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When two forecasters agree regarding the probability of an uncertain event, should a decision
maker adopt that probability as his or her own? A decision maker who does so is said to act in
accord with the unanimity principle. We examine a variety of Bayesian consensus models with
respect to their conformance (or lack thereof) to the unanimity principle and a more general
compromise principle. In an analysis of a large set of probability forecast data from meteorology,
we show how well the various models, when fit to the data, reflect the empirical pattern of con-
formance to these principles.

(COMBINING PROBABILITIES; CONSENSUS; UNANIMITY; WEATHER FORECASTING)

1. Introduction

Imagine a situation in which two forecasters provide a decision maker (DM) with
their probabilities for the occurrence of an uncertain event. If the forecasters’ probabilities
are equal, should DM take that probability as his posterior probability of the event or
not? If the forecasters disagree, should DM’s posterior probability be equal to one or the
other of the probabilities, between them, or might it be reasonable for DM’s posterior
probability to be outside the range of the two probabilities?

If a decision maker adopts the commonly-stated probability of two forecasters, we will
say that the decision maker abides by the “unanimity principle.” This principle was one
of the considerations that motivated Morris (1983) to develop an axiomatic approach
to the combination of probabilities. Morris’s paper in turn stimulated a debate involving
the appropriateness of the unanimity principle as well as other issues (Clemen 1986;
French 1986; Lindley 1986; Morris 1986; Schervish 1986; Winkler 1986). A special case
of the unanimity principle, called the zero probability property (McConway 1981) or
the zero preservation property (Genest and Zidek 1986), applies only when two or more
forecasters all assign probability zero to an event. Many properties have been considered
in the literature on combining probabilities; the unanimity principle and the zero pres-
ervation property are members of ““a general class of axioms which would require the
consensus distribution to embrace any aspect of the [ forecasters’] personal opinions that
are already the object of an (implicit) agreement between them” (Genest and Zidek
1986, p. 117).

Of course, the unanimity principle only makes sense when the forecasters agree on
the probability of the event. In many situations, forecasters give different probabilities
for the same event. A more general principle might be a compromise principle, by which
DM’s posterior probability should lie between the forecasters’ probabilities; this subsumes
the unanimity principle as a special case.

The combination of probabilities is a topic worth serious consideration. Many situations
require a decision maker to deal with probability assessments from multiple sources.
These situations include expert testimony in court cases, risk assessment and analysis,
use of uncertainty in artificial intelligence applications, and others. Following Morris
(1974), a Bayesian approach to the problem suggests that combining probabilities be
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left up to the decision maker, whose responsibility it is to specify his or her own beliefs
regarding the performance and inter-relatedness of the probability sources. To aid decision
makers in this somewhat daunting task, a number of aggregation models have been
proposed. While decision makers must carefully assess their individual situations in order
to apply the models correctly, a natural issue that many decision makers may wish to
consider is under what conditions a model conforms to the unanimity and compromise
principles. If a decision maker decides to use a specific model, he or she should know,
qualitatively at least, what the model implies.

In §2 of this paper we briefly discuss a number of probability-aggregation models that
have been proposed. We restrict our attention to aggregation models that follow the
Bayesian paradigm just described. (For discussions of models that do not follow the
Bayesian approach, see Genest and Zidek 1986 and French 1985.) In general, we are
able to identify three classes of models, and the classification has to do with how the idea
of conditional independence is used in the development of the models. The three classes
differ dramatically in the way they conform (or fail to conform) to the unanimity and
compromise principles.

In many cases, a decision maker will have to combine probabilities using only subjective
assessments of performance and dependence. However, in some instances sufficient data
are available to examine empirically whether unanimity or compromise is reasonable.
In §3 of the paper, we study a large sample of probability assessments from meteorology.
In our analysis, we examine empirically the degree to which unanimity and compromise
are followed, and we demonstrate how well (or how poorly) the various models described
in §2 are able to mimic the empirical results.

