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Abstract

We consider a market signaling model in which receivers observe both the sender’s
costly signal as well as a stochastic grade that is correlated with the sender’s type.
In equilibrium, the sender resolves the trade-off between using the costly signal versus
relying on the noisy grade to distinguish himself. When grades are sufficiently informa-
tive, separating equilibria do not survive stability-based refinements. The prediction
depends on the prior—e.g., with two types the equilibrium involves full-pooling when
the prior puts sufficient weight on the high type and partial pooling otherwise. Further,
the equilibrium converges to the complete-information outcome as the prior tends to a
degenerate one—resolving a long-standing paradox within the signaling literature.
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1 Introduction

Signaling models typically assume observable, costly actions are the only channels that can
convey information about the sender. These models implicity overlook the existence of
grades] A grade refers to any imperfect public message about the sender’s type. Grades are

prevalent in many signaling environments such as education, financial markets, advertising,

and warranties. For an example that amends the canonical signaling story , ),
potential employers observe not only how long a student attends school at his chosen course
of study (his costly signal), but also his G.P.A. (his grade).

In this paper, we study how strategic agents behave when both channels are available for
information transmission. Specifically, we consider a signaling environment in which receivers
(also referred to as the market) observe a stochastic grade in addition to the signal chosen
by the sender. The likelihood of each grade depends on the sender’s privately-known type
and (potentially) on his chosen signal. After observing the chosen signal and the realized
grade, receivers undertake actions in response.

Separating equilibria have been the primary focus of signaling models since their incep-
tion. Indeed, in most (gradeless) signaling models, the least cost separating equilibrium

?LCSE) is the unique stable outcome (Cho and Krepé, 1987; |ICho and Sngd, |L9_9_d; Bamgyl,

). That grades will alter equilibrium behavior is not an immediate implication of their

presence. One might be tempted to reason that if types are perfectly separating based on
observable actions, then any additional noisy information will be ignored and the prediction
should remain unchanged. We show that this reasoning is incorrect; the very presence of
informative grades renders pooling equilibria more plausible. More specifically, we demon-
strate that separating equilibria do not survive stability-based refinements when the grade-
generating technology, known as the test, is sufficiently informative. The intuition is that
if the sender were to choose a very costly signal, attempting to convince the market he is
a high type, receivers would infer that he is trying to minimize the importance of the test.
When the test is informative, lower types have more incentive to do this. A costly signal
backfires by showing that the sender is too eager to de-emphasize the results of the test.
No sender wants to spend resources to convince the market he is a low type, so separating
equilibria do not survive. Thus, the presence of a potentially informative test leads to (at
least) some degree of pooling at signals less costly than in the LCSE.

When types pool in equilibrium, the grade conveys relevant information about the sender’s

type to the market. Better grades indicate a greater likelihood of high value. Therefore,
'See m (Im for an extensive Survey Exceptlons 1nclude|ﬂ&als§ 4198_3 |Ea‘n_g (IZDD_]J Feltovich et all
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higher types expect more favorable responses than the lower types they pool with, in contrast
to pooling equilibria in gradeless models. In short, grades convey meaningful information to
the market, affect payoffs and improve welfare in equilibrium.

To formally demonstrate these results, we first analyze a canonical application of our
model: job-market signaling (@, @) In conveying his private information, the high
type faces a trade-off. He must decide how much to exploit his cost advantage and how much
to rely on his expected grade advantage (i.e., the test). The more informative the test, the
stronger is the high type’s grade advantage. We derive a condition (RC-Informativeness),
which states precisely when the test is informative enough relative to the cost advantage to
induce the high type’s reliance on the test. For RC-Informative tests, the relevant indifference
curves do not satisfy the single-crossing property, and hence our analysis differs from that
of a typical signaling model.

We characterize the set of Perfect Bayesian Equilibria (PBE) for this application and
demonstrate that all Pareto efficient equilibria involve some degree of pooling when the test
is RC-Informative. To gain further insights, we refine the set of equilibria using D1 (Cho
and Kreps, |_L9fiﬂ; Banks and Sobel, |19£ﬂ) We show that (generically) a unique equilibrium

outcome emerges. The equilibrium depends both on the market’s prior belief as well as the

informativeness of the test. If the test is RC-Informative and the probability that the prior
assigns to the sender being the high type is below a given threshold, the equilibrium involves
partial pooling. The high type chooses a less costly signal than in the LCSE, while the low
type mixes between revealing himself (at no expense) and imitating the high type. Both the
signal and the grade convey information. As the prior puts more weight on the high type,
the equilibrium shifts from partial pooling to full pooling at a less costly signaling level.
When the prior is more favorable, the sender needn’t work as hard to convince the market
of his type. As a result, the expected utility of both types is increasing in the prior. As the
prior goes to one, the equilibrium converges to the complete-information outcome, where the
sender devotes no resources to costly signaling

We then extend our analysis to a general two-type model. We consider a more gen-
eral class of preferences and also allow the accuracy of the test to vary with the signal—
encapsulating a larger class of applications. In this setting, the sender decides how infor-
mative a test to subject himself to, knowing the market will observe how accurate a test he
chose as well as its result. This serves not only as a robustness check, but also to separate
the key forces behind the results from mere artifacts of a particular application. We iden-

tify a key property (analogous to the single-crossing property), which facilitates tractable

2The complete-information outcome refers to the equilibrium of the game in which the sender has no
private information—his type is commonly known.



equilibrium analysis and generates sharp predictions. We then consider a model with N
types and show that informative tests again lead to pooling as well as convergence to the

complete-information outcome.
1.1 Evidence and Implications: Do Grades Matter?

If (as is commonly predicted by gradeless models) types are in fact perfectly distinguish-
ing themselves based on observable actions, then any additional noisy information should

be ignored. That is, if the prediction of separation is correct, grades should be irrelevant.

Empirical evidence suggests otherwise. For example, (IJQ_%J) find that
higher G.P.A.’s translate to higher salaries among college graduates. Conversely, in some
situations, such as in assessing the quality of bonds through rating agencies, it may seem
that only grades carry meaningful information, with costly signaling playing no role. How-
ever, i (Il%ﬁ) find that the decision to hire more bond raters is correctly

interpreted by the market as a signal of strength—independent of scores. Our model ex-

amines the interaction between these two potential sources of information, explaining the
importance of both in market outcomes

Warranties for new cars provide an example where signaling behavior varies with the
market’s prior in the manner predicted by the model with grades and in contrast to the
prediction of the gradeless model. Warranties have been cited as an example of signaling

(Grossman, IL%j; |LHIA, |L9_8§j; Qal—QLI, Il%é)—makers of more reliable cars can offer war-

ranties more cheaply (in expectation) than makers of less reliable cars. Prior to purchase,

consumers observe the maker’s choice of warranty as well as ratings and awards bestowed by
consumer groups (i.e., grades). If the gradeless model is believed, more reliable cars should
come with better warranties. Why then did Honda, long regarded as the gold standard in
reliability, offer a much less comprehensive warranty for its 2006 Civic than Hyundai did for
its 2006 Elantra?

According to data collected by Consumer Reports, the 2006 models of these cars have

very similar reliabilityld The heuristic explanation for the differing warranties is that Honda

3An alternative explanation for the relevance of grades is that costly signaling and grades are meant
to convey different aspects of the sender’s type, both of which affect his market value. For example, a
sender’s market value is 6 + 7, where 6 determines the sender’s cost of signaling, and 7 determines his grade
distribution. In the simplest case, # and 7 are independent, and the sender only knows #. As in our model,
grades will affect receivers’ actions. However, unlike in our model, the equilibrium will still be least cost
separating and have no reliance on the prior. Further, if the sender is risk-neutral, the informativeness of the
grade will have no bearing on the equilibrium. If 7 is privately-known or correlated with 6, then the model
qualitatively returns toward ours—the sender is privately informed about his market value and attempts to
rely on both a costly signal and a grade to convey that type to the market.

4Summaries are available online to subscribers at www.consumerreports.org. This data was collected in
subsequent years, and therefore was not part of a consumer’s information set at the time of purchase, but
indicates that the Civic and the Elantra were of roughly the same “type” with regard to reliability.



needn’t signal as vigorously because of its superior “reputation.” When the new Civic is
introduced, consumers are already reasonably sure of its high quality. Therefore, Honda does
not need to expend much on signaling. It can rely on this confidence and reviews/ratings/aw-
ards to sell its products at a high price. Consumers are less sure about the quality of an
upstart company like Hyundai. In the words of Hyundai CEO, John Krafcik, “...we were
seeing indications that [Hyundai’s| quality was really much better than the perception.”H
Correspondingly, the market has a more favorable prior for a new-issue Civic than a new-
issue Elantra. While the gradeless model predicts that this should be irrelevant, the model
with grades matches the observed facts. Firms with a better reputation (as measured by the
prior) incur smaller signaling costs.

Applied to academic settings, our results have policy implications for several issues cur-
rently facing educators. Recently, elite business schools have grappled with grade disclosure
policy. In 1998, Harvard Business School adopted a policy that prohibited students from re-
vealing grades to potential employers. Seven years later, administrators at Harvard reversed
the policy citing the need for more transparency and accountability in the classroomH At
several other top business schools, the student body has adopted a grade non-disclosure
policy (Chicago Booth, Stanford GSB and Wharton). Advocates of non-disclosure argue
that it leads to a more collegial learning environment. But at what cost? Our results sug-
gest that non-disclosure may lead students to try to distinguish themselves through other,
perhaps very costly, channels such as additional or joint degrees, certificate programs, and
extra-curricular involvement.

Grade inflation at secondary schools, colleges and universities is another relevant issue.
Since the 1980’s, the average GPA at American colleges and universities has risen at a rate
between 0.1 and 0.15 points per decade on a 4.0 point scale dBQjﬁM_TL M) Qualitatively,

grade inflation has an effect similar to non-disclosure because it reduces the informativeness of

grades observed by admissions offices and potential employers. This makes it more difficult
to distinguish between candidates based on grades and provides an explanation for the
concurrent increase in extra-curricular involvement that has become an essential part of
competitive applications for higher education and employment.

Finally, in gradeless models the existence of separating equilibria relies crucially on the
single-crossing property. Consequently, the theory has been limited to environments in which
single-crossing is justifiable. Many applications of interest do not fit this criterion, especially

when the signal corresponds to a monetary expenditure. Because our analysis does not

5From interview in Newsweek March 24, 2010.
Gwww.thecrimson.com/article/2005/12/15/in-reversal-hbs-to-allow-grade/| (accessed October
24, 2011)
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rely on (strict) single-crossing, our results apply equally well to such settings and provides
insight as to how and when agents can undertake costly dissipative actions to convey private

information even in the absence of type-dependent signaling costs. One example of such an

informational content has been well documented , ). Prior explanations for this
behavior have been based on repeat purchase considerations (Nelson. 97:\] Kihlstrom and

Riordan, IL%J; Milgrom and ngertzi L%d) Our results suggest that the presence of grades

can provide alternative explanation for dissipative advertising. Our theory is also consistent

environment is advertising. The use of advertising camial contalmng little or no obvious

with the empirical finding that quality and advertising expenditures are positively correlated
(Thomas et all, [1998).

This paper is organized as follows. In Section[2, we present the two-type model and introduce
our solution concept. Section[3lanalyzes a canonical application of the model, which provides
intuition for the more general results presented in Section [l Section [ extends the results
to the model with a larger type space. Section [@ discusses our results within the context of

the literature and concludes. Proofs are located in Appendix [Al

2 The Two-Type Model

We model the signaling environment as a game of incomplete information. There is one
sender and a set of receivers. The sender is privately informed of his type ¢t € {L, H}.
Receivers share a commonly-known prior py = Pr(t = H) € (0,1). The sender chooses a
signal x € R,. A strategy for each type of sender is a probability distribution, denoted T,
with support S; C R,. If the strategy of the type-t sender contains mass points, we use
o,(z) to denote the probability assigned to € S;. In addition, a grade g € R is realized
according to the probability density function f;(g|x). The signal, z, and the grade, g, are
publicly observed.

Based on the observed signal and grade, the receivers then update their (common) belief
about the sender’s type to a final belief y14(z, g) = Pr(t = H|z, g). The expected payoff of a
type-t sender is then U (x, p15) 1] We assume that U, is differentiable in both arguments, with
U2 > 0, where Uy; denotes the partial derivative of U, with respect to its it" argument. In

addition, we put the following structure on the sender’s preferences.

Al —UH71/UH72 S _UL,I/UL,2 for all (LL’,/Lf).

"Similar to Mailathl (1987), this is a reduced-form representation of an environment in which following
the observation of (z, g), the sender and the receivers participate in a continuation game with the key feature
that, given (x, ur), all equilibria yield the same expected payoff for a type-t sender. For example, in

) receivers make simultaneous wage offers to the sender, who decides which offer (if any) to accept (see
Section for more examples).



A2 Uy(x, py) is strictly quasiconcave in x for all ¢,¢', where u, denotes the degenerate belief

that places probability one on type t.

A.3 There exists an ¢ > 0 and d > 0 such that U, ;(z, puy) < —d for all t, py and = > 2.

AlTlis a weak version of the Spence-Mirrlees condition. A[Blstates that a higher signal is even-
tually costly for the sender. Combined with A[2] it ensures that the complete-information
outcome is both well-defined and unique. Let x} = argmax, U;(x, ;) denote the signal
chosen by the sender in the complete information setting. ARl and A3 also imply that there

exists a unique & > z7, such that Up(z},0) = Ur(z,1). Finally, we will assume that
A4 zy <.

