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In most retail environments, when inventory runs out, the unmet demand is lost and not observed. The sales data are
effectively censored by the inventory level. Factoring this censored data effect into demand estimation and inventory control
decision makes the problem difficult to solve. In this paper, we focus on developing bounds and heuristics for this problem.
Specifically, we consider a finite-horizon inventory control problem for a nonperishable product with unobserved lost sales
and a demand distribution having an unknown parameter. The parameter is estimated sequentially by the Bayesian updating
method. We first derive a set of solution upper bounds that work for all prior and demand distributions. For a fairly
general monotone likelihood-ratio distribution family, we derive relaxed but easily computable lower and upper bounds
along an arbitrary sample path. We then propose two heuristics. The first heuristic is derived from the solution bound
results. Computing this heuristic solution only requires the evaluation of the objective function in the observed lost-sales
case. The second heuristic is based on the approximation of the first-order condition. We combine the first-order derivatives
of the simpler observed lost-sales and perishable-inventory models to obtain the approximation. For the latter case, we
obtain a recursive formula that simplifies the computation. Finally, we conduct an extensive numerical study to evaluate and
compare the bounds and heuristics. The numerical results indicate that both heuristics perform very well. They outperform

the myopic policies by a wide margin.
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1. Introduction

A key assumption in the classic inventory control model is
that the demand distribution is known a priori. However, in
reality, this information is usually not available. To estimate
the unknown demand distribution parameters, one needs to
rely on the historical sales data. Such estimation works well
when the sales data reflect the real demand, but in most
retail environments, when inventory runs out, the unmet
demand is lost and not observed. In other words, the sales
data are censored by the inventory level. If the censored
data are not factored into the estimation procedure, then the
demand estimate will be biased low (see Nahmias 1994).
Worse, if the low demand estimate is subsequently used
to determine an inventory-stocking decision, the resulting
inventory level will also be biased low, and thus lead to
more lost sales and an even lower future demand estimate.
To avoid this potential vicious cycle, it is thus important to
take into account the censored data effect in the demand
estimation and inventory control decisions.

In this paper, we consider a finite-horizon inventory
control problem for a nonperishable product with unob-
served lost sales and a demand distribution having an
unknown parameter. This problem can be formulated as
a Bayesian dynamic program. Under the formulation, the
demand parameter is sequentially updated according to
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the Bayes rule. When lost sales are observed, a common
approach in the literature is to assume that the prior distri-
bution belongs to a conjugate family. The prior distribution
can be characterized by one or two sufficient statistics, and
thus the dimensionality of the problem can be reduced. For
certain conjugate families, the dimensionality can be fur-
ther reduced by a state-space reduction technique developed
by Scarf (1960) and Azoury (1985). Under suitable condi-
tions, Lovejoy (1990) has shown that the Bayesian dynamic
program can be simplified to a single-period optimization
problem. However, when lost sales are not observed, these
techniques are generally not applicable because the censor-
ing destroys the conjugate prior distribution structure (see
Braden and Freimer 1991). One of the few known excep-
tions is the gamma-Weibull family, for which Lariviere and
Porteus (1999) have shown that the dimensionality of the
problem can be reduced, and thus the exact solution is
computable. For all other cases, it remains a challenge to
compute the exact optimal solution. In this paper, we focus
on developing bounds and heuristics for this problem.
There are a few existing bound results in the litera-
ture. Chen and Plambeck (2008) and Chen (2009) have
shown under a general demand distribution that the opti-
mal solution is bounded below by the optimal solution in
the observed lost-sales case. Lu et al. (2005b) have derived
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an upper bound for the optimal solution based on the first-
order condition. Their upper bound result works for certain
prior and demand distributions but not for all distributions
(see §4.1 for a discussion). Can we construct a more gen-
eral upper bound? If so, can we use it to design a heuristic
policy? And how much improvement can we get from these
heuristic policies over the myopic policies? These are the
questions we seek to address in this paper.

