar
arguments apply to all subsequent periods.

Suppose that the last periods of investment for the first and second problems are ty and tq,
respectively. If ¢1 < tg, then ;f?z)_t”l < g)tTO —totl < g)t:q 81+l yhere the last inequality follows

because t; is the last period of investment in the equilibrium path of the second problem. If

to < t1, then ;f?z)_t”l < ;f?z)_tlﬂ < g)t:q _t1+1, where the first inequality follows from Lemma 2. m

Proposition 5
Proof. Based on Theorem 1 and Proposition 2, the timing of investments in the optimal investment

path is determined by making comparisons of the form zj; < Zj7., . Recall that 27 solves

totn—1 . (at—zjﬂil vj(a“:;?to)> vl(22 ) . i
Z;) 2(M +1)2b; = (1 =0k, i=1,..., M. (15)

Note that —v}(z;) E;‘il vj(x;) and —vj(z;) are decreasing in x;. This observation together with

the two inequalities stated in the proposition imply that &7 < zj?,,. If a; = a for all ¢, then
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the second inequality in the statement of the proposition is redundant and the first inequality only
depends on {b;} and 4.

Consider the case of constant a; and let t,, be the last period of investment in the equilibrium

1

investment path. It follows that it is optimal to invest in periods tg and g +1 < t,, if ;= < < 0
0

i.e., for the same price level demand is higher in period ty + 1. Thus, in the case of constant
demand elasticity, all suppliers invest in process improvement as the market is expanding and will

all stop investment in the same time period. m

Proposition 6

Proof. In this proof, we use the target-price contracts (TP(p)) and (TP) introduced in Section
5.2. Let us start with the linear demand case. Let 2P be the equilibrium solution. Recall that
27 in (C) satisfies

t0+n 1

Z 0" t02(M+1 2, (a Z%(ift)) vi(a74,) = (1 —0")k; for all 4. (16)

t=to

Define the vector xz)’tp as the solution to

t0+n—1
B Z gt 2(M+1 bt( ngt) i(x ?ti)p) (1—0")k; for all . (17)

t=to
Note that (a; — >, vj(z;t))/ (M +1) < (ar — >_; 0;¢) for all z and ¢. The inequality is equivalent
to sz Vit + (E] Vit — Ej vj(xjt)> < May, and it holds because 0 < 03 < vi0, 0 < vi(z) < vy
for all z, and a; > 23, vjo for all t. This implies that the left-hand-side of (17) evaluated at &7’
is less than that of (16). Thus, z; t? > &7, for any to and n. (The right hand side of the above
equations is k; instead of (1 —0™)k; ift+n=T+1.)
Because the results in (3) and Lemma 4 apply to decentralized settings under target-price con-
tracts, Algorithm (1, {z; 1) can be used for i = 1,..., M to obtain . Then, Lemma 3 implies
that 2P > z¢.
Next, we show the same result with the nonlinear demand functions considered. With d;(p) =
((ar — p) /bt)", solving the Stackelberg equilibrium we get m;; = (a;—>_; v; (z5¢))n/((1+n) (M +n)),
mar = (ag — 35 vj (w¢))/(1+ n), and mir(2e) = b~ ((a — 325 v; (je))n/ (1 +n) (M +n)))"*". In
this case, 2} in (C) satisfies

to+n—1

— S 8 (by(n + 1) () (n+ M) (ay — ZUJ( T i(@7y,) = (1—0")k; for alli. (18)

t=to
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It can be verified that under TP, ¢f = (by(n+1))~" (n/(n + M))"(ar — >_; 0;)". Then, under TP
or TP(p), xz)’tp is the solution to

t0+n—1 t
N Z 6t—t0qtcvg(xn7 p) — (1 — (Sn)k‘z fOI' all i,

it
t=to sLo

The comparison of the left-hand-sides of the first order conditions for (C) and T'P is equivalent to

the following inequality. (a;—>_;vj(zj))n/ (n+ M) < (ar—>_; 0jt). The inequality is equivalent
to (n+ M) Ej Vit — an vj(zjt) < May, and it holds for all  and t because 0 < 9 < v;0, and

n

a; > (n+ M)v for all ¢ by the concavity condition. Thus, J:Z’tzp >

for any to and n, which
implies that 2P > z°.
With the constant elasticity demand function d;(p) = b, Lp=1/a: solving the Stackelberg equilibrium

we get mir = ag Y vj(wje) (1 — a)) H (1 —a M) may = ay > vi(@j) (1 — a))"h, and m(2y) =

aby (32 vj(wie) (1 — a)) "t (1 — a; M)A I this case, 27 in (C) satisfies

j
fofnt t—to —1;-1 ~n -1 —1\=1/a¢, /(20 n ;
- tzt: 60 (1 —aM)™ by (P v(@f) (1 —a) ™ (1 —aM)™) vi(27y,) = (1-6")k; for all i.
=y j

(19)
It can be verified that under TP or TP(p), ¢f = bt_l(zj 0je (1 — a;)”t (1 —a;M)"1)~V% . Then,

tp . .
xZ) P is the solution to

t0+n—1 it nt
- tzt: 00 ggvi () F) = (1 = 0" )k; for all 4,
=to

The comparison of the left-hand-sides of the first order conditions for (C) and TP is equiv-
alent to the following inequality. (3, vj(;r;t))_l/‘” (1—aM)™ < (22 ;1) "1/ equivalently
(1 —aM)™ > vi(z5) < >0, Ujr. Because (1 —aM) < 1, the inequality holds if #j < v (2°)
for all j,t. Hence z'? > z¢ for TP, and for TP(p) for large enough p, but may not hold for p close
to 0.

With the exponential demand function, solving the Stackelberg equilibrium we get m;; = ma: = a
and 7y (24) = by tagexp(— (M 4+ 1) — a; ! >_;vj(z5¢)). In this case, 77 in (C) satisfies

to+n—1

— 3 Sp T exp(— (M 4 1) —a; > vji(wje))vi(@7y,) = (1= 8")k; for all d. (20)
J

t=to

It can be verified that under TP, ¢f = b; ' exp(— (M +1) — a; ! >_;vj(z5,))). Then, under TP,
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n,tp . .
Ty, P'is the solution to

t0+n—1 it nt
- tzt: 6 Oqfvg(xi7’top) =(1—-0"k; for all 1,
=to

C

which is equivalent to the condition for #y . This implies that, under TP, 2 = 2¢. Now, consider

TP(p). If p is chosen such that ¢; > [<]qf for all t, then 2P > [<]z¢. =

Proposition 7

Proof. (i) This part follows from the proof of Proposition 6. (i7) Under (TP), w;, ma; and ¢
are the same as those under (C) for all 4,¢, by definition. Because m4; = ma¢q:, the assembler’s
profit remains the same. Because 7 = (wi — vi(wi)) ¢ and xff > z¢,, suppliers’ profits remain
the same in the case of exponential demand function and strictly increase in all the other demand

forms considered in the paper. m

Theorem 2

Proof. (i) Let us start with the case of linear demand. The proof is in two parts. We first show
that x* > x¢ and then show that 2* > z'?. Recall that the uniqueness conditions (10) guarantee a
unique solution to the first order conditions of the equilibrium. The same conditions guarantee a

unique solution to the first order conditions

t0+n—1
M +1) Y 80y ()vi(x) = (1 - 6")k;, for i=1,.., M,

t=to
implying that the centralized problem for periods ty through period tg+n —1 is jointly concave (v,
is defined in (12)). We denote by Z7! to the solution of this system of equations. Because Iy is the
unique solution to the above set of equations, it can be regarded as the unique equilibrium of an M-
supplier game, in which all suppliers invest in period ty for n periods and where the unit investment
cost is k; = ki/(2M +1). Thus Algorithm (M, {z}}) finds the unique equilibrium under (C) and
Algorithm (M, {#}'}) finds the unique optimal centralized solution. Note that 7}; > 27 for all tg
and n, because the equilibrium investment levels are decreasing in k;, and k; > ki. By Lemma 3,
we then have that x* > x°.

Next, we examine how x'P compares with 2*. In order to facilitate the comparison, we introduce

another target price contract. Under this contract, parameters are such that wholesale prices and
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quantities are set to match those in the solution to the centralized regime, that is ¢; = m(at —

>_;vj(z};)). The investment levels, denoted 2, are the solution to
—q(x)vi(zs) — ki + (587&?(;1?#)/8;17 =0, for all i, t. (21)

The first order conditions for (TP) and (21) differ only in the coefficient of v)(z;). Because
x* > ¢ we have that ¢ (z*) > ¢ (2¢) for all t. This implies that % > 2. We define z}"" to
be the investment levels under (21) in period ty given that the next investment period is ¢ty + n.
Recall that 7', satisfies

totn—1

(2M +1) t;jo Sty (Z2 i (E7,) = (1= 6™)k; for all i.