In combination with A AM implies that (i) the least-cost-separating strategy profile
or(x}) = 1,0p(x) = 1 is part of a Perfect Bayesian Equilibrium (PBE), and (19) the fully

efficient outcome o (x5) = 1,05 (x};) = 1 cannot be sustained as part of a PBE
2.1 Grades and Testing Technologies

Given his choice of x, the sender is subjected to a test. A test is a pair of probability density
functions {fr, fu} associated with a continuous random variable G. Given t € {L,H}, G
has density f;, where f; is continuous almost everywhere and Pr(a < G < b|t) = fab fi(g)dg

A realization of a test is a grade, g € R. Let R(g) = fr(9)/fu(9)9 R(g) measures the
informativeness of the grade g. If R(g) = 1, then the grade offers no information about
the sender’s type. Conversely, if R(g) > 1 (< 1), then the grade causes a Bayesian to
decrease (increase) the probability assigned to the high type. We restrict attention to tests
that do not contain perfectly informative grades, R(g) € (0,00) for all g, unless otherwise
specified. Without loss of generality, order the grades such that the Monotone Likelihood
Ratio Property (MLRP) holds with R weakly decreasing over the common support of fg,
and fy. A test is statistically informative if there exists a set of grades G C R, such that
R(g) # 1forall g € G and fg fi(g)dg > 0 fort € {L, H} Because our primary interest is to
study an environment in which grades have the potential to reveal information, we focus on
statistically informative tests and henceforth use gradeless model in reference to the model
with a test that is not statistically informative (or equivalently, the model in which ¢ is not

observed).

8The profile in (i) can be sustained by assigning probability one to t = L for all off-path signals.

9In many environments the set of grades is finite: Pass/Fail, number of stars, letter grades A to F. To
encompasses a situation with a countable set of grades {yi,9o, ...}, with probabilities p:(y,), let f:(g) =
pi(yn) for g € [n,n+ 1) and f;(g) = 0 for all other g.

Tf fi(g) = fr(g) = 0, we adopt the convention that R(g) = 1.

HGtatistical informativeness is a property of the test. It does not imply that the grade will convey
meaningful information to the receivers in equilibrium.



While R(g) measures the informativeness of a grade, we are also interested in comparing

the informativeness of different tests. ) and |L§hmanrJ ) provide the
predominant notions for what it means for one test to be more informative than another.
With two types, the notions are equivalent (@, ) and can be stated as a condition
on the expectations of convex functions of R However, these notions endow only a par-
tial ordering over tests—many pairs of tests will not be ranked. The low type’s expected
likelihood ratio, E[R(g)|t = L], is a measure of test informativeness that endows a complete
ordering and will play a key role in the analysis that follows. The lowest possible value of
E[R(g)|L] is 1, which obtains when the test is not statistically informative. The higher is
E[R(g)|L], the more informative the test. This measure is consistent with the notions of

Blackwell and Lehmann in the following sense.

Fact 1. If the test {fr, fu} is more informative than the test {fL, fH} in the sense of either

A

Blackwell or Lehmann, then E[R(g)|L] > E[R(g)|L].

As we have alluded to, the accuracy of the test the sender is subjected to may depend on
his chosen signal. For example, a firm issuing new stock hires an auditor. More reputable and
higher quality auditors are both more expensive and more accurate. The story is similar for a
firm hiring credit rating agencies before issuing bonds. In education, more years of schooling
produces a longer and more informative transcript, or a more difficult course of study is better
at distinguishing students of varying abilities. To make explicit this relationship, define a
testing technology to be a family of tests indexed by x and denoted by {fr(:|z), fu(-|x)},
where f;(-|x) is continuously differentiable in z. Let R(g|z) = fr(g|z)/fu(g|x) denote the
likelihood ratio of the grade g given the signal x.

In other applications, such as advertising and product warranties (see below), it is more

natural to assume that the distribution of the grade is independent of the signal.
Definition 1. A Constant Testing Technology satisfies f;(g|z) = fi(g|2) for allt, g, z, x'.

2.2 Applications

Signaling theory has been applied to a broad array of economic environments (see m
(@) for a survey). As motivated in the Introduction, we believe that grades are a promi-

nent feature of many of these environments and have kept our model quite general in order

12Formally, the test {fr, fr} is weakly more informative than test {fz, fi} if for every convex function ¢

/cp (ﬁt((gg))> filg)dg > /cp (%) filg)dg

for each ¢, € {L, H}. See Blackwell and Girshick (1954) for equivalent conditions and (2007) for a

more recent discussion and proof of the Blackwell/Lehmann equivalence in dichotomies.
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to capture a broad class of such settings. Below we discuss several specific applications that

fit within our framework.

1. Job Market Signaling: As in (@), the sender is a student who desires

employment, and the receivers are potential employers. Employers value a type-t

worker at Vi, where Vi, < V. Given py, the employers make simultaneous wage offers
to the sender. Because of competition, the highest wage offered in equilibrium must
be the expected value of the worker: E[Vi|uf] = Vg + (1 — pp)Ve. The student
likes higher wages, but dislikes schooling: Uy(x, uur) = E[V|ps] — Cik(z), where k' > 0,
k" > 0and C;, > Cy > 0. The grade in this example has the quite literal interpretation
as the student’s transcript (as well as any other statistically differentiating academic

honors).

2. Advertising: As in [Kihlstrom and Riordan (|L9_8J), the sender is a firm offering a

good of uncertain quality ¢, and the receivers are potential customers. The demand

for the product is increasing in the expected quality of the good, captured by the
demand curve: Q(P,uy) = aE[V;|us] — bP. For simplicity, the firm’s marginal cost
of production is zero, regardless of ¢, so its profit is II(us) = (aE[V;|py])?/4b. Prior
to bringing its good to market, the firm can engage in non-informative advertising
(i.e., money burning). Therefore, U(z, pus) = II(415) — . The grade in this example
represents reviews of the good, such as those provided by Yelp, CNET, Zagat, Angie’s
List, etc.

3. Warranties: As in (@), the sender is a firm offering a good of uncertain
durability ¢, and the receivers are a unit mass of potential customers. The firm can offer
a warranty policy that replaces the good in the event of failure before time x. Higher
quality goods breakdown less frequently. Therefore, customers’ willingness to pay is
increasing in g, and the firm’s (expected) cost for its warranty policy is decreasing
in ¢. This is represented explicitly by U(z,pur) = E[Vi|us] + 2 — %Ctxz, for some
Cr,>Cyg >0 Notice, that U; can be non-monotonic in x because, regardless of
py and ¢, it may be profit maximizing to offer a warranty. The grade in this example
represents the results of third-party tests such as those provided by Consumer Reports,

J.D. Power and Associates, etc.

13This simplifies the model of [Gal-O1 M) by abstracting from the cost of initial production of the good
and assuming that (i) consumers are homogenous (i.e., b = 0 in her notation) and (ii) V7, is large enough
relative to C. The more general version of the model could be incorporated into our framework, but is
much more cumbersome to work with and interpret.



In the following two (simplified) applications from the finance literature, the sender has

mean-variance preferences over his final wealth level (W) and maximizes E[W] — 3 Var[W],
where Var[IV] is the variance of final wealth and + is a measure of the sender’s risk aversion.
These applications can be analyzed within our framework by interpreting these preferences to
be the sender’s expected payoff, where the expectation is taken over all possible realizations
of the grade given his choice of signal To retain the key tradeoff facing the sender, we will

assume the sender’s risk aversion does not dominate his preference for being seen as a high

type (v < 7).

4. Financial Structure and Inside Information: As in h@&nd&nd.&d&] (1977), the

sender is an entrepreneur looking to sell a portion of his company to a market of

investors (the receivers). The future returns for the company are random with mean

2 > 0. The entrepreneur chooses the fraction of the

Vi, (Vi < Vg) and variance o
company he retains, which serves as the signal. Because the market is competitive,
the equity offering will yield a price of P(us) = E[Vi|ps] per unit offered. Thus, the

expected payoff of a type-t entrepreneur before the grade is realized is:

v (Vi = 320%) + (1 =) (E[P(up)lt 2] = S(1 = a)Var[P(uy)lt,])

The grade in this example can be interpreted as an analyst’s recommendation prior to
the issuance date. For this application, we assume that the recommendation is binary
(e.g., buy (g =1) or sell (g = 0)) and symmetric so that Pr(g = 1|H) = Pr(g = 0|L) =
p € (0.5, 1)

5. Auditors and Equity Issuance: As in [Titman and Trueman (|L9§d), a firm plans

to issue equity to raise funds for a project. As in the previous example, the future

returns for the company are random with mean V;, (V, < Vj) and variance o2 > 0.
The percentage of the firm the company retains is fixed at some o € (0, 1). Prior to the
issuance, the firm chooses an auditor, whose quality is observable and thus serves as
the signal. The auditor then prepares a statement, which serves as the grade. Higher

quality auditors provide more informative statements, but are also more expensive; the

4When choosing a signal, the sender will maximize E[U(x, 1t (z, g))], where the expectation is taken over
realizations of the grade. Hence, it is the sender’s expected utility function that plays the crucial role for
analysis. For expected-utility maximizers, the construction of the expected utility function follows easily
from U; and the testing technology (see Section [2.3]). Since mean-variance preferences are generally not
consistent with an expected-utility representation, one should interpret the mean-variance representation in
Applications 4-5 as a substitute for expected utility.

15 A binary symmetric test is not a necessary restriction for our results, but it facilitates a tractable analysis
of the environment.



cost of an auditor with quality x is given by c(x), where ¢ > 0, ¢ > 0. The sender’s

expected payoff before the grade is realized is
gl v
o (Vi 2a0®) + (1= a) (E[P(up)lt,a] = 5 (1 = a)VarlP(uy)|t,a]) - c(a)

To fix ideas and facilitate a tractable analysis, we specify that conditional on (z,1),
G ~ U[0,1 + V; - z]. Thus a higher quality auditor is more likely to distinguish a

high-type firm from a low onel'

2.3 Solution Concept and Preliminary Analysis

We use Perfect Bayesian equilibrium (PBE) as our solution concept with the additional
requirement that receivers hold identical beliefs off the equilibrium path. After observing
x and g, receivers update to some final belief y1¢(z,g) = Pr(t = H|x, g). Because receivers
are Bayesian, the updating can be decomposed into a first update based on x and a second
update based on g. The first update results in an interim belief. Let 1 denote an arbitrary
interim belief and p(x) be the interim belief as a function of the signal observed. Along the
equilibrium path, the interim belief is determined by Y., Ty, and the belief consistency
requirement of PBE. The second update is purely statistical—receivers update from their

interim belief based on the observation of the grade via Bayes rule as given by ().

()
pu(x) + (1 — p(x)) R(glx) (1)

pp(e, g) =

Therefore, given x, the interim belief is sufficient for a type-t sender to compute his

expected utility, denoted by ;.

wleon) = [ Uilaos(o,g) flglo)dg @)

Equilibrium Selection

As in most signaling models, the set of PBE is large because of the flexibility afforded to off-
equilibrium-path beliefs. In SectionB.2], we describe the different forms of PBE that can exist
within an application of the model and characterize the set of achievable equilibrium payoffs.

In order to produce further insights and predictions, the set of equilibria must be refined.

6Notice that this testing technology involves a set of grades that perfectly distinguish the high type, which
raises the question of whether such a grade can overturn a degenerate prior. In general, the set of equilibria
can depend on the way in which this issue is addressed. However, it has no equilibrium implications for this
particular application (in part because the grade is completely uninformative at x = 0), and therefore we do
not take a position on this matter.

10



Starting in Section B.3] we focus our attention on equilibria satisfying the D1 refinement

, |_L9&ﬂ; klhund_Kr_QpEJ, |_L9&ﬂ) Using D1 leads to sharp predictions and
also has the advantage of facilitating comparison with the gradeless model where, if single-
crossing holds strictly, it uniquely selects the LCSE for any number of types

3 Job Market Signaling with Grades

In this section, we analyze a simple application, which distills much of the intuition for the

more general results to come in Sections [4] and Bl In particular, we focus on the job-market

signaling application with linear cost function (k(z) = x) and constant testing technology.
Given any interim belief, u, the highest expected offer received by a type-t worker is

independent of x and given by:

fi(g)dg (3)

wy(p) = / Ve + (1 — 1)Ve

p+ (1= p)R(g)

Thus, the expected utility of a type-t worker is uy(x, u) = wy(u) — Cyz. Our analysis begins
by investigating the indifference curves for both types over the space of signals and interim
beliefs.

3.1 Belief Indifference Curves

Without grades, the indifference curves of interest are those over the space of signals and
offers. Further, the sequential rationality of receivers implies that these are equivalent to
indifference curves over the space of signals and final beliefs. Based on the analysis conducted
in Section 2.3 we see that with grades it is indifference curves over the space of signals
and interim beliefs that are crucial for analysis. We refer to these as Belief Indifference
Curves (BICs). It will be useful to think of BICs as functions from signals to interim beliefs
parameterized by utility levels. Let b;(z|@) be the interim belief such that u(x, b(z|0)) = 12

A comparison to the gradeless model is helpful. In the gradeless model, there is no
distinction between final and interim beliefs, meaning BICs align with standard indifference
curves. Figure [ illustrates the BICs for the LCSE utility levels in both settings for an
example where C', > Cy. Throughout the paper z denotes the high type’s LCSE signal.
Without the test, the low type’s curve is steeper than and below the high type’s for all z < z.
The difference in the slope of the two types’ curves derives only from their differing costs.

With the test, the indifference curves acquire curvature according to each type’s expectation

YICho and Kreps (1987); (Cho and Sobel (1990); Rameyl (1996)

18While the set of equilibria is often larger, the main economic insights produced by our model hold under
the more mild Divinity refinement dﬂanks_and_Sgb_eL |_'I__9§1|) Results available upon request.
197 the equation cannot be satisfied for an interim belief in [0, 1], then b, (z|@) = 0.
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regarding his grade on the test. The crucial observation is that because the input is interim
belief, the shapes of the indifference curves for the two types are different. Because the
low type is more likely to receive a lower grade, his indifference curve in the interior lies
everywhere above where it did in the gradeless model. To maintain the same utility when
grades are available, the low type needs more favorable beliefs to offset the outcome he

expects on the test. The opposite is true for the high type.
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(a) The Gradeless Model (b) The Model with Grades

FIGURE 1 — BICs for the LCSE payoffs

3.1.1 The Strong Crossing Property

In this application, BICs have a useful feature, termed the Strong Crossing Property, that
is highlighted in Figure Bl Notice first that for each type, all BICs for a given type are
horizontal translations of one another—a more costly signal decreases utility, but does not

affect the utility tradeoff between x and pu.