Our contributions to the literature are threefold. First, we
prove a sequence of lower and upper bounds for the value
function of the Bayesian dynamic program. These results
reinforce the intuition that (1) a system with observed lost
sales achieves better performance than a system with unob-
served lost sales (value of information), and (2) a system
with Bayesian updating achieves better performance than
a system without Bayesian updating (value of learning).
Based on the value function bounds, we derive a sequence
of solution upper bounds. These upper bounds work for all
prior and demand distributions. For a fairly general mono-
tone likelihood-ratio distribution family, we further develop
relaxed but easily computable lower and upper bounds for
the optimal solution along an arbitrary sample path.

Second, we propose two heuristics. The first heuristic
is derived from the solution bound results. Computing this
heuristic solution only requires the evaluation of the objec-
tive function in the observed lost sales; but one needs to
choose a weighting parameter based on judgment or expe-
rience. The second heuristic is based on the approxima-
tion of the first-order condition. We combine the deriva-
tives of two simplified cases to obtain the approximation.
These two simplified cases are: the observed lost-sales case
(which captures the inventory carryover effect but ignores
the censored data effect) and the perishable-inventory case
(which ignores the inventory carryover effect but captures
the censored data effect). Whereas it is fairly straightfor-
ward to compute the derivative in the observed lost-sales
case (Scarf 1959), computing the derivative in the per-
ishable inventory case remains difficult (see Harpaz et al.
1982; Lariviere and Porteus 1999; Ding et al. 2002; Lu
et al. 2005a, 2008). To overcome this difficulty, we obtain a
recursive formula for the derivative in the perishable inven-
tory case. This new formula simplifies the computation, and
therefore we can use it to compute the heuristic solution
from the approximate first-order condition. This heuristic
method is more robust than the first one because there is
no need for choosing an ad hoc weighting parameter.

Third, we conduct an extensive numerical study to eval-
vate and compare the bounds and heuristics developed in
this paper. Our numerical results indicate that the solu-
tion lower bound obtained by Chen and Plambeck (2008)
and Chen (2009) is consistently tighter than the solution
upper bounds. We also compare our solution upper bounds
with that of Lu et al. (2005b). We find that their upper
bound, when it exists, falls in-between the most and the
least tight upper bounds of ours in all cases. The heuristic
suggested by Lu et al. (2005b) is a weighted average of

the solution upper bound and lower bound. With a prop-
erly chosen weighting parameter, their heuristic is essen-
tially the same as the first heuristic proposed in this paper.
Our numerical results indicate that under a carefully cho-
sen weighting parameter, the weighted-average heuristic is
near optimal in all cases (within 0.04%), but the second
heuristic obtained from the approximate first-order condi-
tion is even better (within 0.01%). Finally, we compare
the heuristic policies with three myopic policies. The three
myopic policies are defined as follows: Myopic-1 employs
the Bayesian updating method and accounts for the cen-
sored data effect, Myopic-2 employs the Bayesian updating
method but ignores the censored data effect, and Myopic-3
is a static policy with no Bayesian updating. The numerical
results show that the heuristics outperform all three myopic
policies, and the magnitude of improvement increases in
the level of prior uncertainty. In addition, the results sug-
gest that employing Bayesian updating as well as factoring
the censored data effect into the estimation procedure can
greatly improve system performance.

The rest of this paper is organized as follows. Section 2
introduces the problem formulation. Section 3 contains the
value function bound results. The solution upper bounds are
derived in §4. In §5, we develop two heuristics. Numerical
results of the bounds and heuristics are presented in §6.
Section 7 concludes the paper. All proofs are presented in
the appendix.

2. Problem Formulation

Consider a periodic-review inventory control problem for
a single product. The product is stocked and sold for T
periods. At the beginning of each period ¢t (r=1,...,T),
an inventory level y is chosen to minimize the total
inventory-holding and stockout penalty costs. The produc-
tion lead time is assumed to be negligible, so the inventory
level is achieved immediately after the decision. The prod-
uct is nonperishable, so leftover inventory can be used to
satisfy demand in subsequent periods.