Replacing 7', in the first order condition under (21), we get

totn—1

(M +1) t;jo 50y (Z2 oi(EF) < (1= 6™)k; for all 4,

which implies that z* > 2% As a consequence, z* > x% > z'P > z¢.

To summarize, we are able to show the result by comparing the coefficients of the right-hand-
side of the first order conditions in (C), (TP) and the centralized cases, which were, in the linear
demand case, 1/ (M + 1), 1, and (2M + 1) / (M + 1), respectively. We next show the result for
the nonlinear demand functions. With d;(p) = ((a; —p) /by)", the ratios are n/(n + M), 1,
(n4 M +nM) /(n+ M), respectively. For the isoelastic demand function d;(p) = b; 'p~/%, the
ratios are (1 —aM)™", 1, 14+ M/ (1 — aM), respectively. The argument presented above for the
linear demand case can be replicated for these two cases as well. Similar to linear demand, these
comparisons imply that z¢ < ' < z*. With the exponential demand function, the ratios are 1, 1,
(M + 1), which implies that z¢ = 2P < z*.

(i) We now show that the investment periods are the same in cost-contingent, target-price and
under centralized decisions when a; = a. Let us start with the linear demand case. The proof
for the cost-contingent contracts and the centralized decisions is by induction on ¢t. The proof for
period T is trivial because all firms invest in the single-period problem. Assume that the cost-
contingent contracts and the centralized decisions lead to the same investment pattern from periods

to+1 through T. Consider period ty. If an investment is made in period ¢ for n periods under (C),

the investment level will be 77" defined similar to £j'. The comparisons ;' < Z;,,, in the algorithm
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determine the investment periods in the optimal solution. Fix ¢. We need to show that #7"; <

~C : e AN ~k ~C _ am Tk _ sm
Tito4n if and only if T < Tyt Choose m such that Titoin = Titotn and T toin = Titgtn The

C

same m satisfies both equations because of the induction assumption. We have that Ty < Tiyin

if and only if (0" 610, (&7 Jol(aT,, ) = (1 — 6™) ki and Yo 6TT0y (@, )ul(ET,) > (1 -

0"™)k;. I tg+m—1 =T, then the right-hand side of the inequality shall be k; instead of (1 — §™) k;.

Combining the two, we obtain

to+n—1 to+m—1
(L=0m)/(1=6") D ofy(@n) < D 670y (30).
t:to t:t0+n

If a; = a for all t, then we have ((1—&™)/(1—6")) 3 (04"t o0 (1/b;) < S 67710 (1/by),

=to+n
which is independent of z. Similarly, 7, < z7, ., if and only if Ei‘):“:gl_l 8oy (F J0i(E,,) =
(1—10")k; and Zi‘;ﬁ# 5t_t°'yt(5?z))vg(5rzto) > (1 —0")k;. Combining the two, we have
t0+n—1 t0+m—1
(L=6™)/(1=0™) D & 7oy(@) < Y 870n(@y),
t:to t:t0+n

which holds if and only if the condition that is independent of x holds as well. This means that
the timing of investments are the same under the cost-contingent contracts and the centralized
decisions. To see that the timing of investments are the same in (TP) and (C), consider the

comparisons " < ;T??in in the algorithm, which holds if and only if which is equivalent to

t0+n—1 t0+m—1
(L=0™)/L=8") Y & om(ay) < Y & oy(),
t:to t:t0+n

exactly the same condition for 23 < zf,,. Therefore, the algorithm will make the same decisions
for all ¢t and n for (TP) and (C), leading to the same investment periods.

For the nonlinear demand functions, let us examine the first order conditions for (C), namely,
equations (18), (19), (20). The algorithm makes the comparisons of the first order conditions for
(C), (TP) and the centralized cases, and the terms with a; and }_; v;(z;¢) in the sum from t = ¢,

to tg +n cancel out. =

Proposition 8
Proof. (i) Solving the second and third stages of the Stackelberg game backwards, we find the
profit function of all the parties in a period given the costs of the components. The expressions

for the equilibrium quantities and margins are given below.
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3ch+aA(2+02)—(1—02)(cvo(l—a)+(2+ca)(v1A+v2A)) .
mig = SH(A—5c2+cA) ,fori=1,2,

_ 3aactap (2+02)—(1—02)(—4v0(1—a)+(2a+c) (via+v24))

mi;p = 3b(4—bc2+c2) > for i = 1, 2,
_ 2aatapct2evo(1—a)+(ca—2+¢? ) (v1a+v2a)

ma = 4—c2 ’

2aB+aAc—(4—202)vo(l—a)+(c—(2—02)a)(v1A+v2A)

mp = 4—c2 )
_ 2aatapct2evo(1—a)+(ca—2+c? ) (v1a+v2a)

qA - 3(4—62) )
. 2aB+aAc—(4—202)vo(l—a)+(c—(2—02)a)(v1A+v2A)

4B = 3b(4—c2) :

The profit functions in any given period are m;; = m;arqar + Miptqp: and T4 = Mmarqas. The
structure of the supplier profit functions are similar to those in the monopolist assembler setting.
It can be shown that they are supermodular in (x1¢, 2;) and that a synchronization result similar
to that in Theorem 1 holds.

(i1) The proof follows from Lemma 3 and the fact that the equilibrium of the single-investment
game increases in . For any single-investment game starting in period ¢y and ending in tg+n—1,
we define and compute zj similar to (2). Tt can be shown that 0?m;;/0adxy > 0 if a; > 19 + V20
for any ¢. Because the cross-partial of 7 is positive for periods tg through tg+n—1, 2} is increasing
in «, which implies the result for the multi-period problem by Lemma 3.

(i1i) The total profit generated in Assembler A’s production line is 74; = m14:qar + M24tqar +
marqas. The proof is similar to part (i), except that 9?7 /0adzy < 0 if a; > vig + voo for any ¢

and ¢ > 0 (and equals zero if ¢ = 0). This implies that z* is decreasing in «. m

Proposition 9

Proof. The result follows from Lemma 1 and Proposition 2. =

Proposition 10 The equilibrium production quantity, wholesale prices, and profits are given by

(4) = (5).

Proof. The optimal prices and quantity in each period t only depend on the cost and demand
parameters in that period. That is, these decisions are independent of the history of prices and
quantities in periods 1, ...,¢— 1, but they depend on the vector of cumulative investment levels ;.

Therefore, based on the assembler’s choice of margin m 4¢, the suppliers engage in a non-cooperative
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pricing game, in which supplier i’s profit (before investments in cost reduction) is given by

at — (mAt + Z;‘il (mje + 'th(l'jt))>
(M| xe, m_ie) = my 2 ,
t

leading to supplier equilibrium values {mji(ma¢, x¢)}j=1, .. Anticipating the suppliers’ equi-
librium margin decisions, the assembler, as the Stackelberg leader, announces its margin m4; to

maximize
ar — (mAt + S0 (mye(moag, ) + th(ﬂ«"jt)))
by '

ma(mat|ze) = mar

Solving for optimal m 4, and substituting in the equilibrium {m;(mas, 1) }j=1,. m yields the fol-

lowing equilibrium margins

1
mi = (M—l—l Z’L)J zjt)) may = §(at—2vj(xjt)).

The optimal assembler margin determines the wholesale and retail prices,

wip = vi(Ty) + (M—|—1 Z’UJ x]t Py = ap — (M—l—l Z’L)J x]t , fori=1,.., M.

The equilibrium wholesale prices reflect the assembler’s response to cost reductions under a cost-
contingent contract. Indeed, a reduction in cost achieved through investment in process improve-
ment is followed by a decrease in the wholesale price (note that w;; decreases if v; does). The

equilibrium margins imply the production quantity given in (4) and the profits in (5). m

Proposition 11 The investment game in period T is not supermodular in the starting investment

levels x¢_1.

Proof. In order to see why this is the case, we consider a setting with two suppliers. The
investment game in the last period T' is supermodular as shown in Proposition 3. Let % be the
unconstrained equilibrium in period T', that is, the equilibrium that arises without consideration
of the lower bounds given by the vector of initial investment levels xp_;. Consider the following
two vectors (Z; 7—1,Zj7—1) > (xi -1, 2j7-1) of starting cumulative investment levels in period T,
as shown in Figure 1 below. The curve over the horizontal axis in Figure 1 represents the best-

response function of supplier j, while the curve on the vertical axis represents the best-response
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function of supplier i. Both curves are increasing because the last period’s game is supermodular.