Definition 2. BICs satisfy the Strong Crossing Property (SCP ) if there exists a unique
w1 € (0,1] such that the slope of the high type’s BICs is less than the low type’s for all p < p*
and the slope of the high type’s BICs is greater than the low type’s for all p > p*.

Lemma 1. For any constant testing technology, the Job-Market Signaling Application sat-
1sfies SCP.

The slope of the sender’s BIC is —% % =Cy/ Cfi—“:. To understand SCP, we start with

another lemma that shows how the interim belief drives w;.

Lemma 2. For any test, there exists a unique fimax € (0,1) such that CZU—ML < CZU—MH for all

d d
f < fimax, and Sl > SHE for all pn > fimax.
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The reasoning behind the lemma is as follows. In the extremes of ;1 = 0, 1, the Bayesian
receivers disregard the result of the test. As the belief becomes more intermediate, the
sender’s grade begins to matter for his expected offer. Further, there is a unique belief
(ftmax) Where the test is maximally important, as measured by wy — wy. Hence, increasing
the belief from 0 toward p,., increases the importance of the test, and is therefore relatively
better for the high type than it is for the low type. Similarly, increasing the belief from fiyax
toward 1 decreases the importance of the test and benefits the low type more than the high
type.

To move from Lemma 2l to SCP, we must also incorporate any cost advantage. The slope
of the BICs tells us which type needs more compensation from increased interim belief to
incur a marginally more expensive signal. If there is no cost advantage, the belief where
the low type begins needing less p-compensation than the high type is when the test starts
becoming less important. That is, if C'y = Cp then p* = pinax. Further, p* is increasing in
the cost advantage as measured by g—fl If the cost advantage is large enough then p* =1
and the single-crossing condition holds: at every point, the high type’s BIC is flatter than
the the low type’s. In other words, when the cost advantage is large relative to the grade
advantage (in the manner made precise by Definition [3]), the BICs recover the same essential

property as in the gradeless model.
3.1.2 RC-Informative Tests
The following condition will play a major role in the analysis of the model.

Definition 3. The test is RC-Informative if E[R(g)|L] > g—f{

Recall that E[R(g)|L] is one way to measure the informativeness of the test, while CC“_;LI is

a measure of the cost advantage. Hence, RC-Informativeness is simply that the test is
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informative enough relative to the cost advantage. Notice that if C'y = O, any statistically

informative test is RC-Informative.

Lemma 3. The following statements are equivalent.
1. The test is RC-Informative.
2. At =1, the high type’s BIC' is steeper than the low type’s BIC.
3.oput < 1.

That statements 1 and 2 are equivalent is a direct calculation. The equivalence of 2 and

3 follows immediately from SCP.
3.2 The Set of PBE

The are many Perfect Bayesian Equilibria of the game. As in the gradeless model, there exist
separating, full pooling, and partial pooling equilibria. In addition, there exists a new form
of equilibria we designate common support equilibria. In a common support equilibrium
Sr, = Sy, but T, # Ty. Common support equilibria differ from separating or partial
pooling equilibria in that no on-path signal perfectly identifies the sender’s type, and differ
from full pooling equilibria in that multiple signals are on the equilibrium path, each leading
to a different interim belief, which also differs from the prior. SCP implies that in any
common support equilibrium Sy, = Sy = {x1, 22}, where 21 < 25 and p(xq) < po < p(xg).
Figure [3l depicts BICs for payoffs which can be supported by a common support equilibrium
given any o € (i1, p2) as labeled 2
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F1GURE 3 — BICs for a common support equilibrium

20Common support equilibria are not robust to stability-based refinements such as D1 and Divinity (see
Section [B.3)). In addition, there exist partial pooling equilibria in which Sy, N Sy is a pair, rather than a
singleton (in contrast to the gradeless model with strict single-crossing). Such equilibria fail D1 as well.
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The set of PBE depends on the prior. Enumerating each equilibrium for every prior is a
straightforward but tedious exercise. Instead, we turn to characterizing the set of equilibrium
payoffs when the test is RC-Informative and illustrate how the set changes with the prior
This will also allow us to discern the set of Pareto efficient equilibria for each prior. Two
belief levels will play a key role. The first is p*. Let x* be the unique signal satisfying
ur (2", u*) = V. The second key belief level is u = by (0|ug (2", 1*)): the belief 1 such that
the high type is indifferent between (0, 1) and (z*, u*). Note that p < p*.

Full Pooling at « = 0

Full Pooling at z = 0

Partial Pooling Partial Pooling

High type payoff
=
i
=
T

LCSE WLCSE WLCSE
Full Pooling at # =0

Vi Vi L
L Vi Low type payoff ! Vi Low type payoff Vi

Low type payoff

(a) For po < p (b) For po € (p, p*) (c) For po > p*

FIGURE 4 — The set of PBE payoffs for various priors

Referring to Figureld], payoffs produced by separating equilibria are located on the vertical
axis between u;, = uyg = Vi, and the LCSE payoffs. The remainder of the feasible payoffs
on the vertical axis can be achieved by partial pooling equilibria in which 0 € S;,¢ Sg.
Regardless of the prior, there exist equilibria such that the low type’s payoff is Vp, but
the high type achieves a payoff greater than in any separating equilibrium. Next, notice
that there exists a linear boundary of the equilibrium payoff set connecting the vertical axis
and the point corresponding to full pooling at x = 0. This linear boundary represents the
payoffs produced by full pooling equilibria. The left endpoint of this boundary corresponds
to payoffs for the full pooling equilibrium at the signal x satisfying uy(z, o) = Vi: the
most expensive signal consistent with the low type weakly preferring to remain in the pool.
Because the interim belief is the same as the prior belief in a full pooling equilibrium, each
type gains by pooling at a less expensive signal, and the slope of the linear boundary is g—;’

We can see that there are only two candidates for Pareto efficient equilibria. The first
is full pooling at x = 0. For any prior, this is the payoff-maximal equilibrium for the low

type, and hence is always Pareto efficient. The second is partial pooling at x* in which the

21Characterizing the set when the test is not RC-Informative is no more difficult than in, and produces
little difference from, the gradeless model. Furthermore, the analysis conducted in this section can easily be
extended to the general two-type model of Section [l
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high type chooses x* with probability one and the low type mixes between 0 and x* such
that p(z*) = p*. This equilibrium exists if and only if 1o < p* and is Pareto efficient if and
only if uy(2*, 1*) > uy(0, o), which is equivalent to py < p. Grades convey information
i equilibrium if and only if types do not separate by choice of signal. Hence, when the
test is RC-Informative, there is always a way to utilize it that Pareto dominates separating

outcomes.

Proposition 1. For any o, if the test is RC-Informative, then grades convey payoff-relevant
information in every Pareto efficient equilibrium. If the test is not RC-Informative, then the

LCSE 1s a Pareto efficient equilibrium if and only if p1o < pu.

The above conclusion when the test is not RC-Informative necessarily holds in the grade-
less model (recall that p* = 1 in this case). Along with the results in Section B3] this indi-
cates that RC-Informativeness is precisely the criterion that characterizes when the presence

of grades substantively alters the predictions from the gradeless model.
3.3 Equilibrium under D1: Senders Rely on Informative Tests

In the two-type model, the D1 refinement can be stated as follows Fix an equilibrium
endowing expected utilities {u}, u}; }. Consider a signal x that is not in the support of either
type’s strategy. Define By(x,uy) = {u : w(z,u) > ui}y. If Bp(z,uj) C By(z,u}), then
D1 requires that pu(z) = 1 (where C denotes strict inclusion). Conversely, if By(x,u};) C
By (z,u}), then D1 requires that p(z) = O

The refinement can be interpreted as follows. Suppose that z is not in the support
of either type’s equilibrium strategy, but it is observed nonetheless. A receiver uses the
following reasoning,“The sender must have misunderstood my beliefs, otherwise he would
not have chosen this deviation. Of all the possible beliefs that he could (mistakenly) think
I will have after seeing x, for which subset of these beliefs would the low type prefer this
deviation? For which subset would the high type prefer this deviation? If there are beliefs
such that the high type would prefer this deviation and the low type would not, and there
are no beliefs such that the low type would prefer the deviation and the high type would not
(that is, if By(x,u}) C By(x*,ug)), then given the deviation to xz, I should believe that the
sender is of type H.”

22In Appendix [Al we explain the equivalence, in our model, between this definition and D1’s original
definition (IB&nkund_Sg_@], [1987; |Cho and Krepd, |_L9&ﬂ) See footnote [39 for a formal statement of the D1
refinement in the model with N types.

2Let BY(z,u}) be the set of interim beliefs u such that u,(z, ) = uf. In Banks and Sobel (1987) and
Cho and Kreps (1987), D1 requires that if B (x,u}) U By (z,u};) C By(z,u}) then the receivers assign zero
probability to the sender being type t’. The continuity of the preferences and action spaces in our model
make the two statements equivalent.
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Remark 1. For the remainder of the paper and unless otherwise qualified, an equiltbrium

refers to a PBE (with common off-path receiver beliefs) that satisfies D1.
The following proposition characterizes the set of equilibria. Recall that uy(z*, u*) = V.

Proposition 2. If the test is RC-Informative, then
o if up > p*, the unique equilibrium is full pooling at x = 0.

o if o < p*, the unique equilibrium is partial pooling. The high type chooses x* with
probability 1, and the low type mizes over x = 0 and x* such that p(z*) = p* (i.e.,

TLet) = 5 and 7} (0) = 1= o} (a")).

o if uo = p*, all equilibria are full pooling and can be supported at x iff x € [0, x*].

If the test is not RC-Informative, then for all priors the unique equilibrium is the LCSE.

In essence, the proposition states that if the test is too weak (or the cost advantage is
too great), the predictions match those of the gradeless model. The underlying analysis
matches as well—when the test is not RC-Informative, u* = 1 and the single-crossing con-
dition holds just as in the gradeless model. However, for more informative tests (or lesser
cost advantages), the equilibrium predictions change—at least some degree of pooling (and
therefore reliance on the test) will take place at all priors, and full pooling will take place
for sufficiently high priors. Notice that despite fully pooling, the expected offers and utility
levels are different for the two types because offers are conditioned on the realized grade. An
immediate implication is that if C'y = (7, then the equilibrium will involve pooling; if the
high type has no cost advantage, he relies at least partially on his grade advantage.

We also have the following connection between D1 and Pareto efficiency.

Corollary 1. If the test is RC-Informative, then
o if ug > p*, the unique equilibrium is the only Pareto efficient PBE.

o if 1o < p, the unique equilibrium is one of the two Pareto efficient PBE.

Only when p € (i, *) do the two criteria have no PBE in common under RC-Informativeness.

Even in this case, though, the unique equilibrium Pareto dominates the LCSE.

To sketch the argument for the proposition, we start with a useful lemma.

Lemma 4. If the payoffs {uj;, us} are supported by an equilibrium, then there does not exist

a signal &’ such that by (x'|u}) > by (2'|uly).
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We can use Figure [3] to illustrate the lemma. The figure depicts BICs for a candidate u} and
ujy;. Consider a signal ' € (x1,x9). Notice that by (2'|uf) > by (2|u}y) for all 2’ € (x4, z2).
The lemma claims that this is inconsistent with u} and uj; being supported in equilibrium.
To see this we ask, for what values of u(z") would a sender of type t prefer to deviate to x'?
The set is simply {u : b(2'|uy) < p < 1}. Since by (2'|uf) > by (z'|uj;), the set of beliefs
is strictly larger for the high type. D1 then requires that pu(2’) = 1. With these off-path
beliefs, either type would prefer to deviate to 2’ and receive payoff Vg — Cia’ > u;.

One interpretation of this analysis is that neither at x; nor at x5 has the high type found
the optimal balance between relying on the test and relying on the costly signal. At x; he
relies too much on the test and should increase his costly signal to dissuade the low type
from imitating him with such high probability. At x5 he relies too little on the test and
should decrease his signal to make better use of the free information the test provides.

From Lemma [, we immediately see that the LCSE will fail under RC-Informativeness.
RC-Informativeness implies that the high type’s BIC is steeper than the low type’s at u =1
(Lemma[3]). Therefore, for the LCSE payoffs, which by construction have the corresponding
BICs for each type intersect at (Z, 1), the high type’s BIC falls below the low type’s for a
deviation slightly below z (Figure .

Lemma [4] can also be used to derive further implications. Consider any candidate equi-
librium utility level for the low type, uj, and its corresponding BIC. In equilibrium, if the
low type receives u}, the high type must receive the maximal utility from over (z, u) pairs
on the low type’s BIC, by (-|u}). Lemma Ml implies that he must receive at least this much.
However, if he received a higher utility level, then the high type’s equilibrium BIC would lie
everywhere above the low type’s—meaning the low type would prefer to deviate and imitate
the high type. Returning to our interpretation, in equilibrium the high type must achieve
his optimal reliance on the two information channels.

SCP implies that when p* < 1, the high type’s utility-maximizing (z, ) pair on the
low type’s BIC will either be at p* (a point of tangency) or at x = 0 (if u* does not reside
on the low type’s BIC). Hence, each candidate equilibrium utility level for the low type
implies a unique equilibrium strategy and utility level for the high type. The final step is,
for each prior, to determine which utility levels for the low type can be made consistent
with equilibrium strategies/beliefs. When o < p* only uj = Vi, can simultaneously satisfy
low-type incentive compatibility and be consistent with receiver beliefs on the equilibrium

path. Only the full-pooling utility level can do so for ug > p* (see Figure ).
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3.3.1 Equilibrium Convergence

Consider the complete-information game where t = H is common knowledge. The sender
chooses = 0 and receives an offer (and utility) V. By introducing the slightest probability
that the sender is the low type, the gradeless model predicts that the high type will choose
his LCSE signal. When the test is RC-Informative, the model with grades does not have this
discontinuity. As the prior increases, the equilibrium moves to full pooling at © = O To

delve a bit deeper into convergence properties, we need to consider two types of convergence.