Our aim is not to convince anyone that the unanimity and compromise principles are
uniformly appropriate in all situations. Indeed, the unanimity and compromise principles
might be viewed as “adhockeries,” and we would argue that the proper normative use
of expert information is via the Bayesian paradigm. Decision makers should think hard
about their specific situations and choose models that are appropriate. In doing so, how-
ever, some decision makers may find it useful to think (at least initially) in terms of the
unanimity and compromise principles. Our empirical analysis of meteorological assess-
ments indicates the extent to which these principles are appropriate in this area, and in
§4 we speculate on underlying reasons for this. We hope that our analysis and discussion
will provide guidance for decision makers in assessing and understanding their situations
and in applying available probability-aggregation models appropriately.

2. Models for Combining Probabilities

In this section we review a number of Bayesian probability-aggregation models that
have been proposed. Our intent is to indicate the extent to which these models agree
with or do not agree with the unanimity and compromise principles. In reviewing the
literature, we have found that many authors have already examined their models in this
regard; thus, our discussion here is brief. For more thorough discussions of the individual
models, we refer the interested reader to the cited references.

Conditional independence is a typical assumption made by the Bayesian model builders
who have generated the models we discuss here. However, it is possible to invoke con-
ditional independence in a variety of ways. We have found it convenient to classify
models according to the way conditional independence is used. The first possibility is to
assume that the forecasters are conditionally independent given the event they are fore-
casting. A second possibility is to assume a parametric model with forecasters’ data sets
conditionally independent given the value of an unknown parameter ( not given the event
being forecast). A third possibility is to assume that the forecasters’ data sets and hence
their forecasts are not conditionally independent.
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In the following pages, we will use the following conventions. The uncertain event of
interest is random variable 4 which can take on values of 1 or 0. There are k sources
(forecasters), and source i provides probability p; for the occurrence of 4. In some in-
stances, source i’s probability is viewed as a random variable. We abuse notation slightly
by using p; to represent the random variable as well as its realization. The decision
maker’s prior probability is given by py and posterior probability by p* = P(A| po, D1,

5 DK)-

2.1. Conditional Independence Given Event A or A

With k sources, we begin with Bayes’ theorem in odds form:

p* Do ﬁP(pi|Asp0,pla---api—l)

L—p* 1—poi; POl A, 0o, D1y Diy)

(1)

Assuming independence among the forecasters and DM implies that, conditional on
either A4 or A, the chance of forecaster i providing p; does not depend on the values of
Do, D1, - - ., Di-1- Formally,

P(pi|f_1>p09pl9~"9pf*l):P(pf|€) (2)
P(pil4, po, P15 ..., Di-1)  P(pi|l A)
fori=1,...,k, from which (1) becomes
* k P(pi| 4
r* _ m 1 (pil 4) (3)

L—p* 1—por P(pilA)°

We will call (3) the “Independence” model. Using this model with k = 2, p, = 0.50,
p, = 0.55, p, = 0.55, and under suitable assumptions regarding the forecasters’ perfor-
mance, DM’s posterior probability of rain is 0.60. If there were ten such independent
forecasters, DM’s posterior probability would be 0.90. These results are in clear disagree-
ment with the unanimity principle.

In terms of the compromise principle, the Independence model is designed in such a
way that if both p, and p, are greater (less) than 0.50, then p* is greater (less) than the
larger (smaller) of the two input probabilities. For more than two forecasters, it is necessary
(but not sufficient) that at least one probability be greater and one less than 0.50 for p*
to be within the range of the forecasters’ probabilities. Thus, the Independence model
does not obey unanimity, nor does it obey the compromise principle uniformly.

Genest and Schervish (1985) (hereafter GS) use conditional independence in the same
way to develop a similar aggregation rule in their Theorem 4.1. Their approach is in-
genious, viewing the problem in terms of a DM willing to assess only certain aspects of
the marginal distribution of source i’s probability p;. Their combination formula, which
we will call the “GS-I"” model, is given by

p* = po *IIE
po I m+ (1 —po) F I (1 = m)°

where 7; = po + N;(p; — m;), w; is DM’s marginal expected value of p;, and A; is interpreted
as DM ’s subjective assessment of the coefficient of linear regression of 4 on p;. The value
m;in (4) is GS’s adjusted p;; that is, if DM consulted only source i and obtained probability
Di, (4) implies that p* = ;. Because (4) was developed under the assumption of inde-
pendence of the p;’s conditional on 4 or A4, each )\; is assessed individually for each
source / subject to constraints that ensure 0 < 7; < 1.