Note from Figure 1 that the equilibrium vector is

xp when the initial state is (xir—1,251-1), (22)
TT when the initial state is (Zir—1,T51-1), (23)
Zr when the initial state is either (Z;7-1,Z;7—-1) or (z;7-1,%j71-1). (24)

Because the best-response functions in period T' are increasing, we have that Zr > xf. Thus,

supplier j’s equilibrium profit in period 1" as a function of these initial investment levels satisfies
C = = C = C = C
0= 7TjT(.Z‘Z‘7T_1, J?j,T_1) - WjT(J?z‘,T—h J?j,T—1) < 7TjT(~Tz’,T—17 33j,T—1) - WjT(JTz‘,T—la ij,T—l)-

The equality follows from (24). The right-hand side is positive because of (22), (23), Zr > ¥, and
the fact that 7 ;7 is increasing in ;7. The strict inequality implies that the last-period equilibrium

profit is not supermodular as a function of the initial cumulative investment levels.

j
xT—l

i
X7 Xr-1

Figure 1: Supermodularity under closed-loop strategies.

References

Vives, X. 2000. Oligopoly Pricing: Old Ideas and New Tools. The MIT Press. Cambridge, MA.

21



Appendix D - Numerical Study

b,=(1,0.1,0.5) for T =3, (1,0.5,0.1,0.5) for T =4, (1,0.5,0.1,0.1,0.5) for T =5.

