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Motivations for Simple Heuristics

* The form of the optimal policy for most supply chains is
unknown

* Hard to solve - exact optimization algorithms involve recursive
calculations between stages across time

o Little intuition from the algorithm
 Hard to communicate

* Hard to coordinate the supply chain

» Difficult to solve joint problems (inventory/pricing,
inventory/cash flows, etc.)
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The Basic Model

—> N N_l > EEE —> 2 1

hN h2 hl

¢ i.i.d demand between periods with mean u

« The objective is to minimize the average total cost per period
* Centralized vs. local information

« Continuous review vs. periodic review

Demand
b

Systems and Inventory Policies

» Continuous-review system

—Poisson demand

—Echelon (r,Q) policies

—Assuming a fixed cost k; for Q;

— Satisfying integer-ratio constraints: Q; = n,Q;;
* Periodic-review system

—i.1.d demand between periods

—Echelon (s,T) policies

—Assuming a fixed cost K; for T;

— Satisfying integer-ratio constraints: T; = n;T;
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Single-stage Systems

* (r,Q) policies

ki+iG(r+X)

C(FYQ)=$

where  G(y) = E[h(y—D(L))" +b(y - D(L))"]

* (s,T) policies

C(s,T)=$+G(s,T)

where

G(y.T)= %[2 Efh(y-D[L+7])" +b(y - D[L+f])’]]

CONTINUOUS-REVIEW SYSTEM
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Echelon (r,Q) Policies

« Cost evaluation for any given (r,Q) policies:
Gi(y) =E[m(y— D[L1)) + (b+ by, v))(y — D[L1)) 7]
For j=2.....N,
G;(v) =E[h;j(y = DIL;)) + Gj-1(0j-1ly = DIL;)])]

x itz <r;,

where O,z :{ ’

o —m()j, otherwise

Cr.Q) =X, (i A)/Q; + X% Gulrn +2)]/Qn

* Optimal reorder point r;* can be found recursively from stage 1, 2,..., until stage N
I} =argmin, Gi(y) 2 Zi‘ll Gy + ,;-‘.)

. A Qi
r} = argmin, G;(y) = Ef’ VGily+ o)

Heuristic for optimal reorder points

« For fixed Q, ry* is bounded by the optimal re
single-stage systems

Gﬁ(y) =E [hj(y — .b_,‘)+ +(b+ h[j+1=N])(y - UB system = LB solution

Holding cost: hy,
Backorder cost: b+hy,, v
Lead time: Ly,

Batch size: Q;

G(y) = E[hp, jy(w — D)™+ (b+ hpjar, v (w — Dy)7]

u H Q;
r = argymm( LGi(y+ x))

r/ =arg min( SilG;’ (y+ x))
y

Theorem 1 (Shang and Song [34]). For j =1,..., N, (1) Giy) + 73 = Gily) =
Gﬁ(y} +7; for all y, and (2) rf < <ri. When j =1, the above inequalities reduce to
equalities.
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Heuristics for Optimal Batch Sizes

» We propose two heuristics for finding the optimal batch sizes
« These two heuristics are inspired by solving the following problem:

N
min  »'C{(Q))
=)
st Q,2Q,;, j=2..,N

Qj
where C;(Q;) =I(Qj—?+Qij;Gf(rj(Qj)+X)

Qj
and r,(Q;)=arg myin Z;Gj"(y+x) ,

Gi(y) = E[hj(y — D)™ + (b+ hyjsr ay)(y — Di)7)

« A clustering algorithm generates a solution

Simplifying the Computation

The solution obtained from the cluster algorithm is close
to the solution obtained from the following two-step
procedure (Shang 2008)

O Clustering
O Minimization

Lﬁ



Clustering

Let {c(1), c(2),..., c(M)} be the clusters
For the cluster c(m), assume there are n(m) stages, m=1,...,M

Ky +ky+kgtk, /7?
o(1) = {12}
kytkytk, ///
Ky, - >
c(2) ={3.4}
K, -
h, hy+h, h,+hs+h, h;+h,+hs+h,
Minimization

Let Q) is the batch size for the stages in c¢(m), and define

hlm] = Z hi,  h'[m]= Z fg, ny, and  k[m]= Z k;.
) )

i€e(m i€c(m i€c(m)

Heuristic 1. (). is the solution of the following problem:

(A R+ T, G (RUQ) + )
min { Q }

s.t. Q:ch(m—lju q€%+,771>1\

where

Q
R"(Q]:argmin{ZGilmJ[y+.r)}. Gg[m)(y): Z Gf(y)‘

Y x=1 iEc(m)

and

CGlly) = E[hily — Di)+(b+ s, )y — Di])_]-
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Minimization

Heuristic 2. Suppose that e(m) contains stage i € {v,v+1,..., v+n(m)—1}.