In terms of unanimity and compromise, GS note that if all of the forecasters say exactly
what DM expects them to say (p; = u; for each i), DM’s posterior probability is the same
as his or her prior probability. On the other hand, if they all provide probabilities greater

(4)
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(less) than expected, p* will be greater (less) than the largest (smallest) of the =’s.
However, p* may still lie within the range of the unadjusted p;’s.

2.2. Conditional Independence among Forecasters’ Data Sets

An example of this approach is Morris’s (1983) Bernoulli model for combining prob-
abilities of events. It is also discussed in detail in Winkler (1986). The essence of the
argument is that pg is considered to be the mean of a second-order probability distribution
for p (or the mean of a distribution of the relative frequency p of occurrence of A4 if the
situation could be repeated infinitely in a series of exchangeable trials). In particular, we
might suppose that DM’s distribution for p is a beta distribution with parameters r, and
Ry,

f(plro, no) oc p'(1 = p)roro™t, (5)

in which case py = P(A4) = E(p|ro, no) = ro/ no. Likewise, we assume that DM views the
ith forecaster’s probability p; as being based on information equivalent to a sample of #;
independent Bernoulli trials with probability p yielding r; occurrences of 4. If DM assumes

that, conditional on p, the values py, pi, . .., Pk are independent, then the appropriate
combination of the probabilities is a convex combination of pg, py, ..., prx (Morris
1983):
k
p* =2 Bipi, (6)

=0

where 8; = n;/ Zn;. We will refer to (6) as the “Bernoulli” model. If DM is assumed to
have very little information about p relative to the forecasters, then 3, would be nearly
zero. In the limit, as 1y approaches zero, p* becomes a convex combination of py, . .
Dk, obeying the unanimity and compromise principles uniformly.

In §2.1 we described models in which the forecasts are independent at the level of
providing information about Event A4 directly, whereas here the independence has to do
with providing information about the parameter p. In the Bernoulli model, the likelihood
ratios corresponding to those given in (2) for the Independence model are

*

1
P(pil 4, po, Py, - - > Dict) _ Jo Pil D) f(p1 4, po, p1, - .. pi-1)dp
P(pil 4, pos 1 . D) [y P(pil D) (P A, po, D - - ., Diy)dp

The conditional independence at the level of p in Model 2 does not translate into con-
ditional independence at the level of predictions for 4 and A4.

(7)

2.3. Dependence among Forecasters’ Probabilities

In this situation, dependence among expert probabilities is explicitly modeled. For
example, Clemen (1987) provides a model similar to the Bernoulli model described
above. As above, forecaster i’s probability is modeled as if it arises from observation of
n; independent Bernoulli trials. However, forecasters i and j may observe some obser-
vations in common, resulting in dependence among the stated p;’s. DM aggregates this
information into a probability distribution for p, the mean of which is p*. In his article,
Clemen demonstrates that this model does not obey the compromise principle uniformly.

Other models in this class include those in which the forecasters’ log-odds of A4 are
assumed to follow a multinormal distribution conditional on whether 4 or A occurs
(French 1981; Lindley 1985; Clemen and Winkler 1987). Following Clemen and Winkler,
define g; = log [p;/(1 — p)],and g = (qy, . . ., qx)". The DM’s posterior log-odds for 4
would be given by
P(4lq) _ . L(qlA4) Po

— = ~ log ——— . 8
Pl ®L(glA) Tt T-p ®)

q* = log
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The likelihood functions L(g|A4) and L(g|A) are modeled as being proportional to
normal distributions for g with mean vectors M, and M, and covariance matrices X,
and X, respectively. The individual ¢;’s might be thought of as arising from each fore-
caster’s observation of independent trials (conditional on 4 or A) from a normal process,
and dependence among the elements of ¢ (nonzero off-diagonal elements of 2, and Z)
could arise through the observation of overlapping data by forecasters (Clemen 1987).
A univariate version of this model also permits the adjustment or calibration of individual
probabilities (Lindley 1982).

