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In the following proofs, we approximate demand and control variables as continuous when we

prove the convexity of cost functions. In addition, unless otherwise noted, we use (f(x))′ to denote

the derivative with respect to x and (g(x, y))′ to denote the partial derivative with respect to the

first argument x for any continuous and differentiable functions f(x) and g(x, y). Finally, we need

the following result which is due to Lemma 1 of Chen (2000). For j = 1, . . . , N ,

1
Qj

Qj∑

x=1

Gj(O∗
j [y + x],Qj−1,Tj)) = Ĝj(min{y, rj(Qj,Tj)},Qj,Tj),

where Gj and Ĝj are defined in (10). The same equation holds when we replace Gj and Ĝj with

gj and ĝj defined in (12) and (13). We shall omit the reference when this result is used in the

following proofs.

Proposition 1 Define

G1(y) =
1
T1

(
T1−1∑

τ=0

E[h1(y −D[L1 + τ ]) + (b + h[1,N ])(y −D[L1 + τ ])−]

)
.

For j = 2, ..., N , define recursively

Gj(y) =
1
Tj

Tj−1∑

τ=0

E

[
hj(y −D[Lj + τ ]) + Gj−1

(
Oj−1

[
y −D

[
Lj +

⌊
τ

Tj−1

⌋
Tj−1

)])]
.

Then, G(r,Q,T) = ĜN (rN ), where ĜN (rN ) = (1/QN )
∑QN

x=1 GN (rN + x).

Proof of Proposition 1

Let t be an order period for stage N , and for τ = 0, 1, ..., TN − 1, recall that

IL−N (t + LN + τ) = IPN (t)−D[t, t + LN + τ),
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and

ILN (t + LN + τ) = IPN (t)−D[t, t + LN + τ ].

Given IPN (t) = y, we have

GN (y) =
1

TN

TN−1∑

τ=0

E

[
hN (y −D[LN + τ ]) + GN−1

(
ON−1

[
y −D

[
LN +

⌊
τ

TN−1

⌋
TN−1

)])]

=
1

TN

TN−1∑

τ=0

E

[
hN (ILN (t + LN + τ)) + GN−1

(
ON−1

[
IL−N

(
t + LN +

⌊
τ

TN−1

⌋
TN−1

)])]

=
1

TN

TN−1∑

τ=0

E

[
hN (ILN (t + LN + τ)) + GN−1

(
IPN−1

(
t + LN +

⌊
τ

TN−1

⌋
TN−1

))]

=
1

TN

TN−1∑

τ=0

E

[
hN (ILN (t + LN + τ))

+
1

TN−1

TN−1−1∑

`=0

(
hN−1ILN−1

(
t + L[N−1,N ] +

⌊
τ

TN−1

⌋
TN−1 + `

)

+GN−2

(
ON−2

[
IL−N−1

(
t + L[N−1,N ] +

⌊
τ

TN−1

⌋
TN−1 +

⌊
`

TN−2

⌋
TN−2

)]))]

=
1

TN

TN−1∑

τ=0

E

[
hN (ILN (t + LN + τ)) + hN−1(ILN−1(t + L[N−1,N ] + τ))

+GN−2

(
ON−2

[
IL−N−1

(
t + L[N−1,N ] +

⌊
τ

TN−2

⌋
TN−2

)])]

=
...

=
1

TN

TN−1∑

τ=0

E

[
N∑

j=2

hj(ILj(t + L[j,N ] + τ)) + G1

(
IP1

(
t + L[2,N ] +

⌊
τ

T1

⌋
T1

))]

=
1

TN

TN−1∑

τ=0

E

[
N∑

j=2

hj(ILj(t + L[j,N ] + τ)) +
1
T1

T1−1∑

`=0

h1

(
IL1

(
t + L[1,N ] +

⌊
τ

T1

⌋
T1 + `

))

+(h[1,N ] + b)

(
IL1

(
t + L[1,N ] +

⌊
τ

T1

⌋
T1 + `

))−]

=
1

TN

TN−1∑

τ=0

E

[
N∑

j=1

hj(ILj(t + L[j,N ] + τ)) + (h[1,N ] + b)(IL1

(
t + L[1,N ] + τ

)
)−

]
,

where the third equality follows from (1), the fourth equality follows from (4) and (7), the fifth

equality follows from

1
TN

TN−1∑

τ=0


 1

TN−1

TN−1−1∑

`=0

ILN−1

(
t + L[N−1,N ] +

⌊
τ

TN−1

⌋
TN−1 + `

)

