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1. Introduction

Mean- vari ance analysis is appropriate when returns are normally
distributed or investors' preferences are quadratic. 1In actual applications,
returns are typically not normally distributed and utilities are typically
non-quadratic. Levy and Markowitz (1979) justify the practice of using mean-
variance anal ysis by showi ng that nean-variance analysis can be regarded as a
second order Tayl or-series approxi mation of standard utility functions (such
as the power utility and the exponential utility). The reliability of mean-
variance anal ysis therefore depends jointly on the degree of non-normality of
the returns data and the nature of the (non-quadratic) utility function. Levy
and Markowitz (1979) show that the second order approximations are highly
correlated to actual values of power and exponential utility functions over a
wi de range of paraneter values for mutual funds. H aw tschka (1994) extends
the Levy and Markowitz result to show that the mean-variance ranki ng of funds
is highly correlated to the ranking based on the true utility function, and
that third or even hi gher order approximtions do not necessarily inprove the
rank correl ation.

This paper deals with the question: does the Levy and Markowitz (1979)
and H awi tschka (1994) results on nmutual funds extend to hedge funds? In
addition, we al so pose the question for other criterion which do not depend on
the paraneter of the true utility function: the growh optimal criterion and
the Sharpe ratio criterion. Hedge funds are unregi stered, unregul ated
i nvestment pools for high net worth individuals and institutions. Fung and
Hsieh (1997) find that hedge fund returns are dramatically different from
those of nutual funds and standard asset classes. This indicates that hedge
funds can potentially add diversification. Thus, it is of interest to these

i nvestors whet her nean-variance analysis is applicable to hedge funds.

2. Quadratic Approxinmation

Gven a utility function U R), defined over the gross return, R The
actual utility function and its quadratic approxi mation are cal cul ated as

follows. Suppose we have gross returns for T periods: R, ..., R. The



expected value of the utility function U ), EfUR)], is estimted by:
(UT) s UR). (1)
The second order Tayl or series approximation of the utility around the
popul ati on mean nFE[R] is given by:
UR) = Um +U(m (R-m + U(m (R-m?
Taki ng expected value for both sides, we have:

EfUR)] = Um + U(m s%

2

wher e 32=Var(R) is the popul ation variance. As mand s° are unknown, we

replace themw th the sanple nean and the sanpl e vari ance:
R =(1/T) s UR),

s? = (1T) s WR-R?
to arrive at the approxi mation:

UR + U(R s2 (2)

To assess the quality of the quadratic approximtion, we follow Levy and
Markowi tz (1979) and H aw tschka (1994) and assune that investors have either
power utility or exponential utility function over R, the gross 1-period
return.

The power utility is given by:

WR = R"9/(1-9, ¢>0,
where gis the Arrow Pratt coefficient of relative risk aversion. Note that
when =1, UR) = log(R).

The exponential utility is given by:

WR =-e% g¢g>0,
where gis the Arrow Pratt coefficient of absolute risk aversion. In this

paper, we confine g between 0 and 30 for both cases.

The actual values and the second order approximation of these utility
functions are applied to the hedge fund database in Fung and Hsieh (1997),
whi ch has 410 hedge funds with at |east 3 years of nonthly returns. 1In this

paper, we sel ect a subsanple of 233 hedge funds having at |east 5 years of



monthly returns. [The results are even better if we use 3 years.]

We rank the 233 hedge funds according to the actual utility in (1) and
the quadratic approximation in (2). Followi ng H aw tschka (1994), we use the
correl ati on between these two rankings to nmeasure the quality of the quadratic
approxi mati on. A high rank correlation nmeans that the ranking based on the
quadratic approximation is close to the truth. A low rank correl ation neans
that the ranking based on the quadratic approximtion is not good.

The resulting rank correlations are given in the fourth colum in Table
1. For all values of g between 0 and 30, the rank correl ations between the

quadratic approxi mation and the actual utility are uniformy higher than 0.95,
whi ch nmeans that the ranking using the quadratic approximtion is very good.

For conparison, we use 2,111 mutual funds in the Mrningstar database
with at least 5 years of nonthly returns. The results are given in the third
colum in Table 1. The rank correlations are uniformy higher than 0.98.

As a second conparison, we draw 10, 000 sanples of 60 random nonthly
returns fromthe I bbotson [arge cap stock returns from January 1926 to
Decenmber 1995. The results are given in the second colum of Table 1. The

rank correlations are all equal to 1.00.

3. Gowh Optimal Criterion

Next we exam ne the appropriateness of using the logarithmc utility
function. The justification for this is that the logarithmc utility
corresponds to the growth optinmal portfolio, as shown by Bansal and Lehman
(1997).

For each fund, we conpute the actual utility as in (1), and the

logarithmc utility as foll ows:

(1/T) s log(R). (3)

The rank correl ati on between the actual utility and the log utility are
given in Table 1. The results for hedge funds are in colum 7. They show
that the log utility is generally good when the risk aversion is |low, but the
quality deteriorates rapidly when risk aversion is high. Simlar results are

evident for nutual funds (in colum 6) and for the sinmulation (in colum 5).



4. Sharpe Ratio

Finally, we exam ne the appropriateness of using the Sharpe ratio to
rank funds. This is not the traditional Sharpe ratio, as we do not subtract
the risk free rate fromthe nunerator.

The rank correl ation between the actual utility and the Sharpe ratio for
hedge funds are in colum 10. This criterion works poorly when the risk
aversion is low, but works reasonable well when risk aversion is high

In conparison, the quadratic approxi mati on works the best. For low risk
aversion, the growth optinmal portfolio is the next best. For high risk

aversion, the Sharpe ratio is the next best.