# k 8 vo| B ag M T Regime X11 X120 X3 Xgq Xgs|  Xo1 Xpp o Xp3 o Xpg Xps| X3 X3z X3z X3z Xgs Ty ) 3 A
1 5 09 5 1.1 20 2 3 Cent. 6.88 747 7.47 6.88 7.47 7.47 83.2 83.2 345.7
1 5 09 5 1.1 20 2 3 C 3.05 333 333 3.05 333 333 85.3 85.3 290.3
1 5 09 5 1.1 20 2 3 TP 515 562 5.62 515 562 5.62 93.6 93.6 290.3
2 5 09 5 1.1 20 2 3 Cent. 762 762 7.62 762 762 7.62 89.4 89.4 367.4
2 5 09 5 1.1 20 2 3 C 3.40 340 3.40 3.40 340 3.40 91.5 91.5 310.5
2 5 09 5 1.1 20 2 3 TP 574 574 574 574 574 574 100.1 100.1 310.5
3 2 09 5 1.1 20 2 3 Cent. 10.77 11.67 11.67 10.77 11.67 11.67 99.4 99.4 361.6
3 2 09 5 1.1 20 2 3 C 488 530 5.30 488 530 5.30 100.6 100.6 3275
3 2 09 5 1.1 20 2 3 TP 8.23 894 894 823 894 894 106.0 106.0 3275
4 2 09 5 1.1 20 2 3 Cent 1191 1191 1191 11.91 1191 1191 106.1 106.1 383.7
4 2 09 5 1.1 20 2 3 C 541 541 541 541 541 541 107.4 107.4 348.6
4 2 09 5 1.1 20 2 3 TP 9.13 913 9.13 9.13 9.13 9.13 1129 1129 348.6
5 5 09 5 1.1 |20-2(t-1){ 2 3 Cent. 6.88 7.00 7.00 6.88 7.00 7.00 60.5 60.5 2714
5 5 09 5 1.1 [20-2(t-1)] 2 3 C 3.05 309 3.09 3.05 3.09 3.09 62.5 62.5 218.6
5 5 09 5 1.1 [20-2(t-1)] 2 3 TP 515 521 521 515 521 521 70.3 70.3 218.6
6 5 09 5 1.1 [20-2(t-1)] 2 3 Cent. 719 719 7.19 719 719 7.9 65.0 65.0 287.8
6 5 095 5 1.1 |20-2(t-1)| 2 3 C 3.18 318 3.18 3.18 318 3.18 67.0 67.0 233.7
6 5 09 5 1.1 [20-2(t-1)] 2 3 TP 53 536 5.36 536 5.36 5.36 75.0 75.0 233.7
7 2 09 5 1.1 [20-2(t-1)] 2 3 Cent. 10.77 10.97 10.97 10.77 10.97 10.97 75.6 75.6 286.5
7 2 09 5 1.1 [20-2(t-1)] 2 3 C 488 495 495 488 495 495 76.8 76.8 254.1
7 2 09 5 1.1 |20-2(t-1)| 2 3 TP 8.23 8.36 8.36 8.23 8.36 8.36 81.8 81.8 254.1
8 2 09 5 1.1 [20-2(t-1)] 2 3 Cent. 11.26 11.26 11.26 11.26 11.26 11.26 80.6 80.6 303.3
8 2 09 5 1.1 [20-2(t-1)] 2 3 C 509 509 5.09 509 5.09 5.09 81.8 81.8 270.0
8 2 09 5 1.1 [20-2(t-1)] 2 3 TP 858 858 8.58 8.58 8.58 8.58 87.0 87.0 270.0
9 5 09 5 ]1+0.1i 20 2 3 Cent. 6.90 748 7.48 6.57 7.10 7.10 84.0 85.9 348.4
9 5 09 5 ]1+0.1i 20 2 3 C 307 334 334 3.03 329 329 86.8 87.0 295.0
9 5 09 5 ]1+0.1i 20 2 3 TP 518 564 5.64 500 5.42 542 95.2 94.8 295.0
10 5 095 5 [1+0.1i 20 2 3 Cent. 764 764 7.64 724 724 7.24 90.2 92.2 370.2
10 5 095 5 [1+0.1i 20 2 3 C 341 341 341 336 336 3.36 93.1 93.3 315.4
10 5 095 5 [1+0.1i 20 2 3 TP 576 576 5.76 554 554 554 101.7 101.4 315.4
11 2 09 5 [1+0.1i 20 2 3 Cent. 10.79 11.69 11.69 10.07 10.87 10.87 100.0 101.6 363.5
11 2 09 5 [1+0.1i 20 2 3 C 489 531 531 473 512 512 101.8 102.1 331.0
11 2 09 5 [1+0.1i 20 2 3 TP 825 896 8.96 780 844 8.44 107.1 107.0 331.0
12 2 095 5 [1+0.1i 20 2 3 Cent 1193 11.93 11.93 11.09 11.09 11.09 106.7 108.4 385.7
12 2 095 5 [1+0.1i 20 2 3 C 542 542 542 523 523 5123 108.6 109.0 352.2
12 2 095 5 [1+0.1i 20 2 3 TP 9.15 9.15 9.15 8.61 8.61 8.61 114.1 114.0 352.2
13 5 09 5 [1+0.1i|20-2(t-1) 2 3 Cent. 6.90 7.02 7.02 6.57 6.68 6.68 61.3 63.0 273.9
13 5 09 5 [1+0.1i]20-2(t-1)| 2 3 C 3.07 310 3.10 3.03 3.07 3.07 63.9 64.0 223.0
13 5 09 5 [1+0.1i]|20-2(t-1)| 2 3 TP 518 524 524 500 5.05 5.05 71.7 714 223.0
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# k o6 vo| B ag M T Regime X1 X2 Xa3 Xyq Xgs| X1 Xpp Xp3 Xpqo X5l X3 X3 Xgz X3 Xgs Ty T2 T3 A
14 5 095 5 [1+0.1i|20-2(t-1)] 2 3 Cent. 720 720 7.20 6.85 6.85 6.85 65.8 67.6 290.4
14 5 095 5 [1+0.1i]20-2(t-1)| 2 3 C 319 319 319 3.15 315 3.15 68.4 68.7 238.2
14 5 095 5 [1+0.1i|20-2(t-1)( 2 3 TP 538 538 5.38 519 519 519 76.5 76.2 238.2
15 2 09 5 [1+0.1i |20-2(t-1)] 2 3 Cent. 10.79 10.99 10.99 10.07 10.25 10.25 76.1 77.6 288.3
15 2 09 5 [1+0.1i]20-2(t-1)| 2 3 C 489 497 497 473 481 481 77.8 78.2 257.3
15 2 09 5 [1+0.1i]20-2(t-1)| 2 3 TP 8.25 8.38 8.38 780 792 7.92 82.9 82.8 257.3
16 2 095 5 [1+0.1i|20-2(t-1)[ 2 3 Cent. 11.27 11.27 11.27 10.50 10.50 10.50 81.2 82.7 305.1
16 2 095 5 [1+0.1i]20-2(t-1)| 2 3 C 510 510 5.10 493 493 493 82.9 83.3 273.3
16 2 095 5 [1+0.1i]20-2(t-1)| 2 3 TP 8.61 861 8.61 8.12 8.12 812 88.1 88.0 273.3
17 5 09 5 1.1 20 3 3 Cent. 6.00 6.53 6.53 6.00 6.53 6.53 6.00 6.53 6.53 32.0 320 320 2374
17 5 09 5 1.1 20 3 3 C 206 228 2.28 206 228 2.28 206 228 2.28 28.7 28.7 287 140.1
17 5 09 5 1.1 20 3 3 TP 398 442 442 398 442 442 3.98 442 442 39.4 394 394 1401
18 5 095 5 1.1 20 3 3 Cent. 6.67 6.67 6.67 6.67 6.67 6.67 6.67 6.67 6.67 349 349 349 2530
18 5 095 5 1.1 20 3 3 C 234 234 234 234 234 234 234 234 234 31.6 316 316 153.3
18 5 095 5 1.1 20 3 3 TP 453 453 453 453 453 453 453 453 453 42.6 426 426 1533
19 2 09 5 1.1 20 3 3 Cent. 9.49 10.29 10.29 9.49 10.29 10.29 9.49 10.29 10.29 46.0 46.0 46.0 257.7
19 2 09 5 1.1 20 3 3 C 351 383 3.83 351 3.83 383 351 383 383 44.1 441 441 198.9
19 2 09 5 1.1 20 3 3 TP 6.79 7.42 7.42 6.79 742 742 6.79 7.42 742 51.3 51.3 51.3 1989
20 2 095 5 1.1 20 3 3 Cent 10.51 10.51 10.51 10.51 10.51 10.51 10.51 10.51 1051 495 495 495 2739
20 2 09 5 1.1 20 3 3 C 392 392 392 392 392 392 392 392 392 475 475 475 2135
20 2 09 5 1.1 20 3 3 TP 759 759 7.59 759 759 7.59 759 759 759 54.9 549 549 2135
21 5 09 5 1.1 [20-2(t-1)] 3 3 Cent. 6.00 6.09 6.09 6.00 6.09 6.09 6.00 6.09 6.09 20.3 20.3 20.3 1827
21 5 09 5 1.1 |20-2(t-1)| 3 3 C 202 202 202 202 202 202 202 202 202 16.9 169 16.9 88.2
215 09 5 1.1 [20-2(t-1)] 3 3 TP 391 391 391 391 391 391 391 391 391 26.5 265 265 88.2
22 5 09 5 1.1 [20-2(t-1)] 3 3 Cent. 6.25 6.25 6.25 6.25 6.25 6.25 6.25 6.25 6.25 22.3 223 223 1944
22 5 09 5 1.1 [20-2(t-1)] 3 3 C 210 210 210 210 210 210 210 210 210 19.0 19.0 19.0 97.9
22 5 09 5 1.1 |20-2(t-1)| 3 3 TP 407 4.07 4.07 4,07 4.07 4.07 407 4.07 4.07 28.8 28.8 28.9 97.9
23 2 09 5 1.1 [20-2(t-1)] 3 3 Cent. 949 965 9.65 9.49 965 9.65 9.49 9.65 9.65 33.2 332 332 2020
23 2 09 5 1.1 [20-2(t-1)] 3 3 C 351 353 353 351 353 353 351 353 353 314 314 314 146.0