Definition 4. Let {pug} be a sequence of priors converging to po, and {Y7}, Y%} be any

sequence of strategqy profiles such that Y7, Y% is an equilibrium when the prior is .

o The set of equilibrium strategy profiles converges type-by-type to Y if for every
sequence {T7 Y%}, T{ converges in distribution to T for all t.

o The set of equilibrium strategy profiles converges in total mass to 1 if for every

sequence { Y7, Y}, uy - T 4+ (L — uf) - Y converges in distribution to Y.

Clearly, equilibrium convergence type-by-type implies convergence in total mass. The
gradeless model has been criticized because the LCSE does not converge, by either metric,
to the complete-information outcome as pg — 1121 An immediate corollary of Proposition

is that the model with grades is not susceptible to the same criticism.

Corollary 2. If the test is RC-Informative, the equilibrium converges to the complete-

information outcome type-by-type as po — 1.

Notice that the equilibrium of the model with grades converges to the complete-information
outcome only in total mass as pg — 0. As discussed in Section [6.1] this is in contrast to

noisy signaling models, where convergence is type-by-type for both pp — 0 and py — 1 ﬁ
3.4 Comparative Statics

To aid understanding, we present a few remarks on comparative statics. As the high type’s

cost advantage increases, he relies less heavily on grades. Formally, as g—f{ increases, u*

24Notice that the equilibrium does not discontinuously jump from partial pooling to full pooling at jo = p*

either. This is because of the multiplicity of equilibria at pg = p*.

ZWhen jig — 1 (0 — 0), convergence in total mass to Y is equivalent to convergence of Yg (Y1) to Y.
Looking at convergence in total mass, however, guarantees that from an uninformed party’s perspective (i.e.,
that of a modeler, econometrician, or even a receiver) the distribution of  limits to the desired distribution
as the prior tends to its limit.

26Convergence in total mass to the complete-information outcomes as the prior moves all of its weight to
the lowest type is a straightforward result for all PBE, independent of the informativeness of grades and the
number of types. We therefore do not repeat the result when examining convergence in future sections, and
instead focus on convergence properties when the prior’s mass moves to any other type.
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Cr

also increases. Because p* > fimax, the test becomes less important in equilibrium as Cr

increases

Regarding payoffs, it is worth noting that decreasing C'y can adversely affect the high
types equilibrium payoff. To see this, consider a game where u* < 1 and pg is just above
1%, so the equilibrium is full pooling at x = 0. As Cy decreases, u* increases above jy. The
high type’s cost advantage is now too great to sustain full pooling, shifting the equilibrium
to partial pooling at x*. This carries a discrete increase in signaling costs but an arbitrarily
small change in the high type’s expected offer in equilibrium. The high type is forced to
exercise his cost advantage—even if it leads to a decrease in his own expected utility—a
feature familiar from the gradeless model.

Because of the flexibility afforded to the structure of our tests, general comparative
statics on the accuracy of the test are cumbersome. To simplify, let us consider the family of
symmetric binary tests (see Application 4), which are parameterized by p € (%, 1). Clearly, as
p tends to either % or 1, the test becomes completely uninformative or completely informative
respectively. As p increases, the test becomes more informative according to both Blackwell

and Lehmann, so E[R(g)|L] increases as well. For such tests, fimax = 3 for all p.
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FicURE 5 — Comparative statics for symmetric binary tests

Figure [ illustrates how z* and p* vary with p for several different cost advantages
Modulo boundary solutions, as p increases, x* decreases and p* strictly (weakly) decreases
if the cost advantage is strict (weak). Asp — 1, 2* — 0 and " — £ = funax. That is, as the

test becomes completely informative, there is complete reliance on it. As p — %, whether

2TNotice that the change in z* given a change in g—g is ambiguous because it will depend on the absolute,

as well as relative, changes in costs.
28To avoid scaling problems, Oy, and (therefore) z are fixed, while Cy varies. See footnote 27
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or not the high type has a cost advantage, no matter how slight, makes a difference. When
Cy < Cp, (z*, p*) limits to (z,1). This is simply the recovery of the result in the gradeless
model: when there is a cost advantage and no meaningful test, the unique equilibrium is
the LCSE. On the other hand, if Cy = Cp, p* = pmax for all p and z* — % No matter
how weak the test is, the high type relies on it as heavily as possible since he has no cost
advantage. Finally, unlike increasing the high type’s cost advantage, increasing p is always

at least weakly beneficial to the high type.

4 Analysis of the General Two-Type Model

Building upon the intuition from the previous section, we now turn to analysis of the general

two-type model. To do so, first define

Uri(z,piy) /Unq(z, py)
Urao(x,pif)! Uno(z, py)

Z(x, piy)

Notice that Z(x, j17) relates the slopes of the two types’ indifference curves over the familiar
space of signals and final belief, as opposed to the space of signals and interim beliefs where
BICs reside For instance, if U;; < 0 for all (z, puf,t), then the standard Spence-Mirrlees
condition is equivalent to Z(z, ug) > 1 for all (x, s1f). In the application from the previous
section, Z(x, jiy) = g—fl

Because we allow the test to vary with the signal, we will need to evaluate the informa-

tiveness of the test at signaling levels relevant for equilibria.

Definition 5. For any x € [z}, %], we say that the the test is RC-Informative at x if
E[R(g|z)|L, 2] > Z(x,1).

The generalization of RC-Informativeness compares the same measure of the statistical
informativeness of the testing technology at = to the ratio of the slopes of the two types’
signal-y1; indifference curves at (z,1). Before stating results, two comments are in order.
First, similar to Lemma B for any z, the high type’s BIC is steeper than the low type’s at
1 = 1if and only if the test is RC-Informative at x. Second, Lemma [ applies to the general

model as well, leading to the following.

Proposition 3. If the test is RC-Informative at T, then for any uo € (0,1), all equilibria

involve some degree of pooling.

RC-Informativeness gives the precise condition needed on the testing technology for sep-

aration to be eliminated and all equilibria to rely on grades. A sufficient condition for

2To accommodate mean-variance preferences, let U;(x, f17) denote the expected payoff for a fixed (deter-
ministic) zy. For example, in Application 4, Uy(z, puy) = (V; — J20?) + (1 — 2)P(uy).
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convergence to the complete-information outcome also relies on RC-Informativeness. Recall
that 27, denotes the optimal signal for a type-H sender when receivers assign probability

one to type H.

Proposition 4. If the test is RC-Informative at all x € (73, Z], then as po — 1, by either
notion of convergence (type-by-type or in total mass), the set of equilibria converges to the

complete-information outcome.

It is possible that all equilibria involve pooling but do not converge to the complete-
information outcome. In this case, as g — 1, there exists a sequence of equilibria converging

to full pooling at z’, for some 2’ € (2%, Z) at which the test is not RC-Informative.
4.1 The Crossing Property

Characterizing the set of equilibria for different specifications of utility functions and testing
technologies poses no serious difficulty, but would result in an arduous list of various cases.
Instead of embarking on this exercise, we identify a condition, deemed the Crossing Property
(CP), that both generates a clean characterization and distills the critical intuition seen in
the application from Section Bl For this reason, one can view the role of CP in the model
with grades as analogous to the role of the single-crossing property in the gradeless model—in
fact, the single-crossing property for BICs is a special case of C'P that results when signal-z¢
indifference curves satisfy single-crossing and the test is sufficiently uninformative @

Like the Strong Crossing Property, CP is a condition on BICs. For any utility level 4,
and either type sender, there exist signals large enough, such that no p € [0, 1] can deliver
expected utility @ when they are chosen. Define Z(iy) = max{x : by (z(iz),ar) = 1} 21 We
abuse notation slightly by continuing to let z = Z(UL(x},0)) denote the high type’s LCSE

signal.

The Crossing Property (CP). Consider any feasible iy, iy such that by (zo|tr) = by (xo|tip)
for some o € [0,Z(a)]. If Lby(zoliny) < Zby(wolty), then by(x|iy) > b(x|iy) at all

r < Xg.

CP generalizes SCP, the key feature of the application from Section[3l It is implied by the
SCP, but not the converse. CP says that if the high type’s BIC is flatter than the low type’s
at a point of intersection, then the high type’s BIC lies everywhere above the low type’s at
all points to the left. Further, it implies that if the low type’s indifference curve is flatter at

30For BICs to satisfy single-crossing, it is necessary that the test is not RC-Informative at any = and
sufficient that for all z, g, R(g|x) < R, for R > 1 small enough.

31For a given 7, in the feasible set of utility levels, there can exist two signaling levels Z’ < Z such that
br(Z',4r) = b (Z,4r) = 1. By AD] it must be that &’ < 2} < 7.

22



a point of intersection, then it lies everywhere below to the right. In Appendix [Bl we verify
that CP arises naturally in signaling models with grades. In particular, we demonstrate that
for any constant testing technology, Applications 1-3 discussed in Section satisfy C'P and
that Applications 4-5 satisfy CP for the specified testing technologies

It is possible to construct utility functions and testing technologies such that CP fails
by drastically changing Z or the rate at which the informativeness of the test changes over
a small interval of signaling levels. Preventing such rapid changes is sufficient to ensure the
property holds. We assume that CP holds for the remainder of this section.

Under CP, the sufficient conditions of Propositions B and [ are also necessary for their

results.

Proposition 5. If the test is not RC-Informative at &, then for all py € (0,1), the LCSE is

an equilibrium.

Proposition 6. If there exists an x € (7}, Z| such that the test is not RC-Informative at x,
then as g — 1, the set of equilibria does not converge to the complete-information outcome

by either notion of convergence (type-by-type or in total mass).

As evidenced by our earlier discussion, in many environments the informativeness of
the test may be increasing in x. More importantly for equilibrium analysis is whether the
informativeness is increasing relative to utility differences. If E[R(g|x)|L,x] — Z(z,1) is
increasing in x, results can be strengthen and simplified. In this case, if the test fails RC-
Informativeness at z, then the test is not RC-Informative at any x < z. Under this stronger
hypothesis, Proposition [ can be strengthened to: the LCSE is the unique equilibrium
for all priors. Further, convergence results hinge only on the simplified condition of RC-

Informativeness at x = z7;.
Full Characterization

We now turn to characterizing the set of equilibria under CP. The procedure involves two
steps and provides a generalization of the analysis from Section[3. The first step is to identify
the high type’s optimal (z, ) pair for each candidate low-type utility level. Such pairs were
straightforward to identify in the application studied in Section Bl (either = p* or z = 0).
A more general approach involves solving a parameterized maximization problem and is
employed here. Fix a candidate equilibrium utility level for the low type, 4, and consider

the high type seeking to maximize his expected utility given the schedule of interim beliefs

32 A constant testing technology is sufficient, but not necessary, to ensure that CP holds within Applications
1-3 (see Section [A.2]).
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br(z|tr). The high type’s (parameterized) problem is

peax up(z,br(zar)) (*)
Recall that in any equilibrium, the low type must obtain an expected utility of at least
u;, = Ur(x},0). Let u, = max, Ur(x,1) denote the maximum possible expected utility
attainable by the low type. For each 4y, € [u;, ], (E) maximizes a continuous function over
a compact domain. Existence of a solution is immediate. CP ensures that the solution is
unique. Let xy(4y) be the solution to (#) for a given 4y, and let py(ur) = b (xgy(tr)|ir).
We will refer to the curve {zy (i), py(ur)} for ay € [u,,ur] as the solution locus

Properties of the solution locus depend on the informativeness of the testing technology.
If the test is RC-Informative at Z(4p), then pgy(ar) € (0,1): the high type maximizes
expected utility in (&) by relying partially on the outcome of the test. If the test is not
RC-Informative at Z(uy, ), then the locus lies along the upper boundary, g (i) = Z(4) and
pp(tr) = 1: the high type maximizes his expected utility in (#) by completely separating
from the low type using the costly signal.

Figure [0l illustrates an example of the procedure. For each of the low type’s plotted
BICs, the dotted curves are the BICs for the high type corresponding to interior solutions
of [#). The dark line running through the solution points is the solution locus. Notice that
pp(Gr) is non-decreasing in Figure [ This property is necessary and sufficient to ensure
that the equilibrium is generically unique The non-decreasing locus property also arises
naturally in signaling models with grades. In Appendix[Bl we demonstrate that Applications
1-3 discussed in Section (for any constant testing technology) and Applications 4-5 (for
the specified testing technologies) satisfy the non-decreasing locus property.

For each candidate utility level of the low type, the solution locus identifies the corre-
sponding candidate strategy (og(zg(ur)) = 1) and utility level for the high type. The final
step is to link candidates to equilibria. The link is made via the equilibrium belief consistency

condition as the following proposition demonstrates.

33To see that the solution to (&) is unique, fix a 4y. If there exists an 2’ and 4y such that by (2'|dr) and
b (¢'|tgr) are tangent, then CP implies that by (x|tm) > br(x|ur) for all © # 2/. The tangency point is
the unique solution to (F). If there is not a tangency point for any (z,4), then one of the boundaries is
the solution. Again, CP implies that the corresponding high type’s BIC lies everywhere else above the low
type’s, making the solution unique. From Berge’s Theorem of the Maximum, xy is continuous. Because by,
is also continuous, g is continuous.

34Proposition [A 1] in Appendix [A] characterizes the set of equilibria for arbitrary solution loci under CP.
Proposition Plillustrates how multiplicity arises if pg (%) is constant over an interval, which can obtain only
for (at most) a countable set priors.
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Proposition 7. Suppose that py(iy) is non-decreasing. Then, there exists a unique equi-

librium for almost all priors, po € (0,1). Generically, if po < pg(u;) the equilibrium is:

o oplen(u) =1, of(wr(uy)) = SEEEL - and 07(0) = 1 = of (v (ug)

o p(xm(uy)) = pr(uy), and p(z) =0 if v # vg(u;)

If po > pp(uy) the equilibrium is full pooling at vy (u}), where uj satisfies pp(u}) = po-

If the test is RC-Informative at Z then uy(u;) < 1 and the equilibrium involves partial
pooling for priors below py(u;) and full pooling for priors above. On the other hand, if

xg(u;) =, then py(u;) =1, and the LCSE is the unique equilibrium for all ug € (0, 1).