Given these specifications for the likelihood functions, DM’s posterior log-odds are
given by

g* = {log (1Z61/1Z:]) — ¢'(Z7" — 25")g + 2¢'(Z7' M, — Zo' My)
= M2 My + M2' Mo}/2 + log [po/(1 = po)].  (9)
If the covariance matrices are equal (Zo = 2; = 2), this expression reduces to
g* = q'2 7 (My — Mo) — (M + Mo)' 2~ (My — My)/2 + log [po/(1 — po)].  (10)

We will refer to equations (9) and (10) as the “Log-odds I’ and “Log-odds II”’ models,
respectively. Casual inspection of these equations reveals that neither one will necessarily
obey either the unanimity or the compromise principles. Taking the simpler (10), g* is
clearly a linear combination of the g¢;’s. However, the weights are given by
S~Y(M, — My), and do not generally sum to one. Furthermore, g* also includes the
constant term —(M; + My)' =~ (M, — My)/2 + log [po/(1 — po)]. Assuming that py =
0.50, a rather odd set of sufficient conditions for unanimity and compromise to hold
would be My =—M,, > 'M,>0,and e’Z "' M, = 0.5, where €' is a conformable vector
of ones. These conditions, for which intuition fails us, are related to Lindley’s (1982)
conditions for probability calibration.

Genest and Schervish (1985) develop a general model for the combination of prob-
abilities from multiple experts, of which the GS-I model discussed above is a special case.
Theorem 3.2 in Genest and Schervish (1985) gives the following formula for combining
DPis ... Dkt

k

p* =po+ 2 N(pi — i), (1)

i=1
where u; is defined as above and the vector A = (A, . .., A\) is interpreted as the vector
of coeflicients of linear regression of 4 on (py, . . ., pr). (Actually, the published formula

inadvertently left out py from the expression due to a typographical error.) As in the GS-
I model, the \;’s are subject to a number of constraints to ensure that 0 < p* < 1. We
will refer to (11) as the GS-II model. Whether such a combination obeys unanimity and
compromise as defined here clearly depends on the specific values of the p;’s, u;’s, po,
and A.

3. Aggregating Probabilities: Some Empirical Results

In order to study the unanimity principle empirically, we need a large sample of data,
since the relevant sample sizes are the numbers of times different combinations of prob-
ability values occur. One area with extensive data on probability forecasts is weather
forecasting. Since 1966 the National Weather Service (NWS) of the United States has
formulated and issued probability of precipitation (PoP) forecasts. These forecasts indicate
a probability of measurable precipitation at a particular location during a specified time
period. Although precipitation can take on different forms, for convenience we will refer
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to the occurrence and nonoccurrence of precipitation as “rain” (4 = 1) and “no rain”
(4 =0).

For any given forecast area and forecast period, two PoP forecasts are prepared. The
forecast actually issued to the public is a local forecast made by a weather forecaster in
the local NWS office. In addition, the NWS prepares forecasts based on a numerical-
statistical model of the global atmospheric system. We call these forecasts “guidance
forecasts” because they are supplied to the local forecasters for use in preparing the
official local forecasts. Meteorologists have studied the relative performance of local and
guidance forecasts; a review of this literature and a more complete review of the forecasting
process are given in Murphy and Winkler (1984).

The data analyzed in this paper consist of local and guidance PoP forecasts for the
NWS office in Boston. These data, covering the period from April 1972 through September
1983, were provided by the NWS Techniques Development Laboratory. Local and guid-
ance forecasts are made twice each day, in the morning and evening. On each occasion
forecasts are formulated for three consecutive 12-hour periods, or lead times: 12-24
hours, 24-36 hours, and 36-48 hours after the guidance forecast is made. In all, we
analyzed a total of 12,885 pairs of local and guidance forecasts.