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=
1

TN

TN−1∑

τ=0

ILN−1

(
t + L[N−1,N ] + τ

)

and

1
TN

TN−1∑

τ=0


 1

TN−1

TN−1−1∑

`=0

GN−2

(
ON−2

[
IL−N−1

(
t + L[N−1,N ] +

⌊
τ

TN−1

⌋
TN−1 +

⌊
`

TN−2

⌋
TN−2

)])


=
1

TN

TN−1∑

τ=0

[
GN−2

(
ON−2

[
IL−N−1

(
t + L[N−1,N ] +

⌊
τ

TN−2

⌋
TN−2

)])]
.

Since IPN (t) is uniformly distributed between {rN + 1, rN + 2, ..., rN + QN}, E[GN (IPN (t))] =

ĜN (rN ) = G(r,Q,T).

Proposition 2 For fixed Q and T, the optimal reorder point rj(Qj,Tj) minimizes ĝj(rj ,Qj,Tj),

j = 1, ..., N .

Proposition 3 Ĝj(Qj,Tj) =
∑j

i=1 ĝi(Qi,Ti), for j = 1, ..., N ,

Proof of Propositions 2 and 3

Propositions 2 and 3 are related, so we show them together. To show these results, it suffices to

show Ĝj(y,Qj,Tj) = ĝj(y,Qj,Tj) +
∑j−1

i=1 ĝi(Qi,Ti) for all j. We prove this result by induction.

For notational simplicity, let rj = rj(Qj,Tj) for all j. For j = 1, ĝ1(y,Q1, T1) = Ĝ1(y, Q1, T1) by

definition. Suppose that the result holds true for j = i, that is, QiTiĜi(y,Qi,Ti) = QiTi(ĝi(y,Qi,Ti)+
∑i−1

k=1 ĝk(Qk,Tk)). Then, for j = i + 1 and letting Di+1(`) = D[Li+1 + b`/TicTi), we have

Qi+1Ti+1Ĝi+1(y,Qi+1,Ti+1)

=
Qi+1∑

x=1

Ti+1−1∑

`=0

E

[
hi+1(y + x−D[Li+1 + `]) + Gi (O∗

i [y + x−Di+1(`)] ,Qi−1,Ti)

]

=
qi−1∑

z=0

Ti+1−1∑

`=0

E

[
Qi∑

x=1

(
hi+1(y + zQi + x−D[Li+1 + `])

+Gi (O∗
i [y + zQi + x−Di+1(`)] ,Qi−1,Ti)

)]
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=
qi−1∑

z=0

Ti+1−1∑

`=0

E

[
Qi∑

x=1

hi+1(y + zQi + x−D[Li+1 + `])

+QiĜi (min {y + zQi −Di+1(`), ri} ,Qi,Ti)

)]

=
qi−1∑

z=0

Ti+1−1∑

`=0

E

[
Qi∑

x=1

hi+1(y + zQi + x−D[Li+1 + `])

+Qiĝi (min {y + zQi −Di+1(`), ri} ,Qi,Ti)−Qiĝi(Qi,Ti) + Qi

i∑

k=1

ĝk(Qk,Tk)

]

=
Qi+1∑

x=1

Ti+1−1∑

`=0

E

[(
hi+1(y + x−D[Li+1 + `]) + gi (O∗

i [y + x−Di+1(`)] ,Qi,Ti)

−gi(y + x−mQi,Qi,Ti)

)]
+ Ti+1Qi+1

i∑

k=1

ĝk(Qk,Tk)

=
Qi+1∑

x=1

Ti+1−1∑

`=0

E

[
hi+1(y + x−D[Li+1 + `]) + gi,i+1 (y + x−Di+1(`),Qi,Ti)

]

+Qi+1Ti+1

i∑

k=1

ĝk(Qk,Tk)

= Qi+1Ti+1

(
ĝi+1(y,Qi+1,Ti+1) +

i∑

k=1

ĝk(Qk,Tk)

)
,

where m in the fifth equality is an integer such that ri + 1 ≤ y + x − mQi ≤ ri + Qi. In the

above derivation, the fourth equality follows from the inductive assumption on Ĝi(y,Qi,Ti), and

the penultimate equality follows from the definition of gi,i+1(y,Qi,Ti). This completes the proof.