At the end of each period, a unit holding cost A or a
unit penalty cost p is charged for any leftover or shorted
inventory, respectively. The purchase cost of the product is
omitted in our formulation because it can be normalized
to zero with the standard technique of Heyman and Sobel
(1984). The terminal value at the end of the planning hori-
zon is assumed to be zero. For any nonzero convex terminal
value function, our results remain valid if the last-period
cost function is properly adjusted.

The demands in each period, denoted by X,, are inde-
pendently and identically distributed with a common, gen-
eral probability density function. This function, denoted by
f(x|8), has an unknown parameter 6, with 6 € 0. Also, let
F(x | 6) denote the cumulative distribution function (CDF)
and F(x|0)=1— F(x|6) the complement CDF.

At the beginning of each period ¢, the unknown param-
eter 6 is subject to a prior distribution ,(6). We will
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use 7, and ,(6) interchangeably when the meaning is
clear from the context. The predictive demand density in
period ¢ given the prior distribution 7, is defined as

m(x|m)= [ (x| 6)m,(6) db. (1)

Given the inventory level y and demand x, the cost function
in a period is defined as

c(y—x)=h(y—x)"+p(y—x)"
=h-max(y — x,0) + p-max(x —y, 0).

The expected cost in a period can then be written as

COI ) =Ex, e = X)) = [ ety —0m(x | m) dx.

From the prior distribution r,, the posterior distribution
7,,, can be updated based on the observation of the random
demand X,. If an exact demand x is observed, i.e., X, = x,
then based on Bayes rule, we have

f(x[0)m,(6)
Jo f(x |0 (6)d6"

For ease of notation, we will use ,, (6 | 7,, x) as short-
hand for (6 | m,, X, = x) when the meaning is clear
from the context.

If a censored demand x is observed, which means the
actual demand X, can be greater than or equal to x, i.e.,
X, > x, then based on Bayes rule, we have

7Tt+1(0 | s XI :x) =

@

F(x|0)m,(6)

0|, X, >x)=—— )
7Tt+l( |7Tz t )C) f@)F(x|9’)7T,(0’)d0’

©)

Below we consider two scenarios depending on whether
or not lost sales are observed.

2.1. Bayesian Updating with
Observed Lost Sales

When lost sales are observed, the demand observation is
always exact. To distinguish this case from the unobserved
lost-sales case, let us add a superscript “o” (stands for
“observed”) to all corresponding dynamic programming
value functions and optimal solutions. Specifically, for r =
1,..., T, the optimality equations with observed lost sales
are given by

Vi (z|m) =min{G7 (| )}
=min{C(y| 7) + By, {Vi (= X))
| 7 (L, XY ()

with the terminal value V7, ,(-|-) =0 and 7,,(-| 7, X,)
as defined in (2). The optimal solution is denoted by
¥2(z | m,). It is known that G°(y | 7r,) is convex in y (Scarf
1959).

2.2. Bayesian Updating with
Unobserved Lost Sales

When lost sales are not observed, demand information X,
is censored by the inventory level y. Let us use the nota-
tion X, Ay to indicate that X, is censored by inventory
level y. Given an observation X, Ay = x, if x <y, then
it is equivalent to the event X, = x; otherwise, if x =y,
then it is equivalent to the event X, > y. Thus, the posterior
distribution given an observation X, Ay =x is

ma0|m,. X, =x) ifx<y,

7T[+1(9|7T[,X;/\y:x)= 7Tt+](9|7T[7Xt>y) ifx:y,

where (0 | 7,, X, =x) and 7, (0 | 7, X, > y) are
defined in (2) and (3), respectively. In this unobserved
lost-sales case, the optimality equations are given by, for
t=1,...,T,

Vi(z| 7Tt)=r§1>i?{Gt(y | )}
=r§1>1n{C(y | ) +EX,\77,{Vt+1((y -X,)"

| 7Tt+l(' | s Xt /\)’))}}, (5)

with the terminal value V(- | -) = 0. The optimal solution
in this case is denoted by y’(z | m,). From (5), we can
see that the inventory-level decision y influences not only
the on-hand inventory of the subsequent period, but also
the posterior distribution of the future periods. Due to this
added complexity, the convexity of the Bayesian dynamic
program is difficult to establish.