One concern with our analysis is that the overall probability of precipitation be roughly
the same over time. Pooling data for which this is not the case can lead to misleading
results; the pooled data may appear to conform to the unanimity and compromise prin-
ciples even though the individual data sets do not. For our meteorological problem, the
issue is whether the climatological probability of rain (overall relative frequency) is stable
throughout the year. Meteorologists typically divide the year into cool (October—March )
and warm (April-September) seasons. The climatological probabilities of rain for the
warm and cool seasons were 0.2330 and 0.2145, respectively, with corresponding sample
sizes of 2126 and 2169 forecast occasions. On the basis of these calculations we concluded
that there was not a material difference in the two proportions and pooled the data from
both warm and cool seasons for our analysis. The pooled climatological probability of
rain was 0.2237.

For each (p;, p,), where p, represents the local PoP forecast and p, represents the
guidance PoP forecast, we looked at all occasions with forecast values (p;, p,) and found
the relative frequency of occurrence of precipitation over those occasions. These relative
frequencies, along with the number of occasions on which each is based, are given in
Table 1. For example, the combination with p; = 0.30 and p, = 0.40 was observed 123
times, and precipitation occurred on 30.1 percent of these occasions.

Considering first the unanimity principle, we are interested in the cells in Table 1 for
which p; = p, = p. These cells constitute 4181, or 32.5 percent, of the pairs in our data
set. We can calculate the “average disagreement with unanimity” as the average absolute
difference between p and the relative frequency (p), weighted by the number of obser-
vations for each value of p. For our data, this average absolute difference is 0.028. Fur-
thermore, it is interesting to note that in nine of the eleven cases we have p < p, the only
exceptions being when p = 0.0 or 0.8.

With regard to the broader compromise principle, we must look at situations where
D1 # pg. Of such cells, 25 (marked with asterisks) have relative frequencies that are not
between p; and p,, but 14 of these cases involve sample sizes of five or fewer observations.
In total, these cells account for 752 observations, or 5.8 percent, of the pairs in our data
set. Aside from those cells with five or fewer observations, all of the cells ih disagresment
with the compromise principle lie near the main diagonal and for values of p; = 0.30
and p, = 0.50. Of the eleven cells in question, § < min(p;, p,) in eight cases, and p
> max (py, pg) for the pairs (0.7, 0.8), (0.8, 0.7), and (0.9, 0.8).

Overall, including all possible pairs (p;, p,), we find 36 cells that do not conform to
the compromise principle (which subsumes unanimity). These constitute 38.3 percent
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of the pairs in our data set. Aside from the off-diagonal cells with sample sizes less than
five, the overall pattern is one in which j most often is less than both p; and p,, with a
few exceptions, mostly for fairly high values of p; and p,.

Our next step is to fit the combination models discussed in §2 to these data. That is,
suppose that DM was interested in aggregating p; and p, via one of the models to arrive
at p*. In the absence of additional information, DM would want p* to approximate p
reasonably well for the possible combinations of p; and p,. Our data set is large enough
to estimate the required parameters for each model and to calculate p* for all (p,, De)
pairs. Also, we can compare the models in terms of the goodness of the approximation
of p with p*.

Before we proceed, however, it is important to consider the characteristics of our data
and the appropriateness of the various models. Given that the guidance forecast is available
and used in the formulation of the official local forecast, it does not make sense to assume
that the two forecasts are conditionally independent given the weather. Indeed, we might
expect them to be highly dependent, and our primary candidates for models appear to
be those that permit conditional dependence among the forecasts. On the surface it would
appear that the Independence and GS-I models are inappropriate. Also, since the data
sets used by the two forecasters overlap, the Bernoulli model appears inappropriate.
However, a substantial and growing literature in the forecasting area has documented
the phenomenon that simple forecast combination methods perform well under a wide
variety of circumstances. In particular, it has been shown (e.g., Granger and Newbold
1977, Winkler and Makridakis 1983, Clemen and Winkler 1986) that combination models
that ignore forecast dependence often perform better in practice than those that attempt
to exploit the dependence. We speculate that the same may be true in the case of combining
probabilities, and so we believe that it is worthwhile to fit the simpler models in order
to compare their performance with that of the more complicated models.

Table 2 presents summary information regarding the models that we fit to the PoP
forecast data. In all cases, the local and guidance forecasters played the part of forecasters
1 and 2, respectively, in the models. In reporting the results we have retained the subscripts
[/ and g for convenience. The prior probability p, was taken to be equal to the climatological
probability of rain (0.2237).