Proposition 4

(1) With fixed batch sizes Q, Pj(y,Qj,T
j
j) ≤ Pj(y,Qj,Tj) ≤ Pj(y,Qj,T1

j ), for all y and j =

2, ..., N .

(2) With fixed reorder intervals T, Pj(y,Qj
j,Tj) ≤ Pj(y,Qj,Tj) ≤ Pj(y,Q1

j ,Tj), for all y and

j = 2, ..., N .
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Proof of Proposition 4

To prove this proposition, we need the following lemma. For convenience, we approximate demand

and inventory variables as continuous. With additional technicalities, the result holds true for the

case where demand and inventory variables are discrete.

Lemma 7 For j = 1, . . . , N ,

(1) For fixed Qj and Tj−1, rj(Qj,Tj) is nondecreasing in Tj.

(2) For fixed Tj and Qj−1, rj(Qj,Tj) is nonincreasing in Qj.

Proof. We first prove part (1). We omit Qj in the related functions because it is given. From

Topkis (1998), it is sufficient to show that Ĝj(y,Tj) is submodular in y and Tj because Ĝj(y,Tj) is

convex in y (See Lemma 2 of Chao and Zhou 2005). As Tj−1 is given, to show the submodularity

of Ĝj on y and Tj , we need to show the submodularity of Ĝj on y and nj−1 as the change of Tj

has to be an integer multiple of Tj−1. Consider a set of reorder intervals Tj = (T1, T2, ..., Tj−1, Tj)

and Tj = nj−1Tj−1. Let Tj + 1
def
= (T1, T2, ..., Tj−1, (nj−1 + 1)Tj−1).

(Ĝj(y,Tj + 1))′ − (Ĝj(y,Tj))′

=
1

Qj((nj−1 + 1)Tj−1)

∫ Qj

0

(nj−1+1)Tj−1−1∑
τ=0

E

[
Gj−1

(
O∗j−1

[
y + x−D

[
Lj +

⌊
τ

Tj−1

⌋
Tj−1

)]
,Tj−1

)]′
dx

− 1
Qjnj−1Tj−1

∫ Qj

0

nj−1Tj−1−1∑
τ=0

E

[
Gj−1

(
O∗j−1

[
y + x−D

[
Lj +

⌊
τ

Tj−1

⌋
Tj−1

)]
,Tj−1

)]′
dx

=
1

Qj(nj−1 + 1)Tj

∫ Qj

0

E

[
nj−1Tj−1Gj−1

(
O∗

j−1 [y + x−D [Lj + nj−1Tj−1)] ,Tj−1

)

−
nj−1Tj−1−1∑

τ=0

Gj−1

(
O∗j−1

[
y + x−D

[
Lj +

⌊
τ

Tj−1

⌋
Tj−1

)]
,Tj−1

)]′
dx

=
1

Qj(nj−1 + 1)Tj

qj−1−1∑
z=0

E

[
TjQj−1Ĝj−1 (min {rj−1(Tj−1), y + zQj−1 −D [Lj + nj−1Tj−1)} ,Tj−1)

−
Tj−1∑
τ=0

Qj−1Ĝj−1

(
min

{
rj−1(Tj−1), y + zQj−1 −D

[
Lj +

⌊
τ

Tj−1

⌋
Tj−1

)}
,Tj−1

)]′

≤ 0.
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The inequality holds because D [Lj + nj−1Tj−1) is stochastically larger than D [Lj + b(τ/Tj−1)cTj−1)

for τ < Tj and Ĝj−1(y,Tj−1) is convex in y. Hence, Ĝj(y,Tj) is submodular in y and Tj , which

implies that rj(Tj) is nondecreasing in Tj .

We next prove part (2). We omit Tj in rj(Qj,Tj) and Ĝj function for all j because Tj is fixed.

Since Ĝj(y,Qj) is convex in y, it is sufficient to show that Ĝj(y,Qj) is supermodular in y and Qj .

For simplicity, we use Dj(τ) to represent D [Lj + bτ/Tj−1cTj−1). Note that

(Ĝj(y,Qj))′

=
1

QjTj

(Tj−1∑

τ=0

∫ Qj

x=0
E[hj(y + x−D[Lj + τ ]) + Gj−1

(
O∗

j−1 [y + x−Dj(τ)] ,Qj−1

)
dx

)′

=
1

QjTj

Tj−1∑

τ=0


hjQj +

qj−1−1∑

z=0

Qj−1E

[
Ĝj−1 (min {y + zQj−1 −Dj(τ), rj−1(Qj−1)} ,Qj−1)

]′
 .