23 2 09 5 1.1 [20-2(t-1)] 3 3 TP 6.79 6.83 6.83 6.79 6.83 6.83 6.79 6.83 6.83 38.1 38.1 381 146.0
24 2 095 5 1.1 |20-2(t-1){ 3 3 Cent. 990 990 9.90 990 9.90 9.90 9.90 9.90 9.90 35.8 358 358 2143
24 2 095 5 1.1 [20-2(t-1)] 3 3 C 3.64 364 3.64 364 364 364 3.64 364 364 33.9 339 339 156.8
24 2 09 5 1.1 [20-2(t-1)] 3 3 TP 7.04 704 7.04 7.04 7.04 7.04 7.04 7.04 7.04 40.8 40.8 40.8 156.8
25 5 09 5 (1+0.1i 20 3 3 Cent. 6.04 6,57 6.57 5,79 6.27 6.27 556 5.99 5,99 33.3 348 36.2 2436
25 5 09 5 [1+0.1i 20 3 3 C 211 233 233 212 233 233 212 233 233 31.6 316 316 1525
25 5 09 5 (1+0.1i 20 3 3 TP 407 451 451 397 438 438 3.88 425 425 425 419 413 1525
26 5 095 5 [1+0.1i 20 3 3 Cent. 6.71 6.71 6.71 6.40 6.40 6.40 6.11 6.11 6.11 36.3 379 39.3 2595
26 5 095 5 [1+0.1i 20 3 3 C 239 239 239 239 239 239 238 238 2.38 34.6 346 347 166.2
26 5 0.95 5 [1+0.1i 20 3 3 TP 462 462 4.62 448 448 4.48 435 435 435 45.9 452 447 166.2
27 2 09 5 (1+0.1i 20 3 3 Cent. 9.53 10.33 10.33 895 9.67 9.67 8.42 9.07 9.07 47.0 48.3 495 262.1
27 2 09 5 (1+0.1i 20 3 3 C 355 387 3.87 349 3.79 3.79 342 370 3.70 46.3 46,5 46.6 208.0
27 2 09 5 [1+0.1i 20 3 3 TP 6.87 750 7.50 6.54 712 7.12 6.24 6.77 6.77 53.6 53.2 529 208.0
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28 2 095 5 [1+0.1i 20 3 3 Cent. 10.55 10.55 10.55 9.86 9.86 9.86 924 924 9.24 50.5 51.9 531 2784
28 2 095 5 [1+0.1i 20 3 3 C 396 396 3.96 3.87 3.87 3.87 3.78 3.78 3.78 49.8 50.0 50.2 223.0
28 2 0.95 5 [1+0.1i 20 3 3 TP 766 766 7.66 727 127 127 6.90 6.90 6.90 57.3 56.9 56.6 223.0
29 5 09 5 (1+0.1i|20-2(t-1)[ 3 3 Cent. 6.04 6.13 6.13 579 588 588 556 5.63 5.63 215 228 240 1885
29 5 09 5 (1+0.12i)20-2(t-1)| 3 3 C 208 208 2.08 210 210 210 210 210 210 19.6 196 195 100.2
29 5 09 5 (1+0.1i|20-2(t-1)| 3 3 TP 403 4.03 4.03 394 394 394 3.84 384 384 29.4 28.9 284 100.2
30 5 095 5 [1+0.1i [20-2(t-1)| 3 3 Cent. 6.30 6.30 6.30 6.03 6.03 6.03 5.77 577 577 23.6 250 26.3 2005
30 5 095 5 (1+0.1i|20-2(t-1)| 3 3 C 216 216 216 217 217 217 217 217 217 21.8 217 217 1103
30 5 095 5 (1+0.1i|20-2(t-1)| 3 3 TP 418 418 4.18 408 4.08 4.08 3.97 397 397 319 314 309 1103
31 2 09 5 (1+0.1i|20-2(t-1)[ 3 3 Cent. 953 9.70 9.70 895 9.10 9.10 8.42 856 856 34.2 354 364 206.1
31 2 09 5 [1+0.1i [20-2(t-1)] 3 3 C 355 358 3.58 349 351 351 342 345 345 335 336 337 1545
31 2 09 5 (1+0.12i)20-2(t-1)| 3 3 TP 6.87 6.93 6.93 6.54 6.60 6.60 6.24 6.30 6.30 40.2 39.8 395 1545
32 2 095 5 (1+0.1i|20-2(t-1)[ 3 3 Cent. 995 995 995 932 932 932 8.76 8.76 8.76 36.7 38.0 39.1 2185
32 2 095 5 (1+0.1i)20-2(t-1)| 3 3 C 369 369 3.69 361 361 361 354 354 354 36.0 36.2 36.3 165.6
32 2 095 5 [1+0.1i [20-2(t-1)[ 3 3 TP 713 713 7.13 6.79 6.79 6.79 6.47 6.47 6.47 43.0 426 423 165.6
335 09 5 1.1 20 2 4 Cent. 6.88 772 772 1.72 6.88 7.72 772 1.72 89.9 89.9 369.1
335 09 5 1.1 20 2 4 C 3.05 345 345 345 3.05 345 345 345 92.0 92.0 312.1
33 5 09 5 1.1 20 2 4 TP 515 582 582 582 515 582 582 5.82 100.6 100.6 312.1
34 5 095 5 1.1 20 2 4 Cent. 8.02 8.02 802 8.02 8.02 8.02 802 8.02 1015 1015 409.8
34 5 09 5 1.1 20 2 4 C 359 359 359 359 359 359 359 359 103.7 103.7 350.0
34 5 09 5 1.1 20 2 4 TP 6.05 6.05 6.05 6.05 6.05 6.05 6.05 6.05 112.8 1128 350.0
35 2 09 5 1.1 20 2 4 Cent. 10.77 12.06 12.06 12.06 10.77 12.06 12.06 12.06 106.6 106.6 385.5
35 2 09 5 1.1 20 2 4 C 488 548 548 548 488 548 548 548 107.9 107.9 350.3
35 2 09 5 1.1 20 2 4 TP 823 925 925 925 823 925 925 925 113.4 1134 350.3
36 2 09 5 1.1 20 2 4 Cent. 1252 1252 1252 1252 1252 1252 1252 12.52 119.3 119.3 426.9
36 2 09 5 1.1 20 2 4 C 570 570 570 5.70 570 570 570 5.70 120.6 120.6 390.1
36 2 09 5 1.1 20 2 4 TP 961 961 961 9.61 961 9.61 961 9.61 126.4 126.4 390.1
37 5 09 5 1.1 [20-2(t-1)] 2 4 Cent. 6.87 6.87 6.87 6.87 6.87 6.87 6.87 6.87 50.5 50.5 239.6
37 5 09 5 1.1 [20-2(t-1)] 2 4 C 301 301 301 301 301 3.01 301 301 52.4 52.4 187.3
37 5 09 5 1.1 [20-2(t-1)] 2 4 TP 508 5.08 5.08 5.08 5.08 5.08 508 5.08 60.0 60.0 187.3
38 5 09 5 1.1 |20-2(t-1) 2 4 Cent. 7.21 7.21 721 7.21 721 721 721 7.21 57.1 57.1 264.4
38 5 09 5 1.1 [20-2(t-1)] 2 4 C 3.17 317 317 3.17 3.17 317 317 3.17 59.1 59.1 209.8
38 5 09 5 1.1 [20-2(t-1)] 2 4 TP 535 535 535 5.35 535 535 535 535 67.1 67.1 209.8
39 2 09 5 1.1 [20-2(t-1)] 2 4 Cent. 10.77 10.79 10.79 10.79 10.77 10.79 10.79 10.79 65.2 65.2 254.5
39 2 09 5 1.1 |20-2(t-1)| 2 4 C 485 485 485 4.85 485 485 485 4.85 66.4 66.4 222.4
39 2 09 5 1.1 [20-2(t-1)] 2 4 TP 8.19 819 819 8.19 8.19 8.19 819 8.19 71.3 71.3 222.4
40 2 09 5 1.1 [20-2(t-1)] 2 4 Cent. 11.30 11.30 11.30 11.30 11.30 11.30 11.30 11.30 72.7 72.7 280.0
40 2 09 5 1.1 [20-2(t-1)] 2 4 C 509 509 509 5.09 509 5.09 509 5.09 74.0 74.0 246.4
40 2 095 5 1.1 |20-2(t-1)| 2 4 TP 859 859 859 859 859 859 859 859 79.1 79.1 246.4
41 5 09 5 ]1+0.1i 20 2 4 Cent. 690 773 773 1.73 6.57 733 733 7.33 90.7 92.7 3719
41 5 09 5 ]1+0.1i 20 2 4 C 3.07 346 346 3.46 3.03 340 340 3.40 93.6 93.8 317.0
41 5 09 5 |1+0.1i 20 2 4 TP 518 584 584 584 500 560 560 5.60 102.2 101.9 317.0
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42 5 095 5 |1+0.1i 20 2 4 Cent. 8.03 8.03 8.03 8.03 760 760 7.60 7.60 102.4 104.6 412.7
42 5 095 5 |1+0.1i 20 2 4 C 360 360 360 3.60 353 353 353 353 105.4 105.8 355.3
42 5 095 5 |1+0.1i 20 2 4 TP 6.07 6.07 6.07 6.07 582 582 582 582 1145 114.2 355.3
43 2 0.9 5 |1+0.1i 20 2 4 Cent. 10.79 12.08 12.08 12.08 10.07 11.22 11.22 11.22 107.2 108.9 387.4
43 2 0.9 5 |1+0.1i 20 2 4 C 489 549 549 549 473 529 529 529 109.1 109.5 353.9
43 2 09 5 |1+0.1i 20 2 4 TP 8.25 9.27 927 9.27 780 871 871 871 1146 1145 353.9
44 2 095 5 |1+0.1i 20 2 4 Cent. 1254 1254 1254 1254 11.63 11.63 11.63 11.63 1199 121.7 429.0
44 2 095 5 |1+0.1i 20 2 4 C 571 571 571 571 549 549 549 549 1219 1223 3939
44 2 095 5 |1+0.1i 20 2 4 TP 963 9.63 9.63 9.63 9.04 9.04 9.04 9.04 127.7 127.6 393.9