TABLE 2
Model Estimation and Performance Statistics. Estimates Are So Designated with a “”~”

Model Estimation MSE MAD
o= P(p| PP |Apo
Independence P(p|A)P(pg| A)po + P(p;|A)P(py | AX)1 — po) 0.01222 0.07112
(See Table 3)
Bernoulli p* = 0.601p, + 0.399p, 0.00272 0.03461
GS-1 p* given by equati_on (4) with:
i, =0.252 A= 0.600 0.00331 0.03427

fg=0239 A, =0.575

GS-11 p* =0.558p, + 0.346p, 0.00268 0.03243
(fy and g, as in GS-I)

Log-odds 1 ¢* = 0.067 + 0.525¢; + 0.360q, 0.00425 0.04108
—0.116g7 — 0.120g2 + 0.219¢,4,

Log-odds II q* = —0.190 + 0.476¢, + 0.422¢, 0.00265 0.02872
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TABLE 4
Estimates of Mean Vectors and Covariance Matrices
of Forecast Log-Odds for the Log-Odds 1 and
Log-Odds 11 Models. The First Element
Represents the Local Forecast.

M, = (0.39, 0.09) My = (—2.67, —2.54)
) _[3.59 2.48] ) _[4.53 2.57]
" 2.48 3.03 ° 1257 345
n, = 2882 1o = 10,003

Pooled estimate of covariance matrix
for Log-odds II model:

. _[4.18 2.55}
2.55 335

For the Bernoulli model, §; and 8, were estimated using least squares, with these
coefficients constrained to sum to one. For the GS-I and GS-II models, the u,’s were
estimated with the sample means (i;), and the \;’s were estimated using least squares,
subject to the appropriate constraints.

Because the Independence, Log-odds I, and Log-odds II models require the likelihood
functions, we have disaggregated the data and displayed it in Tables 3a and 3b. These
tables show the relative frequency of forecast pairs (p;, p,) given rain (A4) and no rain
(A), respectively. The marginal entries in these tables give the relative frequencies P(p;| 4),
P(p)|A), P(p,| A), and P(p,|A) which are used in the Independence model. The Log-
odds models require the fitting of normal distributions to the two joint likelihood functions
after a transformation to log-odds. For these models, forecast values of 0 and 1 were
replaced with values of 0.005 and 0.98, respectively. Table 4 shows estimates of mean
vectors M, and M, and of covariance matrices 2 and Z, for the Log-odds I model and
the pooled estimate 2 for the Log-odds II model. These estimates were used in equations
(9) and (10).

Table 2 also shows some summary performance measures. MSE (mean squared error)
was calculated in the usual way. For each forecast pair (p;, p,) we found the squared
difference between the empirical relative frequency (p) as shown in Table 1 and the
model’s predicted relative frequency (p*). MSE is then the weighted average of these
differences, the weights being the proportion of observations in each cell. MAD measures
mean absolute deviations; it is calculated the same as MSE but with absolute rather than
squared differences.

On the basis of Table 2 we can conclude that the Independence model fits the data
poorly compared to the other models. On the other hand, the GS-I model performs
reasonably well, with error statistics that are comparable to the other models. Considering
the remaining four models, the Bernoulli model, GS-II, and Log-odds II are virtually
equivalent in terms of MSE, but Log-odds II has a slightly lower MAD.

Figure 1 provides graphic views of the patterns of disagreement with compromise for
the Independence (Figure 1a), Log-odds I and Log-odds II (Figure 1b), and GS-I and
GS-II (Figure 1c¢) models. (The Bernoulli model is not included since it conforms to
unanimity and compromise uniformly.) Furthermore, the empirical pattern of disagree-
ment [§ < min (p;, p;) or p > max (p, p,)] is shown via shadings of the cells. (No
comparisons are made for cells with less than ten empirical observations.) Thus, one can
obtain a qualitative impression of the extent to which the pattern of conformance of the
models to the principles mimics the empirically observed pattern.
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FIGURE 1. Patterns of conformance with unanimity and compromise. A “+” indicates a cell in which p*
> max (p;, pg), and a “—"" indicates a cell in which p* < min (p,, p,). The shading shows the empirical pattern
of conformance according to the legend.