Since Qj−1 is given, to show the supermodularity of Ĝj on y and Qj , we need to show the super-

modularity of Ĝj on y and qj−1

Let Qj + 1
def
= (Q1, ..., Qj−1, (qj−1 + 1)Qj−1) and Qj = qj−1Qj−1

(Ĝj(y,Qj + 1))′ − (Ĝj(y,Qj))′

=
1

(qj−1 + 1)QjTj

Tj−1∑

τ=0

(
E

[
(qj−1 + 1)Qj−1

(
Ĝj−1 (min {y + qj−1Qj−1 −Dj(τ), rj−1(Qj−1)} ,Qj−1)

)′

−
qj−1−1∑

z=0

Qj−1

(
Ĝj−1 (min {y + zQj−1 −Dj(τ), rj−1(Qj−1)} ,Qj−1)

)′])

≥ 0,

where the inequality follows from the convexity of Ĝj−1(y,Qj−1) in y and for any sample path

Dj(τ) = d,

min {y + qj−1Qj−1 − d, rj−1(Qj−1)} ≥ min {y + zQj−1 − d, rj−1(Qj−1)}

for z < qj−1. Thus, Ĝj(y,Qj) is supermodular in y and Qj and the result follows. ¤

We continue the proof of Proposition 4. Here, we only show detailed steps for a two-stage

system because a complete proof for the general N -stage system is quite lengthy. An interested

reader could request the complete proof from the authors.
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Let’s first prove part (1). Again, we omit Qj in the related cost functions. With some algebra,

we can show

Pj(y,Tj
j) =

1
QjTj

qj−1−1∑

z=0

Tj−1∑

`=0

E

[
Qj−1ĝj−1

(
min

{
y + zQj−1 −D[Lj), rj−1(T

j
j−1)

}
,Tj

j−1

)]

−ĝj−1(T
j
j−1)

where Tj
j−1 = (Tj , . . . , Tj) that has j − 1 dimensions, and

Pj(y,Tj)

=
1

QjTj

qj−1−1∑

z=0

Tj−1∑

`=0

E

[
Qj−1ĝj−1

(
min

{
y + zQj−1 −D

[
Lj +

⌊
`

Tj−1

⌋
Tj−1

)
, rj−1(Tj−1)

}
,Tj−1

)]

−ĝj−1(Tj−1).

To show Pj(y,Tj
j) ≤ Pj(y,Tj), it is equivalent to showing that, for j = 2, . . . , N ,

qj−1−1∑

z=0

Tj−1∑

`=0

E

[
ĝj−1

(
min{y + zQj−1 −D[Lj), rj−1(T

j
j−1)},Tj

j−1

)]

−
qj−1−1∑

z=0

Tj−1∑

`=0

E

[
ĝj−1

(
min

{
y + zQj−1 −D

[
Lj +

⌊
`

Tj−1

⌋
Tj−1

)
, rj−1(Tj−1)

}
,Tj−1

)]

≤ Tjqj−1ĝj−1(T
j
j−1)− Tjqj−1ĝj−1(Tj−1). (1)

Note that the right-hand side of the inequality in (1) is a constant for fixed Tj, and is independent

of y. We use the two-stage system with T1 = 1 and T2 = 2 to illustrate the idea. For convenience,

let r1 and r1 denote r1(1) and r1(2), respectively. Recall that

ĝ1(y, 1) =
1

Q1

Q1∑

x=1

E[h1(y + x−D[L1]) + (b + h[1,2])(y + x−D[L1])−],

and

ĝ1(y, 2) =
1

2Q1

Q1∑

x=1

1∑

`=0

E[h1(y + x−D[L1 + `]) + (b + h[1,2])(y + x−D[L1 + `])−]

=
1
2
[ĝ1(y, 1) + Eĝ1(y −D, 1)].