5. Concl usi ons

The results suggest that using a nmean-variance criterion to rank hedge
funds and rmutual funds w Il produce rankings which are nearly correct. They
al so suggest that the growth optimal criterion and the Sharpe ratio criterion
for ranking funds are | ess useful, depending on the degree of investor risk
aver si on.

It is inportant to point out that there are circunstances when nean-
variance analysis is not appropriate. In particular, risk assessnents cannot
be done accurately using a second order (i.e. nean-variance) approach

In assessing risk, we are interested in the probability that a given
fund has a |l arge negative return in the next period. |If the fund's returns
are normally distributed, that this probability is determ ned by the nean and
the standard devi ations. But when returns are not normally distributed (as is
true for hedge funds), the first two nonents (i.e. nean and standard
deviation) are not sufficient to give an accurate probability. [We may be
able to use Chebychev's inequality to bound the probabilities. But these
bounds are very | oose and not very useful.]

The situation beconmes even nore conplex if we need to access the
probability of a large loss over nultiple tine periods. Take the Epstein-Zn

(1989, 1991) type of non-expected utility functions. Here, we may have to



| ook at multi-period returns, rather than single period returns, to access
risk. The distribution of returns over 1-period may not be informative about
the distribution of returns over nmultiple periods, if the 1l-period returns are

not independent and identically distributed.
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Table 1
Bet ween Actual and Second Order Approxi mations
Power and Exponential Utilities

r ox Log Shar pe

Sim Mut . He
Portf Funds Fu

Uility:
1.00 1.00 1.
1.00 1.00 1.
1.00 1.00 1.
1.00 1.00 1.
1.00 1.00 1.
1.00 1.00 1.
1.00 1.00 1.
1.00 1.00 1.
1.00 1.00 1.
1.00 1.00 1.
1.00 1.00 O.
1.00 1.00 O.
1.00 1.00 O.
1.00 1.00 O.
1.00 1.00 O.
1.00 0.99 oO.
1.00 0.98 O.
1.00 0.97 O.
1.00 0.98 O.
lity:
1.00 1.00 1.
1.00 1.00 1.
1.00 1.00 1.
1.00 1.00 1.
1.00 1.00 1.
1.00 1.00 1.
1.00 1.00 1.
1.00 1.00 1.
1.00 1.00 1.
1.00 1.00 1.
1.00 1.00 oO.
1.00 1.00 oO.
1.00 1.00 O.
1.00 1.00 O.
1.00 1.00 oO.
1.00 0.99 oO.
1.00 0.98 O.
1.00 0.98 O.
1.00 0.98 O.

dge Sim Mut . Hedge Sim Mut . Hedge
nds Portf Funds Funds Portf Funds Funds

00 1.00 0.99 0.97 1.00 -0.13 0. 49
00 1. 00 0.99 0.97 1.00 -0.12 0. 50
00 1. 00 1. 00 0.98 1.00 -0.12 0.52
00 1. 00 1. 00 0.99 1.00 -0.11 0.53
00 1. 00 1. 00 0.99 1.00 -0.10 0.55
00 1. 00 1. 00 1.00 1.00 -0.07 0.62
00 1. 00 1. 00 0.99 1.00 -0.04 0.68
00 1. 00 1.00 0.98 1.00 -0.01 0.73
00 1. 00 0.99 0.95 1. 00 0.01 0.77
00 1. 00 0.99 0.92 1. 00 0.04 0.81
99 1. 00 0.98 0.87 1. 00 0. 07 0.84
99 1. 00 0.97 0.83 1. 00 0.10 0.85
99 1. 00 0. 96 0.79 1. 00 0.13 0.87
99 1. 00 0.95 0.75 1. 00 0.16 0. 89
99 1. 00 0.71 0.48 1. 00 0. 49 0. 89
98 1. 00 0.37 0.37 1. 00 0.75 0.87
97 1. 00 0. 07 0.29 1. 00 0. 89 0.85
96 1.00 -0.15 0.24 1.00 0.92 0.83
95 1.00 -0.26 0.20 1. 00 0.91 0.81
00 1.00 0.99 0.97 1.00 -0.13 0. 49
00 1. 00 0.99 0.98 1.00 -0.12 0. 50
00 1. 00 1. 00 0.98 1.00 -0.11 0.52
00 1. 00 1. 00 0.99 1.00 -0.11 0.54
00 1. 00 1. 00 0.99 1.00 -0.10 0.55
00 1. 00 1. 00 1.00 1.00 -0.07 0.63
00 1. 00 1. 00 0.99 1.00 -0.04 0. 69
00 1. 00 1.00 0.97 1.00 -0.01 0.73
00 1. 00 0.99 0.95 1. 00 0.02 0.77
00 1.00 0.99 0.91 1.00 0.04 0.81
99 1.00 0.98 0. 87 1.00 0. 07 0.84
99 1.00 0.97 0.83 1.00 0.10 0. 86
99 1.00 0. 96 0.78 1.00 0.13 0. 87
99 1.00 0.94 0.75 1.00 0.16 0. 89
99 1.00 0.71 0.48 1.00 0. 49 0.90
98 1.00 0.37 0.37 1.00 0.75 0. 87
98 1.00 0. 07 0. 30 1.00 0. 89 0.85
97 1.00 -0.15 0.25 1.00 0.92 0.83
96 1.00 -0.26 0.21 1.00 0.91 0.82
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