4.2 Illustration of the Algorithm with Non-Constant Testing Technology

We illustrate our algorithmic approach for constructing the equilibrium within the job-market
signaling environment with a testing technology that varies with the signal. As in Applica-
tion 5, define the testing technology such that conditional on (x,t), G ~ U[0,1 4V, - ] and
fix VI, = 0 and Vg = 1. This specification implies that E[R(g|z)|L, z] = fol mdg =1+u,
and hence the informativeness is increasing in the signal.

We first determine under what conditions the LCSE is an equilibrium. To do so, recall

that U(z, puy) = E[Vi|us] — Cik(z) and so Z(x, puy) = Clle) _ CL - Therefore, the test

Cul(z) — Cn
is RC-Informative at z if and only if E[R(g|z)|L,2] = 1 + 2 > g—fl Proposition [l and

E[R(g|x)|L, x| increasing then tell us that if g—f{ >1+z=1+k"'(1/Cy), then the LCSE
is the unique equilibrium for all priors On the other hand if CC“_;LI < 1+ z, then the LCSE

is not an equilibrium (for any prior). We will focus attention on this case.

35Proposition [l uses CP, which can be verified for this specification by following closely the methods in
Appendix Bl
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For a given (z, i), the low type’s expected offer is

1
wi (@, 1) =/ . dg = a
o ht(1—p(1+a) 1+ (1—pz
Therefore, the BIC for the low type is given by
(1 + ZL’)('&L + CL]{?(ZL’))
1+ ZL’(’&L + CL]{?(I’))

and thus wy (z, b (x|ur)) = WF%W Noting that Z(az) = k= (1 — 4.)/CL) , the max-

imization problem for the high type (&) becomes

b(zliy) =

Uy, +x — CL]{J(I)
max Tz Cuk(z)

s.t. 0 S X S k‘_l ((1 — ﬂL)/CL)

The first-order condition for an interior solution requires that

1 — iy — Cok(e) — (1+ ) (1 bo— (%) Cok () = 0 (4)
for some = € [0,Z(ar)]. Let ¢ be the minimal signal such that the test is RC-Informative for
all z > z¢ (ie., 2° = g—fl — 1), and let u$ be defined implicitly by &~ ((1 —u$)/CL) = z°.
For any feasible @y, > 4§ and all x < Z(uy), the left-hand side of () is strictly positive and a
corner solution obtains: zy (4r) = Z(uyr), pr(ar) = 1. For any feasible 4 < u§, there exists
a unique xg (ur) < z(ug), defined implicity as the solution to (@), which solves (E) By
inspection, the function @y (i) is strictly decreasing. Inserting the inverse function x5 (z)

for uy, into by, gives

(1+2)(1+z— &-)Cpk () — 1
(142 — g-) Ok (z) — 1

br, (zlzy' (x)) =

which provides a representation for the interior portion of the solution locus (i.e., for z €
(z¢,z]). The above expression is strictly decreasing in x, which then implies the solution
locus is strictly increasing for u; < wu§. Therefore, for each prior, there exists a unique
equilibrium.

Specifying a linear cost function (C(z) = x) and the same cost parameter for both types

36To see this, note that the left-hand side of (@) evaluated at z < ¢ is strictly positive and strictly
negative evaluated at Z(4y,) implying the existence of a solution. Further, the problem is strictly concave on
x € [z°,Z(ty)] implying uniqueness.
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(Cp = Cy = ¢) permits simple closed form expressions for the solution to the algorithm. In

particular,

. 1—ap+c R a%_%—fLL(C-i- c(l—zlL—i—c))
(i) = . L pu(ar) = 7 ac
L

Notice that pi(uy,) = pr(0) = 1 and hence by Theorem [7, for yy < %, the equilibrium

involves partial pooling at the signal zgy(u;) = /1 + % — 1. For py > %, the equilibrium

involves full pooling at a signal that is decreasing in the prior. Since zg(ur) = zg(1) = 0, the

equilibrium converges to the complete-information outcome as the prior goes to one. It should
be noted that convergence does not obtain if Cy < Cp, in which case xy(ur) = / g—f{ —1>0;
since the test is completely uninformative at = = 0, the high type will always rely (in part)

on his cost advantage even as the prior goes to one.

5 More than Two Types

Let us expand the type space to be {1,..., N}, N > 2. The receivers’ prior, py, is a probability
distribution with full support over the type space. When describing beliefs (be they prior,
interim or final) we use superscripts to denote the probability assigned to the various types
(e.g., uh is the probability the prior assigns to type t). We now assume that after observing =
and g, the receivers each choose some action, and that all payoff-relevant information (from
the sender’s perspective) from a profile of receivers’ actions can be summarized by a scalar
a € R,. For example, in equity issuance, a represents the market clearing price of the sale—
the values of other bids have no direct bearing on the sender’s payoff. We therefore, continue
to represent the sender’s utility, U;, as a function of two arguments, with the first argument
remaining = and the second argument now a instead of jiy. U; remains differentiable, with
U2 > 0.

Let a*(p5, ) denote the unique value of a that results when each receiver is playing
a best response in the continuation game that follows the sender’s choice of x and the
common final belief p;. For all x and ¢, a* is differentiable in  and u'. The sender’s utility
functions continues to satisfy AJIFA To simplify analysis, we replace A3 and AH with
the following

A3 For any t and fixed pur, Up(x, a*(ps, x)) is strictly decreasing in .

A4" For any x,a and t' # t, Upo(x,a) = Uy o(2, a).

37A [ the weak Spence-Mirrlees condition, is generalized in the standard way. In AZ] . is replaced with
a* ().
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A says that the signaling action is wasteful. This implies that, in equilibrium, the
sender never directly gains from signaling and that =7 = 0 for all . AHl implies that types
do not differ in their risk preference regarding lotteries over values of a Finally, in line

with our applications, we assume that
A5 For all z, if yuf first-order stochastically dominates ys, then a*(pg, x) > a* (s, )

That is, when the final belief puts unambiguously more weight on higher types, the equilib-
rium response from the receivers is more favorable to the sender.
Let

T, 0 = 20 B:) /%Uxx,a*)

’ Upo(x,a*) | Upa(x,a*)
A testing technology is now a collection of densities {f;(-|z)},, which we assume satisfies
strict MLRP for all . Let Ry +(g|z) = fv(g|x)/ fi(g|x). Our first result generalizes the insight
that informative grades eliminate separation in equilibrium (Recall that S; denotes the

support of T;.)

Proposition 8. Fiz a type t > 1. If for all x and t' < t,

E [Ry (glo)|t'] > Zpi(x, a* (e, ) for all t” < t, and
E [Ry (glx)|t'] < Zpi(x, a* (e, x)) for all t” >t (RCy)

then there does not exist an equilibrium in which type t separates; for any signal x such that
x € S} there exists a type t # t such that x € S7.

[RC}is a generalization of RC-Informativeness and can be loosely paraphrased as: for all
x, strict MLRP must not only hold, but hold “strongly” enough relative to differences in
preferences over signals. The result is then similar to Proposition[3: if grades are informative
enough, then in equilibrium only the lowest type may assign positive probability to a signal

that perfectly identifies him—which, of course, eliminates full separation, as well as other

strategy profiles such as countersignaling from [Feltovich et alJ ({Zﬁﬂj), where the medium

38That is, U, specifies both type t’s utility tradeoff between the costly signal and market action at any
given (x,a), as well as his risk preferences on lotteries over a for any given z. AHMl maintains that any
difference between the preferences of different types is found in the former, not the latter. Notice that
without grades AHl is without loss of generality in the following sense: for any {U;}Y ; not satisfying AHI,
there exists {U;}, satisfying AH such that both collections produce the same indifference curves and set
of equilibria. Without grades, the market response, a*(us, ), is deterministic, and hence the type-varying
risk preferences of the sender have no bearing on behavior.

39The D1 refinement for the N-type model can be stated as follows. Fix an equilibrium endowing expected
utilities {u}}seq1,... . vy. Consider a signal = that is not in the support of any type’s strategy. If there exists
t,t’ such that By (z,u},) C By(z,uf), then D1 requires that the interim belief following x assigns zero weight
to t' (where C denotes strict inclusion).
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type separates while low and high types pool. Once again, sufficiently informative tests
(relative to cost advantages) necessitate that grades will convey meaningful information in
equilibrium

Our second result generalizes the convergence established in Proposition [l

Proposition 9. Fiz a type t > 1. If[RCY holds, then as ug — e, the set of equilibria
converges in total mass to the complete-information outcome. Further, as g — py, the

convergence holds type-by-type.

Again we find that RC-Informativeness is sufficient to both eliminate separation and
ensure convergence to the complete-information outcome. Notice that if all types have the
same utility function, then strict MLRP implies that [RC] holds for all ¢ > 1. That is, in an
environment without cost advantages, no type t > 1 separates in any equilibrium, and the
convergence properties from Proposition [9 hold.

Propositions [§] and [ show that the major economic insights demonstrated in the two-
type model extend to the larger type space. In general, D1 and stronger stability-based
refinements do not select a unique equilibrium with the larger type space. It is possible to
construct examples in which both full pooling and a generalized version of the partial-pooling
equilibria from the two-type model persist.

To see why this is, consider the job-market signal model—in which V; is increasing in ¢

and a*(ps, x) = E[Vi|ps]. Recall that without grades, if the strict Spence-Mirrlees condition
holds, then D1 uniquely selects the LCSE (Cho and Krgpg, |L9§j; Cho and Sngd, |L9_9d)
This result fails when grades are present. The key difference is in how the market interim
belief, 1, maps into best responses. In the gradeless model, the sender will be offered his
expected value given p. Hence, for any N, E[V;|u] is a sufficient statistic for any p. That is,
any p can be reduced to a scalar—the expected market value given that belief. Comparing
the sets of interim beliefs that make a deviation profitable for each type is therefore reduced
to ascertaining which type needs a higher value of E[V;|u] to make the deviation in question
profitable.

When grades are present, this is no longer true. Because the interim belief will be updated

based on the grade, it cannot be reduced to a scaler (unless N = 2). For instance, in a three-

40Countersignaling requires that grades must be relatively poor at differentiating the low type from the
medium type even without refinements. However, there exists generic parameters for which D1 eliminates
otherwise tenable countersignaling strategy profiles.

41 Proposition § does not hold for a continuum of types. For example, the LCSE survives any stability-
based refinement for the simple reason that there is nothing off-path to deviate to except signals greater than
the one chosen by the highest type, which are strictly dominated by mimicking the highest type. However,
unlike the gradeless model under single-crossing, with a continuum of types dMaila,LH, [1987; [Ramey, |.‘I_9_9_d)7
the presence of grades allows outcomes other than the LCSE to survive refinements, lending credibility to
their study.
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type example with V, = 0.5V} + 0.5V5, the interim belief p = (u!, u?, u®) = (0,1,0) has very
different implications for each type’s expected offer from the interim belief 1/ = (0.5,0,0.5).
This is despite E[V;|u] = E[V;|¢/]. Under the first interim belief, the realization of the grade

will have no effect on the final belief (and offer), while the grade will be quite important

under the second. Without this equivalence, refinements based on comparing the relevant
belief sets lose some of their bi‘celé1

6 Conclusion

Grades are a prevalent force in many incomplete information environments, and we be-
lieve that they often convey meaningful information. The insight of 15(%) is that

even without grades, senders can signal valuable information to the market. However, in a

strategic setting there is a subtle interaction between the two channels. To understand such
environments we have characterized the equilibria for a class of two-type signaling games.
In equilibria that are robust to standard refinements, the high type resolves the trade-
off between how much to rely on each of the two transmission mechanisms. If the test is
sufficiently informative relative to the signal, the high type relies at least in part on the
information contained in the test, and the equilibrium involves some degree of pooling.
Further, the addition of grades yields a more intuitive outcome as the prior puts higher
weight on the high type. Both type’s gain in utility, and if the grade remains sufficiently
informative relative to the cost advantage, the equilibrium converges to full pooling at the
efficient signaling level—long thought to be the appropriate convergence, but not achieved

in gradeless signaling models. Finally, we extended these results to a model with N types.
6.1 Related Literature
Noisy Signaling

It is important to distinguish our approach from the work done on “noisy signaling” (Matthews

and Mirman, 1983; ICarlsson and D ,|L99_7|) In a noisy signaling model, receivers do
not perfectly observe the sender’s choice, but rather a noisy “signal” whose distribution de-
pends on it (for example, a random shock is added to the sender’s choice). This specification

is well-suited to environments where receivers cannot observe the sender’s decision and must

make inferences based on resultant data—for example, in [Matthews and Mirman (IL%j) a

42When N = 2 a given increase in the interim belief has two effects: i) raising the expected s of both
types, and ii) increasing or decreasing the importance of the grade (depending on from where and to where
the belief is increased). When N > 2 we can decouple these two effects. For a given set of types, it is
now often possible to find changes to a given belief that increase each type’s expected offer and increase the
importance of the grade, as well as changes to the same belief that still increase expected offers but decrease
the importance of the grade. Intuitively, higher types value the first kind of change more than lower types
do and vice versa, reducing the power of stability-based refinements.
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potential entrant firm observes only a market price which depends on both the incumbent’s
decision and a stochastic market demand. In other economic settings, especially those high-
lighted above, the model with grades is a more accurate description of the strategic situation:
employers observe both years of schooling and grades on transcripts, consumers observe both
new car warranties and ratings by Consumer Reports, etc., rather than a single observation
encompassing both aspects. In addition, exogenous information is often informative about
the sender’s type, not simply white noise (while the noisy signaling approach does not pre-
clude this feature, it is usually assumed that the distribution of the noise is independent of
type). Thus, noisy signaling models do not illustrate the sender’s trade-off between relying
on his grade advantage versus his cost advantage.