The inequality (1) can be written as

q1−1∑

z=0

(
Eĝ1(min{y + zQ1 −D[L2), r1}, 1)− Eĝ1(min{y + zQ1 −D[L2), r1}, 1)
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+Eĝ1(min{y + zQ1 −D[L2)−D, r1 −D}, 1)− Eĝ1(min{y + zQ1 −D[L2)−D, r1}, 1)

)

≤ q1

(
ĝ1(r1, 1)− ĝ1(r1, 1) + Eĝ1(r1 −D, 1)− ĝ1(r1, 1)

)
. (2)

Before we proceed, we need the result that both ĝj(y,Tj) and ĝj(y,Tj
j) are convex in y, for

j = 1, . . . , N . This can be easily shown by induction, so we omit the detailed steps here.

Now, we are ready to show (2). We first show that

q1−1∑

z=0

(
Eĝ1(min{y + zQ1 −D[L2), r1}, 1)− Eĝ1(min{y + zQ1 −D[L2), r1}, 1)

)

≤ q1(ĝ1(r1, 1)− ĝ1(r1, 1)). (3)

¿From Lemma , we have r1 ≥ r1 . Conditioning on D[L2) = d(L2), if y + zQ1 − d(L2) ≤ r1 or

y + zQ1 − d(L2) ≥ r1 for any 0 ≤ z ≤ q1, then

ĝ1(min{y + zQ1 − d[L2), r1}, 1)− ĝ1(min{y + zQ1 − d[L2), r1}, 1) ≤ ĝ1(r1, 1)− ĝ1(r1, 1),

because r1 minimizes ĝ1(y, 1). If r1 < y+zQ1−d(L2) ≤ r1, then ĝ1(y+zQ1−d(L2), 1)− ĝ1(r1, 1) ≤
ĝ1(r1, 1) − ĝ1(r1, 1), because ĝ1(y, 1) is convex and is minimized at r1. Thus, the inequality holds

for any sample path of D[L2) and (3) follows.

We next show that

q1−1∑

z=0

(
Eĝ1(min{y + zQ1 −D[L2)−D, r1 −D}, 1)− Eĝ1(min{y −D[L2)−D, r1}, 1)

)

≤ q1(Eĝ1(r1 −D, 1)− ĝ1(r1, 1)). (4)

For any sample path D = d and D[L2) = d(L2) (note that these two random variables are inde-

pendent), we consider the following four different cases for any given 0 ≤ z ≤ q1.

Case 1. If y + zQ1 − d(L2)− d ≤ min{r1 − d, r1},

ĝ1(min{y + zQ1 − d(L2)− d, r1 − d}, 1)− ĝ1(min{y + zQ1 − d(L2)− d, r1}, 1)

= 0

≤ ĝ1(r1 − d, 1)− ĝ1(r1, 1),

which follows from that r1 minimizes ĝ1(y, 1).
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Case 2. If y + zQ1 − d(L2)− d > max{r1 − d, r1},

ĝ1(min{y + zQ1 − d(L2)− d, r1 − d}, 1)− ĝ1(min{y + zQ1 − d(L2)− d, r1}, 1)

= ĝ1(r1 − d, 1)− ĝ1(r1, 1).

Case 3. If r1 − d ≤ y + zQ1 − d(L2)− d ≤ r1,

ĝ1(min{y + zQ1 − d(L2)− d, r1 − d}, 1)− ĝ1(min{y + zQ1 − d(L2)− d, r1}, 1)

= ĝ1(r1 − d, 1)− ĝ1(y + zQ1 − d(L2)− d, 1) ≤ ĝ1(r1 − d, 1)− ĝ1(r1, 1),

where the inequality follows from the fact that r1 minimizes ĝ1(y, 1) and the convexity of ĝ1(y, 1).

Case 4. If r1 ≤ y + zQ1 − d(L2)− d ≤ r1 − d,

ĝ1(min{y + zQ1 − d(L2)− d, r1 − d}, 1)− ĝ1(min{y + zQ1 − d(L2)− d, r1}, 1)

= ĝ1(y + zQ1 − d(L2)− d, 1)− ĝ1(r1, 1) ≤ ĝ1(r1 − d, 1)− ĝ1(r1, 1),

where the inequality follows from r1 ≤ y + zQ1 − d(L2)− d ≤ r1 − d. Thus, (4) is true. With (3)

and (4), (2) immediately follows. This completes the proof for the two-stage system with T2 = 2.