45 5 09 5 ]1+0.1i[20-2(t-1)|] 2 4 Cent. 6.89 6.89 6.89 6.89 6.57 6.57 657 6.57 51.2 52.8 242.0
45 5 09 5 |1+0.1i(20-2(t-1)| 2 4 C 3.03 303 303 3.03 3.00 3.00 3.00 3.00 53.7 53.9 191.7
45 5 09 5 |1+0.1i[20-2(t-1)| 2 4 TP 511 511 511 511 493 493 493 493 61.4 61.1 191.7
46 5 0.95 5 |1+0.1i[20-2(t-1)|] 2 4 Cent. 722 722 722 122 6.87 6.87 6.87 6.87 57.9 59.7 267.0
46 5 0.95 5 |1+0.1i[20-2(t-1)| 2 4 C 3.18 318 318 3.18 3.14 314 314 314 60.5 60.8 214.4
46 5 0.95 5 |1+0.1i[20-2(t-1)| 2 4 TP 537 537 537 537 518 518 518 5.18 68.6 68.3 214.4
47 2 09 5 |1+0.1i[20-2(t-1)|] 2 4 Cent. 10.79 10.81 10.81 10.81 10.07 10.09 10.09 10.09 65.8 67.2 256.2
47 2 09 5 |1+0.1i[20-2(t-1)| 2 4 C 487 487 487 4.87 472 472 472 A4AT2 67.5 67.8 225.6
47 2 09 5 |1+0.1i[20-2(t-1)| 2 4 TP 8.22 822 822 822 .07 797 177 177 72.4 72.3 225.6
48 2 0.95 5 |1+0.1i(20-2(t-1)] 2 4 Cent. 11.32 11.32 11.32 11.32 10.55 10.55 10.55 10.55 73.3 74.8 281.8
48 2 095 5 |1+0.1i[20-2(t-1)| 2 4 C 511 511 511 511 494 494 494 494 75.1 75.4 249.8
48 2 095 5 |1+0.1i[20-2(t-1)| 2 4 TP 8.62 8.62 862 8.62 8.13 8.13 813 8.3 80.2 80.1 249.8
49 5 09 5 1.1 20 3 4 Cent. 6.00 6.75 6.75 6.75 6.00 6.75 6.75 6.75 6.00 6.75 6.75 6.75 35.2 352 352 2543
49 5 09 5 1.1 20 3 4 C 206 238 238 238 206 238 238 2.38 206 238 238 238 31.9 319 319 1544
49 5 09 5 1.1 20 3 4 TP 398 460 460 4.60 398 460 460 4.60 398 460 460 4.60 42.9 429 429 1544
50 5 095 5 1.1 20 3 4 Cent. 702 702 7.02 7.02 7.02 702 7.02 7.02 7.02 7.02 7.02 7.02 40.8 40.8 40.8 283.7
50 5 095 5 1.1 20 3 4 C 249 249 249 249 249 249 249 249 249 249 249 249 374 374 374 1794
50 5 095 5 1.1 20 3 4 TP 482 482 482 482 482 482 482 482 482 482 482 482 49.1 49,1 49.1 1794
51 2 09 5 1.1 20 3 4 Cent. 9.49 10.64 10.64 10.64 9.49 10.64 10.64 10.64 9.49 10.64 10.64 10.64 49.7 497 49.7 275.2
51 2 09 5 1.1 20 3 4 C 351 397 397 397 351 397 397 397 351 397 397 397 47.8 478 478 214.7
51 2 09 5 1.1 20 3 4 TP 6.79 769 7.69 7.69 6.79 769 7.69 7.69 6.79 7.69 7.69 7.69 55.2 55.2 552 2147
52 2 095 5 1.1 20 3 4 Cent 11.05 11.05 11.05 11.05 11.05 11.05 11.05 11.05 11.05 11.05 11.05 11.05 56.3 56.3 56.3 305.6
52 2 095 5 1.1 20 3 4 C 414 414 414 414 414 414 414 414 414 414 414 414 54.3 543 543 2422
52 2 095 5 1.1 20 3 4 TP 8.01 801 801 8.01 8.01 8.01 801 8.01 8.01 8.01 801 8.01 62.1 62.1 621 242.2
53 5 09 5 1.1 [20-2(t-1)] 3 4 Cent. 596 596 596 5.96 596 596 596 5.96 596 596 596 5.96 15.0 150 150 159.1
53 5 09 5 1.1 |20-2(t-1)| 3 4 C 189 189 189 1.89 189 189 189 1.89 189 189 189 1.89 11.3 11.3 113 63.1
53 5 09 5 1.1 [20-2(t-1)| 3 4 TP 365 365 365 3.65 365 365 365 3.65 365 365 365 3.65 20.2 20.2 20.2 63.1
54 5 095 5 1.1 [20-2(t-1)] 3 4 Cent. 6.26 6.26 6.26 6.26 6.26 6.26 6.26 6.26 6.26 6.26 6.26 6.26 179 179 179 176.7
54 5 095 5 1.1 [20-2(t-1)] 3 4 C 203 203 203 203 203 203 203 203 203 2.03 203 203 14.3 143 143 77.8
54 5 095 5 1.1 |20-2(t-1)| 3 4 TP 393 393 393 393 393 393 393 393 393 393 393 393 23.9 239 239 77.8
55 2 09 5 1.1 [20-2(t-1)] 3 4 Cent. 9.47 947 947 947 9.47 9.47 947 947 9.47 9.47 947 947 27.6 276 276 1781
5 2 09 5 1.1 [20-2(t-1)] 3 4 C 343 343 343 343 343 343 343 343 3.43 343 343 343 25.8 258 258 1226
56 2 09 5 1.1 [20-2(t-1)] 3 4 TP 6.63 6.63 6.63 6.63 6.63 6.63 6.63 6.63 6.63 6.63 6.63 6.63 32.2 322 322 1226
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56 2 095 5 1.1 [20-2(t-1)] 3 4 Cent. 993 993 993 9.93 993 993 993 9093 993 993 993 9093 31.3 31.3 313 196.7
56 2 095 5 1.1 [20-2(t-1)] 3 4 C 361 361 361 361 361 361 361 361 361 361 361 361 29.4 294 294 138.7
56 2 095 5 1.1 |20-2(t-1)| 3 4 TP 6.99 6.99 699 6.99 6.99 699 6.99 6.99 6.99 6.99 699 6.99 36.2 36.2 36.2 138.7
57 5 09 5 (1+0.1i 20 3 4 Cent. 6.04 6.79 6.79 6.79 579 6.48 6.48 6.48 556 6.18 6.18 6.18 36.6 38.1 39.6 260.8
57 5 09 5 (1+0.1i 20 3 4 C 211 242 242 242 212 242 242 242 212 241 241 241 349 349 349 167.3
57 5 09 5 (1+0.1i 20 3 4 TP 407 469 469 4.69 397 455 455 455 3.88 441 441 441 46.1 455 450 167.3
58 5 0.95 5 [1+0.1i 20 3 4 Cent 706 7.06 7.06 7.06 6.72 6.72 6.72 6.72 6.40 6.40 6.40 6.40 423 440 456 290.6
58 5 0.95 5 [1+0.1i 20 3 4 C 254 254 254 254 253 253 253 253 252 252 252 252 40.6 40.7 40.7 1932
58 5 0.95 5 [1+0.1i 20 3 4 TP 491 491 491 491 475 475 475 475 459 459 459 459 52.6 51.9 513 1932
50 2 09 5 (1+0.1i 20 3 4 Cent. 9.53 10.68 10.68 10.68 895 9.98 998 9.98 842 935 935 935 50.8 52.2 534 279.7
59 2 09 5 [1+0.1i 20 3 4 C 355 401 401 401 349 392 392 392 342 382 382 382 50.1 50.3 50.5 2242
50 2 09 5 ([1+0.1i 20 3 4 TP 687 777 177 1.77 654 736 7.36 7.36 6.24 6.99 6.99 6.99 57.6 57.2 56.9 2242
60 2 0.95 5 [1+0.1i 20 3 4 Cent. 11.09 11.09 11.09 11.09 10.35 10.35 10.35 10.35 968 9.68 9.68 9.68 57.4 58.9 60.2 3104
60 2 0.95 5 [1+0.1i 20 3 4 C 418 418 418 4.8 408 4.08 4.08 4.08 397 397 397 397 56.7 56.9 57.1 252.3
60 2 0.95 5 [1+0.1i 20 3 4 TP 8.09 809 809 8.09 765 765 7.65 7.65 725 725 725 7.25 64.6 64.2 63.8 2523
61 5 09 5 (1+0.1i|20-2(t-1)[ 3 4 Cent. 6.01 6.01 6.01 6.01 576 576 576 5.76 553 553 553 553 16.1 174 185 164.8
61 5 09 5 (1+0.1i|20-2(t-1)| 3 4 C 1.97 197 197 197 199 199 199 1.99 200 2.00 200 2.00 14.0 140 139 75.6
61 5 09 5 (1+0.1i|20-2(t-1)| 3 4 TP 381 381 381 381 373 373 373 373 365 365 365 3.65 23.3 228 224 75.6
62 5 0.95 5 [1+0.1i [20-2(t-1)| 3 4 Cent. 631 631 631 6.31 6.04 6.04 6.04 6.04 5,78 578 578 5.78 19.2 205 21.8 1828
62 5 0.95 5 (1+0.1i|20-2(t-1)| 3 4 C 211 211 211 211 212 212 212 212 212 212 212 212 17.1 171 17.1 90.7
62 5 0.95 5 (1+0.1i|20-2(t-1)| 3 4 TP 408 4.08 4.08 4.08 398 398 398 3.98 3.88 388 388 3.88 27.1 265 26.0 90.7
63 2 09 5 (1+0.1i|20-2(t-1)[ 3 4 Cent. 952 952 952 952 894 894 894 894 8.42 8.42 842 842 28.5 29.7 30.7 1822