@ c(m) is the solution of the following problem:

X { A ‘k[m] + Z?:l Gc(vn) (R(Q) + I) }
IHIIIQ Q 5
s.t. QZQQc(m—l)! q€g+??n>1’

where o
R(Q) = argmin { z Gty (y+ ;r)},
¥ x=1

and

G!c('m )] (y) =E I:h [ﬂi'] (y - JHDL'+'.V1 (m)—l) + (ﬂ'(ﬂ]')b + h'![ﬂ]']) (y - Dv+ﬂ('m -1 )_] .

Effectiveness of the Heuristics

Table 1. Performance summary for Variant 1, Variant 2.
and the EOQ heuristic in Group 1.

The EOQ
Varianl | Variant 2 heuristic

h=10 b=50 b=10 b=50 b=10 bh=350

0% 193 309 137 307 3l 5
(0.0%., 0.5%] 262 157 316 153 378 350
(0.5%. 1.0%] 25 26 24 30 57 128
(1.0%, 1.5%] 12 8 11 10 6 15
(1.5%, 2.0%] 4 4 6 4 6 6
(2.0%. 2.5%| 8 0 10 0 20 0
(2.5%. 3.0%| 0 1 0 1 6 4
3.04% above 8 7 8 7 8 4

Average (%) 0.21 0.13 0.24 014 041 0.40
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PERIODIC-REVIEW SYSTEM

Echelon (s, T) Policies: Inventory Dynamics

» Two-stage system, T,=4, T,=2, L,=2, L,=1

IP, \§
_ \\
IL,
AN AN AN AN
N\ N\ N\ N\
N\ N\ N\ N\
N\ N\ N\ N\
IL2 ¢ q q
9 d b b
IP,
IL,
\ \ \ \
\ \ \ \
\ \ \ \
\ \ \
IL,

- $ $ 5 9
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Optimizing Base-stock Levels with Fixed T:
Chao and Zhou (2009)

« Focus on a regenerative cycle. Characterize IP; IL; for stage j= N, N-1,...,1
A bottom-up recursion: Define T;= (T, Toee, Ty)

Gl<y,Tl>:Ti(iElhl(y—D[L1+r])+(b+n1‘m)<y—D[L1+r])’]]

s,(T,) =argmin, G,(y, T;)
Forj=2,..,N, inventory holding cost

T
G,(y,'ﬂ)—_ﬁ'ZE{hj (y-D[L, +r:|)+G'1[min
j =0

5,(T,) =argmin, G,(y.T;)

N (K
C(T)=Z[T—']+ Gy (sy(Ty) Ty) (Average total cost per period)
A

For simplicity, lets;” =s,(T,)

Heuristic for Optimal Base-stock Levels

* 5 is bounded by the solutions obtained from two single-stage
systems with (s,T) policies

LB system =» UB solution

T;—1

1 - L R -
ﬁ'jL&‘J—f;E[f%ly DLyy, 51+ 71) + (b4 by ) (v = D[Lpy, 5+ 717 UB system LB solution

-1
. 13 . L - —
Gily) = T_J ZD Elhyn, (= D[Lpa, s+ 710+ (b4 fyn wyi(y — DLy sy + 7107

Holding cost: hy,
Backorder cost: b+hy,, v
Lead time: Ly,

Let Reorder interval: T;

u_ e £_ T )
55 —ahrg:mnbjty;. Sj—arg:'ﬂllltvjtyj.

Proposition 3 (Shang and Zhou [35]). For j=1,...,N,

(1) G;(y:l + 752 Gyly) 2 G )+ 750
(2) s8] sy
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Heuristic for Optimal Reorder Intervals

(K, u(K
Min, Y| =L [+Gy(Ty) Min, T—+gl(Tj)
= Ti 1= i
f subject to
subject to Decomposition T —nT
Tia=nT;, e
T -
oy posivener, i Bt e
j=1..N-1 1=he e
4§g@%?mem
. N (K . N K
Min; > T—’+gJ(Ti) Min; > T—’+gj(TJ)
AN IS
subject to subject to
T,.2T, T,.2T,
j=1.,N-1 j=1..N-1

Decomposition of the Total Cost Function

Use the “induced-penalty cost function” P; to decouple the system cost

G,(T)=30,(T), j=L...N

stage 2 stage 1
inyegtory
gz(sﬁm?ng cast" X513 (s T) Py(s2,T2)
fa(s2,T2) i
0,(T) \ + / a(T) \./ - \ /
$(T2) 5(T2) 5y(T2) s,(Ty) $,(Ty) s,(Ty)