Below we sketch the proof for the general T1 and T2 case. We need to show

q1−1∑
z=0

T2−1∑

`=0

E

(
ĝ1

(
min{y + zQ1 −D[L2), r1},T2

1

)
− ĝ1

(
min

{
y + zQ1 −D

[
L2 +

⌊
`

T1

⌋
T1

)
, r1

}
, T1

))

≤ q1T2(ĝ1(r1,T
2
1)− ĝ1(r1, T1)). (5)

The key to the proof is the following result:

ĝ1(y,T2
1) =

1
T2

T2−1∑

τ=0

Eĝ1

(
y −D

[⌊
τ

T1

⌋
T1

)
, T1

)
. (6)

Based on this, (5) can be equivalently written as

q1−1∑

z=0

T2−1∑

`=0

E

[
ĝ1

(
min{y + zQ1 −D[L2), r1} −D

[⌊
`

T1

⌋
T1

)
, T1

)

−ĝ1

(
min

{
y + zQ1 −D

[
L2 +

⌊
`

T1

⌋
T1

)
, r1

}
, T1

)]

≤ q1

T2−1∑

`=0

Eĝ1

(
r1 −D

[⌊
`

T1

⌋
T1

)
, T1

)
− q1T2ĝ1(r1, T1). (7)
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It should be noted that both sides of the inequality are based on the same function ĝ1(y, T1). Hence,

the proof of (7) can be carried out similarly to that of the case of T2 = 2, except that we have to

validate T2 inequalities here.

For the upper bound, we have actually verified it for T2 = 2 and one can follow an analogous

procedure to show P2(y,Q2,T2) ≤ P2(y,Q2,T1
2) for general T2.

We next prove part (2). We only prove the result with Tj = 1 for all j because the general Tj

case can be done in a similar way. In the following proof, without confusion, we omit Tj in the

cost functions.

It is sufficient to show the following:

1
Qj

Qj∑

x=1

E

[
gj−1,j

(
y + x−D[Lj),Q

j
j−1

)]
≤ 1

Qj

Qj∑

x=1

E

[
gj−1,j

(
y + x−D[Lj),Qj−1

)]
,

or

1
Qj

Qj∑

x=1

(
E

[
gj−1

(
Oj−1[y + x−D[Lj)],Q

j
j−1

)]
− E

[
gj−1

(
Oj−1[y + x−D[Lj)],Qj−1

)])

≤ 1
Qj

Qj∑

x=1

gj−1(rj−1 + x,Qj
j−1)− 1

Qj−1

Qj−1∑

x=1

gj−1(rj−1 + x,Qj−1), (8)

where Qj
j−1 = (Qj , . . . , Qj) that has j − 1 dimensions. Here, rj is the optimal reorder point when

Qi is set to be equal to Qj for i < j.

We use a two-stage system with Q1 = 1 and Q2 = 2 to illustrate the idea of the proof. The

inequality (8) reduces to the following:

1
2

2∑

x=1

E

[
g1

(
O1[y + x−D[L2)], 2

)]
− 1

2

2∑

x=1

E

[
g1

(
O1[y + x−D[L2)]

)
, 1

]

≤ 1
2

2∑

x=1

g1(r1 + x, 2)− g1(r1 + 1, 1),

or

Eĝ1

(
min{y −D[L2), r1}, 2

)
− 1

2

1∑

x=0

Eg1

(
min{y −D[L2) + x, r1}, 1

)

≤ ĝ1(r1, 2)− g1(r1 + 1, 1). (9)

Recall from Lemma that r1 +1 minimizes g1(y, 1) and r1 ≤ r1. We consider the following three

different cases for the sample path of D[L2) = d(L2).
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Case 1. For y − d(L2) ≤ r1 ≤ r1. In such a case, (9) becomes

g1(y − d(L2) + 1, 1) + g1(y − d(L2) + 2, 1)− g1(y − d(L2), 1)− g1(min{y − d(L2) + 1, r1}, 1)

≤ g1(r1 + 1, 1) + g1(r1 + 2, 1)− g1(r1 + 1, 1)− g1(r1 + 1, 1).

Because y − d(L2) + 1 < r1 + 1, we have g1(y − d(L2) + 1, 1) − g1(y − d(L2), 1) ≤ 0 ≤ g1(r1 +

1, 1)− g1(r1 + 1, 1). So we only need to show g1(y− d(L2) + 2, 1)− g1(min{y− d(L2) + 1, r1}, 1) ≤
g1(r1 + 2, 1)− g1(r1 + 1, 1). To prove this, we further consider two subcases:

• if y − d(L2) + 1 ≤ r1, then y − d(L2) + 2 ≤ r1 + 1. Thus, g1(y − d(L2) + 2, 1)− g1(min{y −
d(L2) + 1, r1}, 1) ≤ 0 ≤ g1(r1 + 2, 1)− g1(r1 + 1, 1).