63 2 09 5 [1+0.1i [20-2(t-1)| 3 4 C 3.48 348 348 3.48 342 342 342 342 336 336 336 3.36 27.8 279 28.0 130.9
63 2 09 5 (1+0.1i|20-2(t-1)| 3 4 TP 6.74 6.74 674 6.74 6.43 6.43 643 6.43 6.14 6.14 6.14 6.14 34.3 340 337 1309
64 2 095 5 ([1+0.1i|20-2(t-1)[ 3 4 Cent. 998 998 9.98 9.98 935 935 935 935 8.79 8.79 879 8.79 32.3 335 347 2010
64 2 095 5 (1+0.1i|20-2(t-1)| 3 4 C 3.67 367 367 3.67 360 3.60 360 3.60 352 352 352 352 31.6 317 318 1476
64 2 0.95 5 [1+0.1i [20-2(t-1)| 3 4 TP 710 710 7.10 7.10 6.76 6.76 6.76 6.76 6.44 644 644 6.44 38.5 38.1 378 1476
65 5 09 5 1.1 20 2 5 Cent 6.88 966 981 981 981 688 966 981 981 981 156.5 156.5 597.1
65 5 09 5 1.1 20 2 5 C 305 436 443 443 443 3.05 436 443 443 443 159.1 159.1 526.6
65 5 09 5 1.1 20 2 5 TP 515 7.36 747 747 747 515 736 747 7.47 747 170.0 170.0 526.6
66 5 095 5 1.1 20 2 5 Cent. 9.66 10.18 10.18 10.18 10.18/ 9.66 10.18 10.18 10.18 10.18 181.3 181.3 681.1
66 5 09 5 1.1 20 2 5 C 436 460 460 460 460 436 460 460 460 4.60 184.1 184.1 606.0
66 5 095 5 1.1 20 2 5 TP 736 776 776 7.76 7.76| 736 7.76 7.76 7.76 7.76 195.7 195.7 606.0
67 2 09 5 1.1 20 2 5 Cent. 10.77 15.07 15.29 15.29 15.29( 10.77 15.07 15.29 15.29 15.29 178.1 178.1 617.3
67 2 09 5 1.1 20 2 5 C 488 6.88 699 699 699 488 6.88 6.99 6.99 6.99 179.8 179.8 573.9
67 2 09 5 1.1 20 2 5 TP 8.23 1161 11.79 11.79 11.79| 8.23 11.61 11.79 11.79 11.79 186.6 186.6 573.9
68 2 09 5 1.1 20 2 5 Cent. 15.07 15.86 15.86 15.86 15.86( 15.07 15.86 15.86 15.86 15.86 2046 204.6 702.6
68 2 095 5 1.1 20 2 5 C 688 725 725 725 725 688 725 725 725 7.25 206.3 206.3 656.3
68 2 095 5 1.1 20 2 5 TP 11.61 1224 1224 1224 12.24| 11.61 1224 1224 1224 12.24 213.6 213.6 656.3
69 5 09 5 1.1 [20-2(t-1)] 2 5 Cent. 6.88 848 848 848 8.48| 6.88 848 848 848 8.48 77.6 77.6 342.7
69 5 09 5 1.1 [20-2(t-1)] 2 5 C 305 375 375 375 375 305 375 375 375 3.75 79.9 79.9 280.0
69 5 09 5 1.1 [20-2(t-1)] 2 5 TP 515 6.33 633 6.33 6.33] 515 6.33 6.33 6.33 6.33 89.2 89.2 280.0
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70 5 09 5 1.1 [20-2(t-1)] 2 5 Cent. 884 884 884 884 884 884 884 884 884 8.84 89.8 89.8 387.0
70 5 09 5 1.1 [20-2(t-1)] 2 5 C 392 392 392 392 392 392 392 392 392 392 92.2 92.2 320.6
70 5 095 5 1.1 |20-2(t-1)[ 2 5 TP 6.62 6.62 6.62 6.62 6.62] 662 662 662 6.62 6.62 102.2 102.2 320.6
71 2 09 5 1.1 [20-2(t-1)] 2 5 Cent. 10.77 13.28 13.28 13.28 13.28( 10.77 13.28 13.28 13.28 13.28 96.1 96.1 360.6
71 2 09 5 1.1 [20-2(t-1)] 2 5 C 488 6.00 6.00 6.00 6.00f 488 6.00 6.00 6.00 6.00 97.6 97.6 322.0
71 2 09 5 1.1 [20-2(t-1)] 2 5 TP 8.23 10.13 10.13 10.13 10.13] 8.23 10.13 10.13 10.13 10.13 103.5 103.5 322.0
72 2 095 5 1.1 |20-2(t-1){ 2 5 Cent. 13.83 13.83 13.83 13.83 13.83| 13.83 13.83 13.83 13.83 13.83 109.7 109.7 406.0
72 2 09 5 1.1 [20-2(t-1)] 2 5 C 6.27 6.27 6.27 6.27 6.27| 6.27 6.27 6.27 6.27 6.27 111.2 111.2 365.1
72 2 09 5 1.1 [20-2(t-1)] 2 5 TP 10.57 10.57 10.57 1057 10.57( 1057 10.57 10.57 10.57 10.57 1175 1175 365.1
73 5 09 5 (1+0.1i 20 2 5 Cent. 690 9.68 982 982 982 657 9.08 921 921 921 157.7 160.6 600.8
73 5 09 5 [1+0.1i 20 2 5 C 3.07 437 444 444 444 3.03 425 432 432 432 161.3 161.9 533.3
73 5 09 5 (1+0.1i 20 2 5 TP 518 738 749 749 749 500 701 711 711 7.11 1722 1719 533.3
74 5 0.95 5 [1+0.1i 20 2 5 Cent. 9.68 10.19 10.19 10.19 10.19] 9.08 954 954 954 954 1825 185.8 685.1
74 5 0.95 5 [1+0.1i 20 2 5 C 437 461 461 461 461 425 448 448 448 4.48 186.4 187.1 613.3
74 5 0.95 5 [1+0.1i 20 2 5 TP 738 778 778 778 7.78] 701 738 738 7.38 7.38 198.1 197.8 613.3
75 2 09 5 (1+0.1i 20 2 5 Cent. 10.79 15.08 15.31 15.31 15.31| 10.07 13.87 14.07 14.07 14.07 179.0 181.3 619.9
75 2 09 5 (1+0.1i 20 2 5 C 489 690 700 700 7.00f 473 657 6.67 6.67 6.67 181.3 182.0 578.7
75 2 09 5 (1+0.1i 20 2 5 TP 8.25 11.64 1181 11.81 11.81| 7.80 10.83 10.98 10.98 10.98 188.2 188.2 578.7
76 2 0.95 5 [1+0.1i 20 2 5 Cent. 15.08 15.88 15.88 15.88 15.88| 13.87 14.57 14.57 1457 1457 2055 208.1 705.4
76 2 0.95 5 [1+0.1i 20 2 5 C 6.90 727 727 727 727 657 691 691 691 6.91 208.0 208.7 661.5
76 2 0.95 5 [1+0.1i 20 2 5 TP 11.64 1226 1226 12.26 12.26( 10.83 11.38 11.38 11.38 11.38 2154 215.3 661.5
77 5 09 5 (1+0.1i|20-2(t-1)[ 2 5 Cent. 690 850 850 850 8500 657 8.02 802 802 8.02 78.6 80.9 345.8
77 5 09 5 [1+0.1i [20-2(t-1)[ 2 5 C 3.07 377 377 377 377 303 369 369 369 3.69 81.7 82.1 285.7
77 5 09 5 (1+0.1i|20-2(t-1)| 2 5 TP 518 6.36 636 6.36 6.36] 500 6.08 6.08 6.08 6.08 91.1 90.8 285.7
78 5 0.95 5 [1+0.1i|20-2(t-1)[ 2 5 Cent. 886 886 886 886 886 835 835 835 835 8.35 90.8 934 390.4
78 5 095 5 (1+0.1i|20-2(t-1)| 2 5 C 394 394 394 394 394 385 385 385 385 3.85 94.2 94.6 326.7
78 5 0.95 5 [1+0.1i [20-2(t-1)[ 2 5 TP 6.65 6.65 665 665 665 635 635 635 635 6.35 104.2 103.9 326.7
79 2 09 5 (1+0.1i|20-2(t-1)[ 2 5 Cent. 10.79 13.30 13.30 13.30 13.30f 10.07 12.30 12.30 12.30 12.30 96.8 98.8 362.8
79 2 09 5 (1+0.1i)20-2(t-1)| 2 5 C 489 6.02 6.02 6.02 6.02( 473 577 577 577 577 98.9 994 326.1
79 2 09 5 (1+0.1i)20-2(t-1)[ 2 5 TP 8.25 10.16 10.16 10.16 10.16/ 7.80 951 951 951 951 104.9 104.8 326.1
80 2 0.95 5 [1+0.1i [20-2(t-1)| 2 5 Cent. 13.85 13.85 13.85 13.85 13.85| 12.79 12.79 12.79 12.79 12.79 1104 1125 408.4
80 2 095 5 (1+0.1i|20-2(t-1)[ 2 5 C 6.29 6.29 6.29 6.29 6.29] 6.01 6.01 601 6.01 6.01 1126 113.2 369.6
80 2 0.95 5 (1+0.1i|20-2(t-1)[ 2 5 TP 10.60 10.60 10.60 10.60 10.60f 9.91 991 991 991 9091 119.0 118.9 369.6
81 5 09 5 1.1 20 3 5 Cent. 6.00 850 863 863 863 600 850 863 863 863 6.00 850 863 8.63 863 68.2 68.2 68.2 4199
81 5 09 5 1.1 20 3 5 C 206 310 316 316 3.16] 206 310 316 3.16 3.16] 206 310 316 3.16 3.16] 64.3 64.3 643 297.9
81 5 09 5 1.1 20 3 5 TP 398 6.00 611 611 6.11] 398 6.00 611 611 6.11| 398 6.00 6.11 6.11 6.11] 78.6 786 786 2979