11/22/2011
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Bounds on the Stage Cost

stage 2

inventory
holding cost
fo(ry, Tp)

Stage 1
. 9,(s,,Ty) Py(s2 To)
g](T 1) F-- v o \ + |/
s,(Ty) 51(T1) s,(Ty)

Bounds on the Stage Cost

stage 2

inventory
holding cost
fo(r2,T2)

Pa(52,T2)

+ \\ Py(snTY)

2
Py(s2,T7)

Define
T=TT T) and T = (1,1,...,1, T)

When stage j’s downstream stages use
the same reorder interval as T; (one), the resulting
P; is a lower (an upper) bound to the original P;, i.e.,

Pj(vajj) <=Pi(y,T)) <= Pj(vajl)

11/22/2011
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Bounds on the Induced-Penalty Cost Function:
An Example

30 T T T
T, =1 \
— 0 A —
=2 I'}\‘
3| N\
1 kY
""" 10 -
N
R
10 15 20 25 30

A two-stage example with h, = h, = 0.5,
Li=L,=1.b=9.

Heuristic |

Let g,(T)=g,(T}) « Solve both (UP) and (LP) problems

(K -
(up) M ;(?:Jrgi(rl)] + Clustering algorithm
subject to
T 2Ty,  The heuristic solution is whichever yields

j=1..N-1 the smaller cost

« The above decomposition leads to an
algorithm to find the optimal reorder
intervals; see Shang and Zhou (2010)

Let Qj(rj):gj(-ﬂj)

. N [K;
(LP)  M™in, ;[?;+gjaj)]
subject to
T.2T,

j=1..N-1

11/22/2011

12



Heuristic 11

* Approximate the stage cost function g;(T;) by the lower-bound cost function
T;—1
1< _
g7 (s7,Tj) = T D Elhs(si = D[Lyy s+ 7)) + (b+ yiony) (w = D[Lyy, 51+ 7)) 7]
=0
Let ¢}(Ty) = ¢} (s;(Ty),Ty), and C}(T3) = K/T; + g5 (T5)

* Solve

N
mqi‘n Z C_? (T5)

=1
st Tjpr=n;T;, j=1,....N-1L

* The two-step optimization procedure introduced in the (r,Q) policy would likely
work well

NON-STATIONARY DEMAND

;—ﬁ

11/22/2011
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Non-stationary Demand Model

 Non-stationary demand is prevalent
—Product life cycles
— Seasonality
—Business cycles
—Trends
* Non-stationary demand complicates inventory decisions
— Computation
— Implementation

* Propose a simple solution to resolve the above issues

The C-S model with non-stationary demand

« Clark and Scarf (1960) show that (time-varying) echelon base-stock policies are
optimal

* Let s;(t) be optimal echelon base-stock level, j=1,...,N
— Stage j reviews x; and orders up to s;(t) if x; < s;(t); does not order otherwise

* 5;(t) can be obtained by solving j sets of dynamic programs recursively:
— Find s,(t) by solving a DP formulated from a single-stage system
— With known s,(t), generate an induced-penalty cost function
— Charge the penalty cost to stage 2, and formulate a DP to find s,(t)
— Repeat the procedure recursively

« In short, the optimal value function of an upstream stage depends on all of its
downstream stages’ optimal base-stock levels

11/22/2011
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Main results

« Construct an upper bound and a lower bound for s;(t) in each period t
— By solving single-stage, finite-horizon problems with original parameters

* Propose a simple heuristic by solving N single-stage problems
— Reduce the computation time and complexity

* Provide an analytical approximation for optimal base-stock levels and
safety stocks
— Reveal analytical insights on managing inventory
* Propose a simple, time-consistent contract that (nearly) coordinates
the supply chain in the finite horizon

— Facilitate the implementation of the centralized solution

Idea of constructing solution bounds

For each echelon j, j=1,..., N

« Construct an upper-bound system by restricting stage i to always
order up to the echelon inventory level x;,, fori<]j

— Is the resulting solution from the upper-bound system a lower
bound to s;(t) in each period?

« Construct a lower-bound system by setting h;=0, ¢,;=0, for i < j

— Is the resulting solution from the lower-bound system an upper
bound to s;(t) in each period?

* Are the lower and upper bound systems equivalent to a single-stage
system? If so, what are the resulting parameters?