• If y − d(L2) + 1 > r1, then r1 + 1 < y − d(L2) + 2 ≤ r1 + 2. Thus, g1(y − d(L2) + 2, 1) −
g1(min{y−d(L2)+1, r1}, 1) ≤ g1(r1 +2, 1)−g1(r1 +1, 1), where the inequality holds because

r1 + 1 is the minimizer of g1(y, 1).

Therefore, (9) holds true in this case.

Case 2. For r1 < y − d(L2) ≤ r1, (9) becomes

g1(r1 + 1, 1) + g1(r1 + 2, 1)− g1(y − d(L2), 1)− g1(min{y − d(L2) + 1, r1}, 1)

≤ g1(r1 + 1, 1) + g1(r1 + 2, 1)− g1(r1 + 1, 1)− g1(r1 + 1, 1).

This inequality clearly holds since r1 + 1 is the minimizer of g1(y, 1).

Case 3. For r1 ≤ r1 < y − d(L2), (9) becomes

g1(r1 + 1, 1) + g1(r1 + 2, 1)− g1(r1, 1)− g1(r1, 1)

≤ g1(r1 + 1, 1) + g1(r1 + 2, 1)− g1(r1 + 1, 1)− g1(r1 + 1, 1).

This inequality clearly holds since r1 + 1 is the minimizer of g1(y, 1). This completes the proof for

this special two-stage system.

Proposition 5 c̄j(Tj) is convex in Tj.
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Proof of Proposition 5

It suffices to show that ĝj(y,T1
j ) is jointly convex in y and Tj for all j. Again, we omit Qj in

rj(Qj,Tj) for simplicity. For j = 1,

ĝ1(y, T1) =
1

Q1T1

(
Q1∑

x=1

T1−1∑

τ=0

E[h1(y + x−D[L1 + τ ]) + (b + h[1,N ])(y + x−D[L1 + τ ]−]

)

=
1

Q1

Q1∑

x=1

E[h1(y + x−D[L1 + U(T1)]) + (b + h[1,N ])(y + x−D[L1 + U(T1)]−],(10)

in which U(T1) is a discrete uniform random variable over [0, T1 − 1]. By using Lemma 3.8 in

Shaked and Shanthikumar (1988), we can show that U(T1) is stochastically increasing and linear

in sample path (SIL(sp)) in T1 . Furthermore, since D[t] is the sum of t + 1 i.i.d. random demand,

D[t] is SIL(sp) in t (Shaked and Shanthikumar (1988), Example 4.3). Due to the preservation

property (Shaked and Shanthikumar (1994), Theorem 6 B.11), these two results together imply

that D[L1 + U(T1)] is SIL(sp) in T1.

Under continuous approximations of demand and T1, the cumulative demand term D[L1 +

U(T1)] becomes a continuous random variable D[L1 +u(0, 1)T1), where u(0, 1) denotes the uniform

distribution over [0, 1]. It follows immediately that the function within summation of (10) is jointly

convex in y and T1 by Lemma 5 and Theorem 6 in Rao (2003) and so is ĝ1(y, T1).

For j > 1, let 1j−1 = (1, 1, ..., 1) with j − 1 dimensions. Note that

ĝj(y,T1
j ) =

1
QjTj

( Qj∑

x=1

Tj−1∑

τ=0

E[hj(y + x−D[Lj + τ ]) + gj−1,j(y + x−D[Lj + τ),1j−1)]

)

=
1

Qj

Qj∑

x=1

E[hj(y + x−D[Lj + U(Tj)]) + gj−1,j(y + x−D[Lj + U(Tj)),1j−1)]

=
1

Qj

qj−1−1∑

z=0

E

[Qj−1∑

x=1

hj(y + zQj−1 + x−D[Lj + U(Tj)])

+ĝj−1(min{y + zQj−1 −D[Lj + U(Tj), rj−1(1j−1)},1j−1)

]
.

Again, D[Lj +U(Tj)) is SIL(sp) in Tj . Under continuous approximations, E[ĝj−1(min{y + zQj−1−
D[Lj +U(Tj), rj−1(1j−1))},1j−1)] is jointly convex since ĝj−1(y,1j−1) is convex in y and minimized

at rj−1(1j−1). Thus, ĝj(y,T1
j ) is jointly convex in y and Tj .