82 5 09 5 1.1 20 3 5 Cent. 850 896 896 896 896/ 850 896 896 896 896 850 896 896 8.96 8.96/ 80.6 80.6 80.6 481.1
82 5 09 5 1.1 20 3 5 C 310 329 329 329 329 310 329 329 329 329 310 329 329 329 329 765 765 765 3514
82 5 095 5 1.1 20 3 5 TP 6.00 6.37 637 637 637 600 637 637 637 637 600 637 637 637 6.37 919 919 919 3514
83 2 09 5 1.1 20 3 5 Cent. 9.49 13.33 1353 1353 1353 949 13.33 1353 1353 13.53| 949 13.33 1353 13,53 13.53| 87.2 87.2 87.2 4458
83 2 09 5 1.1 20 3 5 C 351 505 513 513 513} 351 505 513 513 513] 351 505 513 513 513] 849 849 849 3712
83 2 09 5 1.1 20 3 5 TP 6.79 978 993 993 993 679 9.78 993 993 993 6.79 978 993 993 993 94.2 942 942 371.2
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# k o6 vo| B ag M T Regime X1 X2 Xa3 Xyq Xgs| X1 Xpp Xp3 Xpqo X5l X3 X3 Xgz X3 Xgs Ty T2 T3 A
84 2 09 5 1.1 20 3 5 Cent. 13.33 14.04 14.04 14.04 1404 13.33 14.04 14.04 14.04 14.04| 13.33 14.04 14.04 14.04 14.04| 101.2 101.2 101.2 508.6
84 2 09 5 1.1 20 3 5 C 505 534 534 534 534 505 534 534 534 534 505 534 534 534 534] 987 98.7 98.7 429.2
84 2 095 5 1.1 20 3 5 TP 9.78 10.33 10.33 10.33 10.33] 9.78 10.33 10.33 10.33 10.33| 9.78 10.33 10.33 10.33 10.33] 108.7 108.7 108.7 429.2
85 5 09 5 1.1 [20-2(t-1)] 3 5 Cent. 600 738 738 738 738 600 738 738 738 738/ 6.00 738 738 7.38 7.38] 26.8 26.8 26.8 2322
85 5 09 5 1.1 [20-2(t-1)] 3 5 C 206 249 249 249 249 206 249 249 249 249 206 249 249 249 249 23.0 23.0 23.0 120.8
85 5 09 5 1.1 [20-2(t-1)] 3 5 TP 398 482 482 482 482 398 482 482 482 482 398 482 482 482 482 345 345 345 1208
86 5 095 5 1.1 |20-2(t-1)| 3 5 Cent. 7.71 7.71 771 771 771 71 771 771 771 71 71 771 771 771 7.71] 324 324 324 2640
86 5 095 5 1.1 [20-2(t-1)] 3 5 C 265 265 265 265 265 265 265 265 265 265 265 265 265 265 265 284 284 284 146.7
86 5 095 5 1.1 [20-2(t-1)] 3 5 TP 512 512 512 512 512 512 512 512 512 512 512 512 512 512 512| 409 409 409 146.7
87 2 09 5 1.1 [20-2(t-1)] 3 5 Cent. 949 1169 11.69 11.69 11.69] 949 11.69 1169 11.69 11.69] 9.49 1169 11.69 11.69 11.69| 42.9 429 429 2552
87 2 09 5 1.1 |20-2(t-1)[ 3 5 C 351 430 430 430 430 351 430 430 430 430 351 430 430 430 430 40.7 40.7 40.7 188.7
87 2 09 5 1.1 [20-2(t-1)] 3 5 TP 6.79 832 832 832 832 679 832 832 832 832 679 832 832 832 832 487 48.7 48.7 188.7
88 2 09 5 1.1 [20-2(t-1)] 3 5 Cent. 12.18 12.18 12.18 12.18 12.18( 12.18 12.18 12.18 12.18 12.18| 12.18 12.18 12.18 12.18 12.18| 49.7 497 49.7 288.3
88 2 09 5 1.1 [20-2(t-1)] 3 5 C 451 451 451 451 451 451 451 451 451 451 451 451 451 451 451 475 475 475 2179
88 2 095 5 1.1 |20-2(t-1)[ 3 5 TP 872 872 872 872 872 872 872 872 872 872 872 872 872 872 8.72] 559 559 559 217.9
89 5 09 5 (1+0.1i 20 3 5 Cent. 6.04 854 867 867 867 579 806 817 817 8.17| 556 762 7.72 772 71.72] 70.2 725 746 4285
89 5 09 5 (1+0.1i 20 3 5 C 211 315 320 320 3201 212 311 316 316 3.16| 212 306 311 311 3.11| 684 68.6 688 3154
89 5 09 5 (1+0.1i 20 3 5 TP 407 6.09 619 6.19 619 397 583 593 593 593] 3.88 559 568 568 5.68f 83.0 822 815 3154
90 5 0.95 5 [1+0.1i 20 3 5 Cent 854 9.00 9.00 9.00 9.000 806 847 847 847 847 762 799 799 7.99 7.99| 827 854 87.7 490.4
90 5 0.95 5 [1+0.1i 20 3 5 C 315 333 333 333 333 311 328 328 328 328/ 306 323 323 323 323 810 81.3 815 3705
90 5 0.95 5 [1+0.1i 20 3 5 TP 6.09 645 645 6.45 645/ 583 6.16 6.16 6.16 6.16f 559 590 590 590 590 96.7 958 951 3705
91 2 09 5 (1+0.1i 20 3 5 Cent. 953 13.37 1357 1357 1357 895 1236 1254 1254 1254| 8.42 1147 11.63 11.63 11.63] 88.6 90.6 923 4517
91 2 09 5 [1+0.1i 20 3 5 C 355 509 517 517 517 349 492 499 499 499 342 476 482 482 4.82| 87.95 88.286 88.61 383.84
91 2 09 5 (1+0.1i 20 3 5 TP 6.87 9.86 10.01 10.01 10.01|] 654 924 938 938 938 624 869 881 881 881 97.38 96.907 96.5 383.84
92 2 095 5 [1+0.1i 20 3 5 Cent. 13.37 14.08 14.08 14.08 14.08( 12.36 12.99 1299 12,99 12.99| 11.47 12.03 12.03 12.03 12.03| 102.7 104.85 106.8 515.03
92 2 095 5 [1+0.1i 20 3 5 C 509 538 538 538 538 492 518 518 518 518/ 476 500 500 5.00 5.00 102 102.4 102.8 442.94
92 2 0.95 5 [1+0.1i 20 3 5 TP 9.86 1041 10.41 10.41 10.41] 924 973 973 973 9.73|] 869 9.13 913 913 9.13] 1121 111.6 111.2 44294
93 5 09 5 (1+0.1i|20-2(t-1)[ 3 5 Cent. 6.04 744 744 744 744 579 706 706 7.06 7.06f 556 6.72 6.72 6.72 6.72] 28.39 30.197 31.87 239.53
93 5 09 5 (1+0.1i|20-2(t-1)| 3 5 C 211 257 257 257 257 212 256 256 256 256| 212 254 254 254 254] 26.43 26.461 26.53 136.15
93 5 09 5 (1+0.1i|20-2(t-1)| 3 5 TP 407 497 497 497 497 397 481 481 481 481 3.88 465 465 465 4.65 38.29 37.647 37.09 136.15
94 5 0.95 5 [1+0.1i [20-2(t-1)| 3 5 Cent. 7 777 777 177 777 736 736 736 736 7.36] 699 699 699 6.99 6.99| 34.14 36.17 38.03 271.88
94 5 095 5 (1+0.1i|20-2(t-1)| 3 5 C 272 272 272 272 2721 270 270 270 270 270 268 268 268 2.68 268 32.19 32.283 32.39 163.1
94 5 095 5 (1+0.1i|20-2(t-1)| 3 5 TP 525 525 525 525 525/ 507 507 507 507 507 489 489 489 489 489 4497 4431 4369 163.1
95 2 09 5 (1+0.1i|20-2(t-1)[ 3 5 Cent. 953 11.74 11.74 11.74 11.74] 8.95 10.92 10.92 10.92 10.92| 8.42 10.19 10.19 10.19 10.19| 44.02 45.612 47.03 260.24
95 2 09 5 [1+0.1i [20-2(t-1)[ 3 5 C 355 436 436 436 436 349 424 424 424 424| 342 412 412 412 4.12| 43.3 43524 4375 199.42
95 2 09 5 (1+0.1i)20-2(t-1)| 3 5 TP 6.87 843 843 843 843 654 796 796 796 7.96| 6.24 753 753 753 7.53] 51.36 50.941 50.6 199.42
96 2 0.95 5 [1+0.1i|20-2(t-1)[ 3 5 Cent. 12.24 1224 1224 1224 1224 1136 11.36 11.36 11.36 11.36] 10.59 10.59 10.59 10.59 10.59| 50.96 52.716 54.27 293.78
96 2 0.95 5 [1+0.1i|20-2(t-1)| 3 5 C 456 456 456 456 456 443 443 443 443 443 430 430 430 430 4.30f 50.25 50.509 50.77 229.5
96 2 0.95 5 [1+0.1i[20-2(t-1)[ 3 5 TP 883 883 883 883 883 832 832 832 832 832 78 786 7.86 7.86 7.86] 58.85 58.401 58.04 229.5
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