11/22/2011
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Upper-bound system

The lower-bound solution sf (t) can be found by solving the upper-bound

system, denoted by S}'[c‘.‘ hi,b;,L; |, where

IR e

i T .
u— il 7k, -1
¢ = € +Z[Ck—1(a )+h[k,n[2a D
k=2 i=1
u —
hi = hyj
by = b+hjy
L=

Lower-bound system

The upper-bound solution sf (t) can be found by solving the lower-bound

system, denoted by S [ c;,h;,b;, L; |, where

R g Rl
, LN R
— 1
¢, = c;+h, Z a
i=t;

h;’ = hj
by = b+,
L= 7

;—é

11/22/2011
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Heuristic

» Solving a single-stage system with a weighted average of cost
parameters

The heuristic solution s{ (t) can be found by solving a single-stage

system, denoted by S¢ [ c?,h?, by, L, |, where

e

¢ = we"+(1-w)c;
hi = wh!!+@1-w)h;
b; = b+hjan

L = 7wy

Performance of the heuristic under different weights

« Two-stage system, 960 stage 2 solutions

|sa(t) — s3(t)] x 100%

“i)lf}

w 00 01 (0203 0405060708700 1.0]Max
o | # | S8 [0 [ 217 7206360 | 402 | 411 | 303 | 346 | 303 | 250 | 480
@Y%) | 414 [ 327 253 1.83 | 1.21 | 081 | 0.73 | 0.86 | 1.35 | 1.74 | 1.97
b1 # | 2|6 06 150 | 233 | 302 | 357 | 306 | 397 | 351 | 280 | 480
&%) | 205 | 678 | 564 | 463 350 | 252 | 1.68 | 1.13 | 1.04 | 1.54 | 253
Total | # | 120] 213 U313 446 503 | 704 | Te8 | T80 | T43 [ 654 | 530 | 960
%) 610 [ 5.03 | 400 | 323 240 | 1.67 | 1.21 | 100 | 1.20 | 1.64 | 2.25

Table 2: Number of the henristic solutions equal to the optimal solutions nnder different backorder
cost rates and weights.

11/22/2011
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Choosing an effective weight

b/(b+ h[L. N])

(0,0.85] [ (0.85,0.925]

(0,925, [I.‘.!?}:

(0.95,0.975] | (0.975,0.99]

(0.99.1)

i

0.9 0.8

0.7

0.6

0.5

0.4

Table 3: Selecting an effective weight based on the cost ratio.

Four-stage systems (# of s,, s;, S, solutions = 1632, 1472, 1344)

sT(t) = Aft,t— L ]+olt,t—L,Jd(5,), where 3, =

hackorder cost rate | stage 2 | stage 3 | stage 4
h=15 1.00% 1.60% 1.71%
h = 50 0.68% 1.14% 1.31%
Myopic solution
Let the myopic solution for S{[c?,h?,b;, L;] be s (t)

L a
a’b;-ci(l-a)
a” (b +h?)

Under normal approximation, we can have a closed-form expression for s7'(t) :

11/22/2011

18



11/22/2011

Myopic solution

Let the myopic solution for S{[c?,hf,b;, L;] be s (t)

Under normal approximation, we can have a closed-form expression for s{'(t) :
L a
a’b;-ci(l-a)

S () = At t-L ]+ oltt—=LJ07(4), where f;=— (b.+1%)

The local base-stock level at stage j can be approximated as
57 (1) =s7 (1) — s, (1)
=Alt-L,,-Lt-L]+oft,t—L,107(5) —?-[t,t -L, 19 (B)

pipeline inventory safety stock

Near-optimal coordination scheme

* The optimal solution is time-varying, so in general, it is very
difficult to design a contract to coordinate a decentralized
control system

—E.g., Donohue (2000), Parker and Kapuscinski (2008)

» Such a contract, if it existed, would have non-stationary

parameters
— Difficult to implement
* The “separation” feature of our heuristic can lead to a simple

time-consistent coordination scheme that achieves the heuristic
solution

Eﬁ%“_ ﬂ)ﬁ‘—‘_ﬂ'&?{

— gy
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Summary

We propose single-stage based heuristics that

« Simplify the computation

» Shorten the computation time by allowing parallel processing
* Provide analytical insights into how to manage safety stocks

* Lead to a simple, time-consistent contract that enables a
decentralized supply chain to achieve the heuristic solution

Extensions & Future Research Directions

» Assembly systems

* Distribution systems

* Non-stationary demand with fixed batch sizes

» Assemble-to-order systems

* General networks

* Non-stationary demand with fixed reorder intervals

* Supply chain with financial flows [Luo & Shang 2011]
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