In noisy signaling models, as in our model, equilibrium behavior depends on the prior.
With additive shocks the costly action chosen by each type will tend to the complete-
information outcome, as the prior shifts all of its weight toward the high type. However,
unlike the model with grades, this is also true as the prior shifts all of its weight toward
the low type. This illustrates the fundamental difference as to how the equilibrium of each
model depends on the prior as discussed in Section B.3.1l In a noisy signaling model, the
reliance is almost entirely dictated by the properties of Bayesian updating—when the prior
is extreme, it cannot be moved by any reasonable amount of expenditure. In the model
with grades, because the sender’s choice is perfectly observable, the sender has the potential
to significantly alter the market beliefs starting from any prior—the question is whether he
will want to. Whether or not we should expect the high type to choose signals which are
vanishingly small when receivers believe his existence extremely unlikely should therefore
depend on the setting being modeled

Some settings may be accurately modeled by combining elements of both our model
and noisy signaling models. Senders have two decisions to make: how costly an observable
signal to send (as in our model) and how much unobservable investment to make toward
influencing the stochastic measure (as in a noisy signaling model). These models can have
many equilibria, including equilibria qualitatively similar to ours and equilibria that rely
only on the noisy measure as in a noisy signaling model. The equilibrium selection issue
becomes a difficult one because deviations now have both an observable and unobservable

component, rendering standard refinements ineffective.

43Finally, in both models, taking the appropriate limit (taking grades to be completely uninformative
and taking the variance of the exogenous shock to zero) returns us to the gradeless/noise-free model. In
the model with grades, if single-crossing is strict then, for every prior, the equilibrium converges to the
LCSE—matching the prediction of the gradeless/noise-free model. In a noisy signaling model, the limit of
the equilibrium will depend on the distribution of the shock. In many common setups, such as normally-
distributed additive shocks, it can be shown that for every prior the equilibrium converges to the full-pooling
outcome—in contrast to the prediction of the gradeless/noise-free model.
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Signaling and Grades
Ours is not the first paper to introduce grades in a signaling framework. (@)

considers a model of education in which students are tested. Unlike our model, he assumes
that passing grades are productive in themselves: if two students of the same type receive
different grades, they have different market values. The test reveals something that the
sender did not already know about himself. Weiss argues that only separating equilibria
and fu&sﬁoling equilibria at the cheapest signal are reasonable (in a specific formal sense).

seemingly irrelevant activity can be supported in equilibrium. He interprets this activity

as “social culture.” In other related work, |Angeletos et aJJ (|2Q£)d)7 Bngdmm

) study signaling through policy interventions in a global games setting with exogenous

) demonstrates that in the presence of noisy information, signaling through a

information revelation. One key difference in their model is that each receiver privately
observes a different piece of information about the senders type, whereas the information in

our model (i.e., the grade) is publicly observed.

Feltovich et al. (2002) examine a three-type signaling model in which the market observes
additional information correlated with the sender’s type. The authors identify conditions
for countersignaling equilibria to exist. In a countersignaling equilibrium, the high type

pools with the low type at the least costly signaling level, while the medium type perfectly

separates by incurring strictly positive signaling costs. - ) amend
the canonical two-type job-market signaling model to one in which after being hired, the
sender’s type is gradually revealed via on-the-job employer learning. Market forces raise or
lower the sender’s wage as the belief evolves. They show that equilibria involving pooling
can survive the Intuitive Criterion when on-the-job revelation of type is fast enough. The
assumption that information and wages gradually evolve after the sender has been hired can
be mapped into our model by considering: i) each realized path of the gradual process as a
grade, and i) the present value of the sender’s wage stream as the action from receivers in
our model.

In contrast to these two papers, we fully characterize the set of equilibria in a two-type
model and show that the main economic insights extend to a model with more types. In
addition, we allow a more general structure for the external information, including allowing
the quality of information to vary with the sender’s costly signal. Finally, we identify a key
property (the Crossing Property) that arises naturally in a setting with grades, and—like
the single-crossing property in gradeless signaling models—facilitates a tractable analysis
and sharp predictions. We demonstrate that this property holds in a variety of economic
applications and connect our results to such settings. This provides a theoretical framework

for understanding the empirical findings discussed in Section [Tl
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6.2 Final Remarks

We have used D1 to refine the set of PBE within our model. D1 belongs to a class of
refinements derived from the notion of strategic stability (Kohlberg and Mertens, VA Tt
is worth noting that the stronger refinements within this class, such as NWBR and Universal
Divinity, yield the same results as D1 in our model (for both the two-type and N-type
specifications).

A number of non-stability based refinements have been developed to refine the set of
equilibria in signaling games[>l Many of these notions eliminate equilibria based on other
potential equilibria in order to select more “reasonable” equilibria (for specific games) than

their stability-based counterparts. Among these refinements, the one that is perhaps the

most relevant to this work is the concept of undefeated equilibria (Mailath 1),11993). In
the gradeless job-market signaling model with two types, the undefeated criterion (uniquely)
selects the LOSE when g < p and the efficient full-pooling outcome when po > p. Like
our model, |Ma1]ﬁih_eiu'zl M predict the complete-information outcome when the prior is

sufficiently large. In fact, part of their motivation for introducing the refinement is to yield

a more satisfying prediction in the gradeless job-market signaling model.

Our motivation is quite different. We are interested in understanding signaling envi-
ronments with grades and how their presence affects equilibrium predictions. Our use of
refinements is to gain traction rather then to alter a somewhat undesirable feature prevalent
in signaling models. It is appealing that the predictions along this dimension are aligned,
but largely coincidental [*9

In many examples, such as education, the costly signal involves waiting to trade. Static

signaling models ignore the dynamic aspects of such an environment. |Swi ) demon-

strates that all trade takes place immediately—there is no signaling through delay—in the

44Cho and Sobel (|1_9_9ﬂ) show that D1 is equivalent to strategic stability in two-player monotonic signaling
games with finite strategy spaces. Our game is monotonic, but we have multiple receivers and continuous
strategy spaces._Consider the following alterations to the model in Section Bl First, as suggested by Fuden-
berg and Tirole @M), there is a single receiver whose objective is to make an offer as close as possible to
the sender’s expected value. Second, each player can choose only from a finite grid of actions. In this game,
D1 and stability are equivalent. It can be shown that the D1 equilibria of this game converge to the D1
equilibrium of our model, as the grid approaches our continuous action space.

5 8ee for example Mailath et all (1993), Grossman and Perry (1986), and [Hillag (1994).

46Mailath et all dﬁ(ﬁ) also introduce a related notion, lezicographically maximum sequential equilibrium
(LMSE), and show that the LMSE is undefeated under four regularity assumptions. While these concepts
are not formally defined to refine mixed-strategy equilibria, which are focal in our analysis, they can be
adapted in a natural way in order to study their implications when applied to our model. For simplicity,
consider the setup in Section [B] and assume the test is RC-Informative. For all pg < p, a continuum of
partial-pooling equilibria are undefeated, while for pig > u the efficient full-pooling outcome is the unique
undefeated equilibrium. Further, the LMSE corresponds to the D1 equilibrium for priors below p and to
the efficient full-pooling equilibrium for priors above (which also agrees with the D1 equilibrium for priors
above p*).
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gradeless job-market signaling model when preemptive private offers can be made frequently
by the market. Kremer and Skrzypacz (@) amend this analysis by having a grade re-
vealed at a commonly known fixed future date. Signaling occurs as trade does not always

happen immediately. [Daley and Qrg@ﬂ (2011) study a dynamic setting, analogous to the

model in this paper, in which information is revealed gradually. One interpretation is that

this dynamic model relaxes the assumption of a seller’s ability to commit to delay trade until
a fixed date z. From this standpoint, one could investigate how the timing of information
revelation interacts with commitment power to impact trading patterns and welfare. Despite
their differences, a few similarities in the equilibria of the two models emerge. In each there
is cutoff prior below which the low type mixes between delaying trade and not, while the
high type always chooses to delay. The payoffs to each type are constant over priors below
the cutoff, with the low type’s equal to his market value. Delay is decreasing in the prior,

while the expected value to both types is increasing in the prior, once it is above the cutoff.
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A Appendix

A.1 D1 Equivalence

The way we define D1 is slightly different than how it is defined in [Banks and Sobe (ILQB_ﬂ)
and |Cho and Kreps (1987). Specifically, we use receiver interim beliefs in the definition of
By(z,uy) rather than [rationalizeable| receiver best response profiles. As a result, any non-
empty Bi(x,uf) is a subset of the N-1 dimensional unit simplex (e.g., [0, 1] in the two-type
model), rather than a much more complicated subset of all possible final belief schedules,
pg(-,-). This simplification is crucial for making our analysis tractable and, as we now
demonstrate, is without loss of generality.

In our model, the receivers’ best response is a function a*(ps(z,g)), (where a* is the
identify function in the two-type model). Bayesian updating from the prior po to the final
belief y1¢(x, g) can be decomposed into a first update from /i to an interim belief y(z), then a
second update from p(z) to ps(x, g) based on the realization of the grade. The second update
is purely statistical—it is based only on the commonly-known likelihood ratios, Ry :(g|x).
Therefore, given any receiver best response profile, the interim belief is sufficient to compute
the sender’s expected payoff, allowing us to pose the refinement using interim beliefs.

A.2 Proofs

Proof of Lemma [2. First note that w; is twice continuously differentiable and meets the
criteria for exchanging the order of integration and differentiation by the functional form
of the integrand in (3)) and assumptions on f;. It is immediate that wy(p) = wp(p) at
1= 0,1 and hence fol (why () —wh (u))dp = 0. Because the test is statistically informative,
wg () > wp(p) for all g € (0,1). This immediately implies that w’,(0) > w’ (0). Moreover,
why () — wh (p) is strictly decreasing, as shown below.

(W)~ i) = (V= Vi) [ 2 (M e R(g)) (Fu9) — fu(g))dg

(1 - R(g))”
p+ (1= p)R(g))

Since w} — w} is decreasing and integrates to zero, it must be strictly positive at u = 0.
Therefore, it crosses zero exactly once and from above. O

Proof of Lemma [I. Fix 4. By definition, u.(z, b;(z|t;)) = ;. Total differentiation of both

. . ) Cek!
sides with respect to x gives % + %—Zﬁ% — 0, hence &t = —9ut jou _ Ct (z)

ox Ox/ op — wi(p) ?
aé’—f < aa% & ;U}L{((Z)) < g_f; To verify SCP it is sufficient to show that w) (u)/wh(u) is
strictly increasing (i.e., wj(p) is strictly log—supermodular) Order the grade space so

that R(g) = fr(9)/fu(g) is weakly increasing over the common support. Define h(u, g) =

R(g)/(p + (1 — p)R(g))?. Note that w,(u) = [ h(u,g)fi(g)dg. Moreover, h(yu,g) is log-
supermodular since for any ¢’ > g¢,

d (hp.g' R pt (L= p)R(g

L (WD) o) gy 0

o\ hlps g) R(g) (u+ (1= p)R(g))

47The proof method used here is adapted from Karlirl M) (Chapter 3, Proposition 5.1).

du

= (Vg V) / : filg)dg < 0

and therefore
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Since w; > 0, it is enough to show that for any p’ > p, w} (1 )why (p) — wh (p)wy(u') >0
(M)w}{( )

// 1, 9") fu(g (e, g) fr(g)dgdg’ —// 1, 9) fr(g)h(p', 9') fu(g')dg'dg

h(', ¢V, 9) fr(g) fr(g')dgdg' — // L‘Z (1, )R, ') Fu () fr (g )dgdyg'

Ju(

Decompose the region of integration into two sets, ¢’ > g and ¢’ < g. Then convert the
second region into the first by the change of variable g — ¢’, ¢ — ¢. By doing so, the above
can be written as

/ /g — HIL{((Z/,)) - Z’((Z))} [, g )R, g) — b, ), 9)] [ (9) fur(g')dgdg”  (5)

Both bracketed terms of the integrand are non-negative for all ¢’ > ¢g. Hence, we can bound
() from below by integrating over a subset of the region. Let G_ = {g: fu(9) > fr(g)} and
G ={9: fulg) < fr(g)}. Then (@) is bounded below by

/g e, /g . [ ) ;;iz))} [h(1', 9"V, 9) — Bk, 9) R, )] fr(9) fur(g")dgdg”  (6)

Both bracketed terms are strictly positive over the region of integration. Since the test is
informative, the region has strictly positive measure implying that (@) is strictly positive and

therefore so too is ([H). O
Proof of Lemma Bl At u = 1, by direct calculation the slope of the BIC is W for the

high type and = fC}Lz 00— Vi C)L[R(g ] for the low type. The high type’s BIC
is steeper if and only if VL) > (VH—VLC)IE[R(g)\ i E[R(g)|L] > CL , which establishes the

equivalence of 1 and 2. The equivalence of 2 and 3 is immediate from SCP. O

Proof of Proposition [Il Fix a prior py. Suppose that the test is RC-Informative. Grades
convey information in equilibrium if and only if there is pooling. Therefore, it is sufficient to
show that all separating equilibria are Pareto dominated. First, notice that, by definition, the
LCSE Pareto dominates all other separating equilibria. Second, let u; be the LCSE utility
for the high type. By Lemma [, the test being RC-Informative implies that Zby (Z|uy) >
2b,(z|Vy,). Hence, there exists an € > 0 such that by (Z — €[V},) > o and bL(x —€|lVp) €
BH(x — €,uy). The following equilibrium Pareto dominates the LCSE: oy(z —€¢) = 1,
oL(T —€) = G 0 and 6,,(0) = 1 — 0 (T — €), with p( — €) = by(T — ¢[V) and
pu(z) =0 for all z # & —e.