Proposition 6 For j = 1, ..., N ,
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(1) Ĝ`
j(y,Qj , Tj) + πj ≤ Ĝj(y,Qj,Tj) ≤ Ĝu

j (y, Qj , Tj) + πj .

(2) r`
j(Qj , Tj) ≤ rj(Qj,Tj) ≤ ru

j (Qj , Tj).

(3) Ĝ`
j(Qj , Tj) + πj ≤ Ĝj(Qj,Tj) ≤ Ĝu

j (Qj , Tj) + πj.

(4) Ĝ`
j(Qj , Tj) and Ĝu

j (Qj , Tj) are jointly convex and increasing in Qj and Tj.

Proof of Proposition 6

Parts (1)-(3) are a generalization of Theorem 4 in Shang and Song (2007). One can apply the same

technique to show these results. We only show part (4).

Ĝ`
j(y, Qj , Tj) =

1
QjTj

Tj−1∑

τ=0

Qj∑

x=1

E[hj(y + x−D[L[1,j] + τ ])+ + (b + h[j+1,N ])(y + x−D[L[1,j] + τ ])−]

=
1

Qj

Qj∑

x=1

E[hj(y + x−D[L[1,j] + U(Tj)])+ + (b + h[j+1,N ])(y + x−D[L[1,j] + U(Tj)])−],

where U(Tj) is a discrete uniform random variable over [0, Tj − 1]. Applying the same analysis in

the proof of Proposition 5, D[L[1,j] + U(Tj)] is SIL(sp) in Tj .

We approximate y, Qj , and Tj as continuous variables. That is,

Ĝ`
j(y, Qj , Tj) = E[hj(y + v(0, 1)Qj −D[L[1,j] + u(0, 1)Tj ])

+(b + h[j,N ])(y + v(0, 1)Qj −D[L[1,j] + u(0, 1)Tj ])−],

where both v(0, 1) and u(0, 1) are uniform random variables over (0, 1).

To show this result, we only need to show Ĝ`
j(y, Qj , Tj) is jointly convex. With any given sample

path of v(0, 1) = v, y + vQj is linear. Again, analogous to the proof of Proposition 5, the function

is convex in y, Qj and Tj . After taking expectation over v(0, 1), the resulting Ĝ`
j(y,Qj , Tj) is also

convex. Similarly, we can prove the convexity of Ĝu
j (y, Qj , Tj) in the same way.

For the monotonicity in Qj (Tj), it can be proved by taking the difference of Ĝ`
j(y,Qj , Tj) over

Qj (Tj). We below show that Ĝ`
j is increasing in Tj . In such case, Qj is given, so we omit it in the

cost function.

Ĝ`
j(r

u
j (Tj), Tj)− Ĝ`

j(r
u
j (Tj − 1), Tj − 1)

≥ Ĝ`
j(r

u
j (Tj), Tj)− Ĝ`

j(r
u
j (Tj), Tj − 1)
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=
1

Qj

Qj∑

x=1

{
1
Tj

Tj−1∑

`=0

E

[
hj(ru

j (Tj) + x−D[L[1,j] + `])+ + (b + h[j+1,N ])(r
u
j (Tj) + x−D[L[1,j] + `])−

]

− 1
Tj − 1

E

Tj−2∑

`=0

[
hj(ru

j (Tj) + x−D[L[1,j] + `])+ + (b + h[j+1,N ])(r
u
j (Tj) + x−D[L[1,j] + `])−

]}

=
1

QjTj(Tj − 1)

Qj∑

x=1

E

[
Tj(hj(ru

j (Tj) + x−D[L[1,j] + Tj − 1])+

+(b + h[j+1,N ])(r
u
j (Tj) + x−D[L[1,j] + Tj − 1])−)

−
Tj−1∑

`=0

[
hj(ru

j (Tj) + x−D[L[1,j] + `])+ + (b + h[j+1,N ])(r
u
j (Tj) + x−D[L[1,j] + `])−

]]
≥ 0.

The last inequality is due to the fact that ru
j (Tj) is the minimizer of Ĝ`

j . By taking the difference

of Ĝ`
j(y, Qj , Tj) over Qj , one can prove that Ĝ`

j(y, Qj , Tj) increases in Qj .

The monotonicity for Ĝu
j (y, Qj , Tj) can be similarly proved.
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