3. Bounds for the Value Function

In this section, we develop bounds for the value function
of for the Bayesian dynamic program (5). Let us first intro-
duce two key observations in the following lemma:

LEMMA 1. For t =1, ...,
holds:

(a) EX,\#,{C(Z | 7Tr+l(' | T, X, /\)’))} = C(Z | Wt);

) Vi | mn( | 7.X, 2 y) 2 Ex i {Vi(z |
7Tt+1(' | s Xt)) | Xr 2 y}-

Part (a) of Lemma 1 is essentially a special case of
the law of total expectation under Bayesian updating
with unobserved lost sales. Part (b) shows that censoring
increases expected cost under Bayesian updating. In other
words, censoring makes the observation less informative,
and thus reduces the value of information. This result is
essentially in the same vein as the concavity theorem of
Bayes risk (DeGroot 1970, p. 125).

It is useful to consider two variant cases of demand
updating here. First, let us consider the case when lost
sales are initially not observed, but become observable from
period i (1 <i< T+ 1) onwards. Let V,l’ denote the value

T, y>20, >0, the following
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function in this case. The corresponding dynamic program-
ming equations are given by

Vi(z|m) = Tgy{Gf’(y | 7,)}

min{C(y | 7) + Ex, i (Vi (0 = X))
= | 7Tt+1(.|7Tz’X1/\y))}} 1ft<l,

min{Gy(y [ m)} =V/(c|m) if1>1,

where G¢(y | m,) is given in (4). From the above defini-
tion, for 1 > i, G¥(y | m,) = G?¢(y | m,). Furthermore, when
i = T, which means lost sales are not observable until period
T, we recover the original problem (5), i.e., G/ y|m)=
G,(y|m).

Second, let us consider the case in which Bayesian
updating stops from period i onwards and a stationary
order-up-to policy is used in the ensuing periods. Let V"
denote the value function in this case. The corresponding
dynamic programming equations are

Vtu[ (Z | 7Tr) = I)IE?{G?‘ (y | 7Tt)}

min{C(y | m,) +Ey, |- Vi (= X)"
_ |7 (7, XA if e <, (6)

(T—t+1) -m>in{C(y |7,)} ift>i.
y=22

From the above definition, we observe that for ¢ > i, G;' (¥ |
)= (T —t+1)-C(y| ). Furthermore, when i = T,
which means Bayesian updating is carried on until period 7',
we recover the original problem (5), ie., G/ (y | m,) =

G,(y|m).

ProposiTION 1. For t=1,...,T, y 20, z >0, the follow-
ing holds:

@ GO |m) =Gy |m) > >G6"(|m) >
Gr(y| m)=Gi(y|m): ,

O Ve[ m)=Vi@|m) =2V m) >
Vi'(z|m) =V (z|m);

© Gulm)=G"(y|m) < <G (y]|m) <
G;{I(y | 7Tt) = (T_t+ 1) . C(y | 7Tt);

@ V| m) =V |m) < <V"(z|m) <
Vi'(z|m)=(T —t+1)-min {C(y|m)}.

Proposition 1 establishes a sequence of bounds for the
objective (value) function of the Bayesian dynamic pro-
gram (5): The lower bounds are the objective (value) func-
tions when lost sales are assumed to be observable after a
certain future period; and the upper bounds are the objec-
tive (value) functions when Bayesian updating stops after
a certain future period. When z < argmin, o{C(y | 7,)},
the rightmost of the inequalities in Proposition 1(d) is
equivalent to the value function without Bayesian updat-
ing. These results reinforce the intuition that: (1) a system
with observed lost sales achieves better performance than

a system with unobserved lost sales (value of information);
and (2) a system with Bayesian updating, regardless of
whether lost sales are observed or not, achieves better per-
formance than a system without Bayesian updating (value
of learning).