FIGURE la. Independence Model.
FIGURE 1b. Log-Odds I and Log-Odds II Models.
FIGURE lc. GS-I and GS-II Models.



778 ROBERT T. CLEMEN AND ROBERT L. WINKLER

The patterns displayed in Figure la show clearly why the Independence model is
unacceptable for this set of data. For a large portion of the table, the model disagrees
with unanimity and compromise. The model pattern does not come close to reflecting
the empirical pattern.

Turning to Figure 1b, we find that the Log-odds II model provides a reasonable reflection
of the empirical pattern. Most of its disagreement lies in cells on or near the diagonal,
generally having p* < min (p;, p,). On the other hand, Log-odds I is less satisfactory.
While its disagreement with unanimity and compromise lies mostly in cells where p;
= p,, the model has p* > max (p;, p,) for many of the cells in which the empirical result
was the reverse.

In Figure Ic we can examine the patterns of disagreement of the GS-I and GS-II
models. The GS-I model shows, not surprisingly, an effect similar to that of the Inde-
pendence model, with p* > max (p,, p,) for values of p; and p, between 0.4 and 0.8. For
the most part, this is contrary to the empirical pattern. The GS-II model fits reasonably
well, disagreeing with compromise [p* < min (p;, pg)] primarily for cells with equal p,
and p, and for some of the cells with large p; and p,.

4. Summary and Conclusion

We have studied a variety of approaches for combining probabilities. The focus of our
inquiry has been how these models relate to principles of unanimity and compromise.
Those models that provide for the most general patterns of dependence among sources
are the most complex in terms of their conformance to the principles. We also examined
a large set of probability of precipitation forecasts in terms of the empirical conformance
and disagreement with the principles. Finally, we fit the models to the data in an effort
to understand which models could mimic most accurately the empirical pattern of com-
bined probabilities. Because of the interaction of the two forecasts, it makes sense a priori
to use a model that explicitly accounts for dependence between the forecasts. Our analysis
bears out this intuition. Two models that permit dependence among the forecasts, Log-
odds II and GS-II, were best able to reflect the patterns in the data, both in terms of
MAD and MSE, as well as in terms of our qualitative evaluations in Figure 1.

As stated in the introduction, we do not claim that the unanimity and compromise
principles are universally appropriate, nor do they have normative appeal. Instead, our
goal is to provide insight into the probability-aggregation models that are available so
that they may be applied more appropriately. On one hand, we can imagine situations
in which two separate sources provide probability estimates which, when taken together,
result in a very high (or very low) probability of 4. Schervish (1986) provides such an
example. On the other hand, it is easy to imagine, in the case of the weather forecasters,
why this might not be the case. Both the local and guidance forecasts have developed
over the years to be informative and calibrated forecasting systems. A reviewer of an
early draft of this paper suggested that evolutionary pressures might lead p; and p, to be
similar, and that, if both of these are good forecasts, then it would be reasonable to suspect
that a convex combination of them would also be good.

This line of argument, we believe, holds a good deal of truth for competing real-world
forecasts, and might be considered to be an informal argument in favor of the unanimity
and compromise principles as a kind of “default” basis for combining forecasts in general.
For example, when combining econometric forecasts, Clemen and Winkler (1986) con-
cluded that combinations of the forecasts in which the weights were constrained to be
positive and sum to one performed better in terms of MAD and MSE than did combi-
nations without this constraint. For our weather forecasters studied here, the Bernoulli
model performed reasonably well relative to the alternative models. In many situations,



UNANIMITY AND COMPROMISE AMONG PROBABILITY FORECASTERS 779

with weather forecasting providing only one example, the unanimity and compromise
principles might make sense in terms of providing a first-cut approximation.’

! We gratefully acknowledge the helpful comments by Christian Genest, Dennis Lindley, and Mark Schervish
on an earlier version of this paper, and we thank Gary Carter of the NWS Techniques Development Laboratory
for providing the PoP forecasts analyzed in §3. This research was supported in part by the National Science
Foundation under Grant IST 8600788.
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