Now suppose the test is not RC-Informative. SCP and Lemma [Blimply that BICs satisfy
the single-crossing property. The result is well-known for this case (see Mailath et al (1993)
for instance). O

We now turn to characterizing the set of D1 equilibria in the general two-type model
(Section []) under CP, with the characterization in Section [3 following as a special case. We
start by proving Lemma [, which does not rely on CP.
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Proof of Lemma M. Fix a payoff vector {ty, ur}, with BICs by (z|tiy), br(x|tr) such that
Ja’ at which by (2'|tr) > by (2|4g). Suppose S}, S} are the supports of equilibrium strate-
gies endowing payoffs tg, . If 2/ € S} and 2’ € S}, then belief consistency requires
wu(x') = by (a'|uy) = bp(2'|4r) contradicting the premise that by (2'|uy) > by (2'|ag). If
¥ € Sy and o’ ¢ S}, then belief consistency requires pu(a’) = by (2'|ug) = 1 > by(2'|dy),
again contradicting the premise. If 2’ ¢ S}, and 2’ € S}, then belief consistency requires
w(a') =bp(a'|uy) = 0 < by (2 |ug), contradicting the premise. Finally, if 2’ ¢ S} U S} and
br(2'|ur) > by (2 |ty), then D1 requires pu(x’) = 1 > by (2'|uy), implying the high type can
profitably deviate to 2’. Hence, {Gy, 4y} cannot be supported by any D1 equilibrium. [

The following proposition characterizes the set of all D1 equilibria in the two-type model
under the Crossing Property and for an arbitrary solution locus.

Proposition A.1. Under CP, the set of D1 Equilibria is as follows:

e Full Pooling Equilibria: Consider a point on the solution locus (xg(tr), pg(tr)), g €
[y, ). Full pooling at xp(uy) is a D1 equilibrium if and only if po = pu(ar).

e Partial or Full Separation: For any given prior po < pg(u;), the equilibrium identified
in Proposition[7 for this case satisfies D1.

In all equilibria, p(x) = 0 for all x off the equilibrium path. There are no other D1 equilibria.

Proof. Verifying that the proposed strategies and beliefs constitute a PBE is routine. To see
that the off-path beliefs satisfy D1, notice that in all equilibria S}; = {zg(u})}. Therefore,
by CP, By(z,u};) € Br(z,u}) for all « off path. Hence, the off-the-path beliefs satisfy D1.

We now eliminate all candidate equilibria not identified in the proposition. First, we
demonstrate that if u} is the low type’s payoff in equilibrium, then it must be that o}, (x g (u}))
1 and p(xy(u})) = pa(uj). Second, we show that, for each prior, only the equilibria identi-
fied in the proposition are compatible with the first claim and the belief-consistency condition
for equilibrium.

To see the first claim, fix an equilibrium endowing payoffs u} ,u},. Lemma [ implies that
br(z|uy) < bg(z|uy) for all z < Z(u}). In addition, for all z € Sy, u(x) = by (z|uy) <
by (z|u}) to ensure the appropriate payoff for the high type as well as incentive compatibility
for the low type. Hence, for all x € S}, by(z|u}) = by(x|u};) = p(x). CP implies that
Sir =A{xu(uy)}.

For the second claim, fix a pg. If there exists an equilibrium such that uj > u;, it
must be that S; C S}, = {zy(u})}. Because S} must be non-empty, the equilibrium must
involve full pooling at xy(uj ). This will satisfy p(xy(uf)) = pm(u}) and belief consistency
if and only if pug(u}) = po. Finally, if there exists an equilibrium such that uj = u,,
then S} = {xg(u,)}, wlep(uy)) = pa(uy), and S; C {0,2g(u;)}. Belief consistency
then requires that puy(u;) > po. It is immediate that the (mixed) strategy identified in
the proposition is the unique one consistent with Bayesian updating by the receivers. This
eliminates all equilibria but those put forth in the proposition. O

Proof of Proposition 2. Follows directly from Proposition [A ] and the following lemma,
which characterizes the solution locus in the job-market signaling application from Section [3
]
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Lemma A.1. In the job-market signaling application from Section[3, the solution locus is
as follows:

N pto o <ug(0,p7) ot (ttar) an < ug(0,p17)
p(tr) = { br(0lar) ar > ur(0,1*) rp(iy) = 0 az > ur(0, 1)

Proof. Consider first the case in which the test is RC-Informative. By the Strong Crossing
Property, the only candidate for a point of tangency (and thus a maximizer of (&) for some
arp) is at p* < 1. If ap < ug(0,p*), then the point of tangency is achieved at (x,u) =
(b, (p*|ag), p). If 4p > ug (0, %), then tangency cannot be achieved since the high type’s
BICs are steeper than the low type’s at all (z, 1) that deliver @y, to the low type. In this case,
the only possible solution is at © = 0, which therefore necessitates py(tr) = bp(0|ar). If
the test is not RC-Informative then p* = 1 and the high type’s BICs are everywhere flatter.
Hence, py(ar) = 1 for all up € [V, Vy], which necessitates that zy(u) = b21(1|ﬁL) as
implied by the lemma. 0

Proof of Proposition Bl Consider any separating candidate equilibrium profile where the
high type chooses z° > Z and garners utility u$,. Let ' € (Z,2%). Bp(2/,u;) = 0 and
By (2',u%) # 0. D1 mandates that u(z') = 1, making a deviation to 2’ profitable for the
high type, breaking the equilibrium.

Consider now the LCSE as a candidate (D1) equilibrium, letting u; be the LCSE utility
for the high type. At p =1, by direct calculation the slope of the BIC is —M for the

Un,a(z
high type and —gi;gi; E[R(W T for the low type. The high type’s BIC is steeper at (z,1)

if and only if E[R(g|z)|L,z] > Z(x,1). Therefore, if the test is RC-Informative at z, then
a%bH(i'mH) > a%bL(i“mL). Hence, there exists € > 0 such that by (T — €|luy) < b (T — €|u;)
contradicting Lemma [l Hence all D1 equilibria involve pooling. O

Proof of Proposition [d. Let {uf} be any sequence of priors that converges to 1, and
(T3",T%5) be an equilibrium strategy profile for prior p&. Then for any e > 0 there exists
an n such that for all & > n

e There exists a X* C S5 such that, for all z € X*: 1 — p*¥(z) < e.

e The total mass attributed to {z : z & X*} by T%" is less than &, with § — 0 as € — 0.
These follows easily from the fact that the pf assigns vanishingly small weight to the low
type. It is therefore sufficient to show that as e — 0, X* — {z%}. Now fix any 2’ > z7.
RC-Informativeness establishes that Zby(2/|ug(2’,1)) > Lby(2/|ug(2’,1)) (see proof of
Pl"OpOSlthIl B). UL and Uy differentiable implies that for n small enough 2 bH( Nug (2,1 —
n)) > 5-br(@'lug (2,1 —n)). Therefore, as € — 0, Lemma @ implies that 2 ¢ XF for all k
large enough, giving the result. O

Proof of Proposition Bl Again, letting u, be the LCSE utility for the high type, if the
test is not RC-Informative at Z, then 2by(Z|uy) < 2by(Z|uy) (see proof of Proposition
B). By CP, by (z'|uy) > br(2'|u;) for all ' < z, implying 5 (u;) = Z. Result follows from
Proposition [A 1] O
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Proof of Proposition [6l Suppose there exists an ' € (27, Z] such that the test is not
RC-Informative at 2. If ' = Z, then the LCSE satisfies D1 for any prior (Proposition [),
and the set of equilibria does not convergence to the complete-information outcome. If
x € (xy,x), then pg(up(a’,1)) =1 and xy(ug(z’,1)) = 2’ by the same argument given in
the proof of Proposition [ for the case where 2’ = Z. By continuity of the solution locus and
Proposition [AT] for g arbitrarily close to 1, there exists an 2" € (z' — ¢,2’ + €), such that
full-pooling at z” is a D1 equilibrium. As py — 1, € — 0, and hence the set of equilibria
does not converge to the complete-information outcome. O

Proof of Proposition [Tl Note that since puy(-) is non-decreasing, pg(u;) corresponds to
the lower bound of py(-), further the set of (x, u) such that uy(x, u) = g is the singleton
{(z7,1)} and therefore by definition of (&), it must be that ugy(uy,) = 1. Thus, py :
[ﬂLv ﬂL] - [MH(QL)v 1]

Let M C [un(uy), 1] denote the set of m such that such that there exists 4 < u} with
m = py(iy) = ug(d}). Consider the preimage uy' (m) = {iy € [uy, ] : pp(iy) = m}.
By continuity of juz, i is non-empty on [ug(uy),1]. Let f(m) = min{u;'(m)} and note
that f is a strictly increasing (left-continuous) function from [pg(u; ), 1] to [u, uy]. Further,
M = {m : f(m~) # f(m+)} where f(m~) and f(m™) denote the left and right limits
respectively. By Froda’s theorem, M is (at most) a countable set and hence the set of such
points is non-generic.

Now gy weakly increasing implies: (i) po < pg(u;) = po < pg(ur) for all up > u,
and (i1) for any po > pg(u;) and po ¢ M, there exists a unique g, such that pg = pg(iy).
The rest follows from Proposition rwiE O

The following lemma is used in the proof of Proposition [l

Lemma A.2. Under the setup and assumptions of Section[d, fix any v and t > t'. Then
o There exists a constant K such that Uy(z,a) — Uy(x,a) = K for all a.

e For any non-degenerate interim belief pu, uy(x, p) — up(x, p) > K.

Proof. The first statement is equivalent to assumption AMl. Now, fix any z, ¢t > t/, and
non-degenerate interim belief . Let Uy(x,a) — Up(z,a) = K. Then

wleop) = welo ) = [ Uide.a(uCe gl o) flsle)dg — [ Une.a* s, gle), o) i (alo)dg
Suppressing some of the dependencies to simplify notation, rewrite this as
wleop) =~ weo) = [ Ue.a)flgla)dg ~ [ Volo.a)fulgla)dg

= [ a") = Uetaa N ilalo)dg + [ Uslaa”)slsle) = Sulglo)ldg

=K+/w®ﬁMM@@—/w@ﬁmwmw>K

48For each pg € M, let Tmin(po) = min{x : pg(ir) = uo for some iy € [u;,ur]} and define Zmax(to)
analogously. For any such g, the set of equilibrium consists of a continuum of full-pooling equilibria at
signaling levels « € [Zmin(10); Tmax (t40)]-
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where the final inequality follows from assumption A (because strict MLRP implies that
the distribution of yif(z, g|pt) when the density of G is f;(+|z) strictly first-order stochastically
dominates the distribution of pf(x, g|p) when the density of G is fy(-|z)). O

Proof of Proposition 8. For the purpose of contradiction, fix a candidate equilibrium with

x* and ¢t > 1 such that * € S, and x* & S; for all £ # ¢t. We will first show that 2* cannot

be 0. We will then demonstrate that, under [RC}] for any xz* > 0, there exists an ¢ > 0 such

that choosing x* — € leads to a higher payoff than choosing x* for type t under any off-path

receiver interim beliefs satisfying D1, implying the candidate equilibrium fails the criterion.
Suppose that z* = 0. For arbitrary ¢’ < ¢, for any = € Sy, both z > 0 and

U:/ = Ut/(l‘, /L(I)) > Uy (LU*, :ut) = Ut' (I*, a*(:utv l’*))

hold. Further, assumptions AR, A, and U;» > 0 imply that for such =, u(x) # pp.
Therefore, given that the type space is finite, there exists 2/ € Sy such that p(z') is non-
degenerate. Let a’ be the certainty equivalent for type ¢ when choosing x’:

Up(a®,a) = up(a', p(2')) = Up (2", 0" (e, 27))
By assumption A
U2, d") — U(a*, a* (g, ) > Up (2, a") — Up (2, a* (g, %)) >0 (7)
Also, by Lemma A2
w2’ (@) — up (2, p(z')) > Uy(a', a') = Uy (2, o)
Rearranging yields
w2’ (@) = Unla', a') > up(2’, p(2')) = Uy(a',a’) = 0 (8)

From (7)) and (§)),

ue(a’, p(@')) = U@, a') + Up(a', d) = Up(a™, a" (e, 7))
ut(x/v ,u(x/)) - Ut(x*v a’*(:utu $*))

implying that type t garners a strictly higher payoff by choosing x’ instead of z*, in violation
of the hypothesis. Hence, 2* # 0.

Fix now z* > 0 and a type t' < t. We wish to show that there exists an ¢4 > 0 such
that, for all € € (0,¢y), By(a* — €,u},) C Bi(z* — €,u;). There are two cases to cover:
1) up > Up(x*,a* (g, z%)), or 2) u = Uyp(z*,a* (s, 2*)). Define BY(z,4) to be the set
{p: w(z, p) = a}.

Case 1: First, if t = N, then by assumption AB u;, > Uy(x*,a*(p, z*)) implies that
By(z*,u}) = BY(z*,u}) = 0. Ift < N, then u}, > Uyp(z*, a* (¢, ©*)) implies that By (x*, u},) C
By(z*,u}) with inf{||u — (/|| : p € BY(x*,u}), 1/ € BY(z*,u})} > «, for some a > 0. To
see this, let i be an element of BY(z* u}) not equal to ;. By AFEl i is non-degenerate.

> 0
> 0

42



Therefore, Lemma A2l implies that
u(z”, 1) — up (2, ) > Up(z*, a* (e, 7)) — Up (27, a” (pr, 7))
Rearranging this gives

ut(I*a la) - Ut(x*> a*(:ut?x*)) > ut’(z*a la) - Ut’(x*> a*(:uta ZL"*))
0 > ut’(x*v /:l/) - Ut’(x*7 a*(ru’t? $*))

Hence, uj, > Uy(a*,a* (e, x*)) > up(x*, i), establishing the claim—given that Uy (and
therefore uy ) and a* are continuous. Therefore, again by continuity of Uy and a*, (whether
t = N or not) there exists an ¢z > 0 such that By(z* — €,u};) C Bi(a* — €,uy) for all
€€ (0,€ep).

Case 2: The same argument just given for Case 1 shows that u}, = Uy (x*, a*(us, x*)) implies
that By (z*,u}) C By(x*,u}) and that BY(z*,u}) N BY(z*,u}) = {p:}. Consider any § > 0,
and define Ds = {u : || — || < 0} and D§ to be the complement of Ds. Continuity of
Ui, Uy and a* implies then that there exists an y(d) > 0 such that {By(2* — e, u},) N D§} C
{Bi(z* —€,u;) N Ds} for all € € (0,74(6)).

We now need to show that there exists a d > 0 and Ay () > 0 such that { By (z* —€,uy,) N
Ds} C {Bi(x* —€,u;f) N Dy} for all € € (0, \p(0)). To do this, for any type j, define x;(u, @)
to be the signal x that gives type j utility @ when choosing x leads to interim belief p (if
no such x in R, exists, then y;(u, @) =0 ). It is immediate that x; is differentiable where
it is strictly positive. We can proceed analogously to the proof of Proposition Bl Implicit
differentiation gives that, at point (x, ), x = x; (i, @), for some u:

by dy
dukF  dpk’ dx
o ik ey
~ o Uso [tk 2] Filole)dg o)

du]/dl’
Of use here will be (@) evaluated at a degenerate belief, p, for [ # k.

— J Uiz |25 - 4 — 2 - 2] fi(gla)dg
dU;(z, a*(pu, x))/dx

dp*

K=

da (i, x) _ da (yu, 2)
d,u']i d/ﬂf

Eiflolo)l] (e ) )

a0, (z, a* (@) d

Because we are in Case 2, x¢(pe, uy) = xv(pt, uj)) = x*. Therefore, by [RC} there exists
a § > 0, such that x;(u,u) > xp(p,uj) for all g such that both u € Ds and u* > 0
for a unique type ¢ # t. Further, x;, x¢ differentiable imply that, locally, any directional
derivative is the convex combinations of the partial derivatives, which extends the result
to: there exists a 6 > 0, such that xi(u,u;) > xp(u,u)) for all 4 € Ds. Because uy
and uy are decreasing in z, it follows that for any such § there exists an Ay (d) > 0 such
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that {By(z* — €,u},) N Ds} C {Bi(z* — €,u;) N Ds} for all € € (0,\v(5)). Finally, let
ey = min{ Ay (0),v¢(9)}, and we have that By (z* — €,u;,) C By(a* — €, uf) for all € € (0, ¢y).

We have shown that for each type ¢’ < t there exists €4 > 0 such that, for all € € (0,¢y),
By(z* — €, uf) C By(z* — €,uf). Let ¢, = min{ey : ¢’ < t}. Then for any € € (0,¢y),
By(z* —e,u}) C Bi(xz* —e€,uy) for every t' < t. For e € (0,€,,), if 2* — € is off the equilibrium
path, D1 prescribes that the interim belief puts zero weight on any type ¢’ < ¢, following a
deviation to x* — €. So by assumptions A and AR w(z* — €, u(x* — €)) > u(z*, pu(z*)) =
U(z*, a*(pg, z°)) for any p that is D1 admissible, making the deviation profitable for type ¢
and breaking the equilibrium.

If 2* — € is on-path, then either 3 ¢’ < ¢ such that (z* —€) € Sy or there does not. If
there does not, then the same argument from the previous paragraph establishes that the
deviation is profitable for type ¢. If there does exist such a t’ < ¢, then uy (z* —e€, p(z*—¢)) =
u;,. However, we have just demonstrated that under [RCY By (z* — €,u},) C Bi(z* — €, uj),
implying, by continuity of u, that (z* — €, u(2* —€)) € Bi(2* — €, u;). Hence, type t receives
a strictly higher payoff at * — e than at x*, contradicting the equilibrium hypothesis and
establishing the proposition. O

Proof of Proposition Ol Let {0} be any sequence of priors that converges to i, and
(TTF, .., T%F) be an equilibrium sender-strategy profile for prior . Then for any e > 0
there exists an n such that for all £ > n

e There exists a X* C S;°F such that, for all z € X*, ||p**(z) — ]| < e.
e The total mass attributed to {z : z & X*} by Y™ is less than &, with § — 0 as ¢ — 0.

These follows easily from the fact that the ji assigns vanishingly small weight to all other
types. It is therefore sufficient to show that as e — 0, X* — {0}. For any = > 0, by choosing
e small enough relative to €, in the proof of Proposition®, the argument given there to show
that * # 0 and the differentiability of the utility function for each type establish that for
k large enough x ¢ X*. This establishes the convergence in total mass. Finally, if ¢ = N,
then every type t' < N receives payoff approaching Uy (0, a*(py,0), his maximum feasible
payoff, from imitating type N and a strictly lower payoff from not doing so, establishing that
convergence will be type-by-type when g — . O
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B Verification of the Crossing and Non-Decreasing Locus

Here we verify both the Crossing Property and the non-decreasing locus property (i.e., pg(-)
non-decreasing) for the applications discussed in Section 22l For Applications 1-3, we allow
any constant testing technology, and for Applications 4-5, we consider the testing technologies
specified therein. For notational convenience, fix Vg =1 and V, = 0.

1. Job-Market Signaling: This applications satisfies the stronger property of SCP (see Lemma
). For non-decreasing locus, see Lemma Amp

2. Advertising: This application also satisfies SCP. Recall that II (uy) = (aE[Vi|uy])?/4b.
Denoting expected profit by m, we have that

2

by @ pR(g)
O et Ok

w7 (1)
T (1)
Following the same steps as that proof, order the grade space so that R is increasing in

_ LR(g) ; ; _ ;
g a:c; let h(p,g) = O BT Notice that h(p, g) is log-supermodular since for any
2 1

As in the proof of Lemma [I], it suffices to show that

is strictly increasing in pu.

9 (hlp,g2)\ ., R(g) p+(1—pR(g)
B ( ) = Rg) ) ="

h(p, g1) (1 + (1= p)R(g2))?

The rest of the proof follows the same steps as the proof of Lemma[ll For non-decreasing
locus, see Lemma ADP

(R(gs) - Rlg1) (

3. Warranties: First derive that 2b(x[d) = %,x(;)l. Note that by is increasing, and by

is decreasing, for all x € [0,Vy/Cg]. Hence CP holds trivially at all (z,p) such that
x < Vi /Cy, and so we restrict attention to x > Vg /Cy. Consider (g, ) such that
bH(l’0|ﬁH) = bL(l’0|ﬁL) = Mo, and %b[{(l’dﬁ[{) S é%[)L(ZIZ'Q|’&L) Therefore

Chyrg—1 - Crrg—1
wiy (o) — wi(to)
wi (o) < Crrg —1
wi (o) ~ Crao —1

(10)

Again, from the proof of Lemma [I], the left-hand side of (I0) is strictly increasing in pu
and constant in x, while the right-hand side is strictly decreasing in x and constant in u,

49More generally for any cost functions, Cy(x), let f(z) = g,lL((i)) If f(z) is (weakly) decreasing then there
H

is a unique optimizer for each u; and the solution locus is non-decreasing. Note that f weakly decreasing

is sufficient, but not necessary, for these results. The proof of this follows immediately from :J’/IL((’; )) strictly
H

increasing (see proof of Lemma [T).

50Tt is possible to show that CP holds for a broader class of II functions: those that retain the log-
supermodularity of the product function f(u,g) = II'(pyr (1, g))h(, g). For example, if II is either convex or
concave, and II"" < 0, CP is satisfied.
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immediately implying a non-decreasing locus and also the bound w} (u) < gzz?):ll Wy ()

for all p < pp. Now consider any x < x, by definition of b;

1 R 1
wy(po) + w0 — §Ct$3 = wi(by(x]ty)) + 2 — §Ct$2
And therefore

wio) — wi(bilzln)) = /

be (z|t)

Ho

wi(s)ds = (zo — @) (%(mo +a)— 1) (11)

Taking the rightmost expression from (Il) for ¢ = L, dividing by the same term for ¢t = H,
and using the bound on w} (u), for p < o, obtained from (I0), we get that

C’Lw —1 be(:c\uL s)ds <CLZE0 - 1) bl:(zrlﬁL) wi(s)ds
Cot™5™ =1 Jytatanm w}{(S)dS Crito =1/ Jyytaia) Wh(5)ds
e B Jo talay) Wir(s)ds
To see that by (z|ty) > by (x|ur), note that (w02+w) 1 > Cf;sc?)—l and therefore fb:(m\u;) wy (s)ds

1, implying CP holds for this apphcatlon.

. Financial Structure: We verify the properties for all v <4 = 1/(Vg—V}). This parametric
restriction implies that the sender’s expected payoff is increasing in the interim belief, i.e.,
that his risk aversion does not dominate the benefit from being seen as a high type. Recall
that

w(ar, ) = a(Vi = 50%2) + (1= 2)(wi(p) = (1 = 2)ou(n))

where v (1) = Var[P(ps)[t]. Since the test is binary and symmetric, we have that vy (p) =
vr(p) for all p and hence we drop the subscript on v;. The premise of CP, by (xo|tL) =
b (xo|liy) = po and bH(:E0|uH) < agch(:L'0|uL) for some (xq, o), is equivalent to

wir (o) — 14 yo?zo — (1 — 0)v (o)) - wi (po) +yo*xo — (1 — xo)v(p0)
wi(po) — (1 — o)’ (o)  wipe) = 3(1 — o)V’ (1o)

(12)

Consider any o’ < zo. There are two cases: either by (2'|tr) > po or not. Since by (-|4y) is
strictly increasing for all 4y € [u;,ur], br(2'|uL) < br(xo|tr) = po. Combining this with
the first case immediately gives by (2'|ar) > by (2'|ur). Verifying CP for the remaining
case is broken into the following two subcases:

(1) If pp < 1/2, then because wy, (1) > w} (p) for all g < 1/2 and the numerator on the
left-hand side of ([2)) is strictly less than the numerator on the right-hand side for
all (x, ) it follows that (I2]) holds strictly for all (z, ) such that p < po and hence

bH < bL for all such points. Since by (xo|ty) = br(zoltr), it follows immediately
that bH( /|UH) > bL( |UL)
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(i) If po > 1/2, rearrange ([I2) to get

wg (po) — 1+ v0%xg — (1 — 20)v(p0) - Wiy (p0) — (1 — 20)v"(110) (13)

wr,(po) + vozo — v(1 — z0)v(f10) wy (ko) — 3(1 — x0)v' (ko)

Taking the partial derivative of the right-hand side of (I3]) with respect to the interim
belief and using the fact that i) w] > wf and (see Proof of Lemma [2]) and ii)
wy > why, v < 0forall p > 1/2, shows that the right-hand side is strictly decreasing
in p. Letting Q(xg, o) denote the term on the left-hand side of (I3)), we have that
for all p < po

Qao, o) (wi () = 21 =w0)0' (1)) < why() = 2L =20/ () (14)

By definition of b;

/b:O ) (wé(s) g(l—x) ())ds_

Let T} denote the expression on the RHS of (IH]). Integrating both sides of (I4]) over
[bp(2'|tg), o] and substituting in T}, gives

Ho

Q(wo, po) - Ty, < /

br (2’|,

| (whi(s) = 31 =2)0'(5)) ds (16)

Note that T /T: L= Q= 20 y40) < Q(wo, o), since @ is strictly increasing in its first
argument and 2’ < x. Therefore Ty < Q(wo, jt0)Tr, which from (I6]) implies that
TH < be (@'lay) (w’H(s) 1(1—2)v'(s)) ds. The last inequality holds if and only if

b (2'|tg) > br(2'|ty), since the integrand is strictly positive.

For non-decreasing locus, first note that if the test in not RC-Informative at ( then it is not
RC-Informative for all ' < xy. Combined with CP, this implies that if py () = 1, then
pp(ay) =1 for all @) > ar. Next, let (xg, 110) denote an arbitrary interior solution (i.e.,
o < 1) at which point (I3]) must hold with equality, which requires 1o > 1/2. Evaluated
at (xo, po), the right-hand side of ([I3]) is decreasing in both z and p, while the left-hand
side is increasing in both x and p. Hence, for any 2/ < x, in order to have (I3 hold
with equality at (2/, i), it must be that p' > po. Now, consider any 4y, € (ur(zo, po), @]
Since ur; < 0, urs > 0, it must be that either xy(ur) < o, pu(tr) > po (or both).
The latter case gives the desired result. In the first case, if a corner solution obtains,
then ppg(tr) = 1 > po. If the solution is interior, then (I3)) must hold with equality
at (zy(tr), pg(ar)) and therefore, using the argument provided above, it must be that

(L) > fo.
5. Auditing: Notice first that Var[P(us)|L] = 0 regardless of z. Furthermore [u,,uy] =
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[—10%0%, (1 — @) — 2a*0?]. Using the functional form of the testing technology, we get

up(z,p) = (1— a)ﬁ —c(x) — %oﬂaz
up(z,p) = a+(1- @H —e(z) — %(1 — o) ?on(x, 1) — %OM

where vy (z, ) = Var[P(uy)|t,z] is bounded and twice-differentiable. We proceed by
verifying the properties for the case that v = 0, for which we obtain analytic solutions. By
continuity of preferences and the testing technology, and because vy (x, 1) is bounded and
twice continuously differentiable, there exists a 4 > 0 such that both properties continue
to hold for all v < 7.

Solving up(x, u) = uy for p gives by (x|uy) = (1(_12)92&%?}:(2)), plugging this into (&),
ug(z, by (z|ay)) = %W The first-order condition for an interior solution requires
that

i = (1 —a) —c(z) —2(1 + ) (2) (17)

Clearly, the right-hand side is (i) strictly decreasing and continuous in z, (ii) greater than
uy at =0, and (iii) less than u; for x large enough. Hence the solution to (7)), denoted
by z4(ty), exists, is unique for all 4y, € [u;, ] and is non-negative. Checking the second-
order condition at an interior solution is routine. Furthermore, note that x4 (u.) < Z(ur)
(which satisfies @, = (1 — «) — ¢(z)) Thus, we have that zy(ay) = za(dy), which is
strictly decreasing and therefore invertible. In addition, C'P must also hold (if CP failed,
there would exist utility pairs {ur, ug} whose BICs had points of tangency, i.e., solutions
to ([I7), that fail the second-order condition, which violates the argument above). For
increasing locus, it suffices to show that by (z|z5;' (7)) is decreasing in x on [0, 7]. Plugging
in the inverse function to by and taking the derivative we get that

d 1 (1 —a)d(z) + 2% (z) + (1 — a)ac’ ()
por(ley (@) = — ( (1—a+a2d(z))? ) -

which completes the verification of both properties.
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