4. Bounds for the Optimal Solution

Under a general discrete-demand distribution, Chen and
Plambeck (2008) have shown that the optimal solution
to (5) is bounded below by the optimal solution in
the observed lost-sales case. A proof for the general
continuous-demand distribution is given by Chen (2009).
The following proposition restates their result:

PrOPOSITION 2 (CHEN AND PLAMBECK 2008, CHEN 2009).
Given the same starting inventory and the same prior
distribution, the optimal solution to the unobserved
lost-sales problem (5) is bounded below by the optimal
solution to the observed lost-sales problem (4), i.e.,
yizlm)zy(z|m).

The lower bound y?(z | 7,) is easy to compute, ben-
efiting from two facts: first, the corresponding Bayesian
dynamic program is convex; and second, for a fairly broad
class of conjugate prior distribution families, the state-space
reduction technique developed by Scarf (1960) and Azoury
(1985) is applicable. In the following, we will focus on
deriving upper bounds for the optimal solution.

4.1. Upper Bounds for the Optimal Solution

Intuitively, if we can find an inventory level such that any
excess over this limit will result in an expected cost higher
than the optimal cost, then we know this limit must be an
upper bound to the optimal solution. Following this idea,
with the aid of the value function bounds derived in Propo-
sition 1, we can construct a sequence of upper bounds for
y(z|,) as given below:

ProprosITION 3. The optimal solution to the unobserved
lost-sales problem (5) is bounded above by y;(z | m,)
(t<i<T), with y/(z | m,) determined by solving the
equation

Gl(y|m)=V/ (z|m), st yzy(z|m),

where V" (z | m,) is defined in (6). Furthermore, the upper
bounds satisfy v, (z| m,) <y (z | m,) for t <i<T.

By solving the equation given in Proposition 3, we have
for any y > y/'(z| m,),

G,(y|m)>Gl(y|m)> G/ | m)

=V/(z|m) 2 V(| m),
where the first and last inequalities follow from the bound
result of Proposition 1 and the second inequality fol-
lows from the convexity property of G?(y | 7,). Therefore,

we know that y;"(z | 7r,) must be an upper bound for the
optimal solution y’(z | ,).
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Figure 1. Mlustration of the lower and upper bounds for
optimal inventory level.
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A visual illustration of the upper bounds of Proposi-
tion 3 is given in Figure 1, where we show two upper
bounds y;" (0| 7r,) and y,” (0| 7,) as well as the lower bound
¥? (0| 7,). From Proposition 1, we know that as i increases
from ¢ to T, the value function upper bound V/(z | ,)
becomes tight. Therefore, the resulting solution upper bound
from solving the equation of Proposition 3 will also be tight,
but the computational complexity will increase as well. The
easiest case to compute is when i = t, i.e., V" (z|m,) =
(T —t+1)-min_{C(y | m,)}, where we only need to solve
a single-period optimization problem.

Lu et al. (2005b) have suggested an alternative solution
upper bound based on the lower bound of the first-order
derivative dG,(y | 7,)/dy. Specifically, they show that

dG,(y|m) _ dC(y|m)
dy ~ dy

F[Vi1 M) =G (i, () [ m)Im(y | ),
Where~77 = 7Tt+l(0 | T, X, = y)7 7= 7Tt+1(9 | 7, X, 2 y)v
and G, (y;, (@) | m) is the expected cost when an
“optimal” inventory policy y;, (7') determined by the
starting prior 7’ is employed along the sample path, but
the demand process evolves according to another starting
prior 7. Note that we use the bold font y; , to denote the
inventory policy (as opposed to the single-period inventory
decision) employed along the sample path. As is expected,
it is generally difficult, if not impossible, to compute the
term é,+1(y;‘+1(77’) | 77). Therefore, Lu et al. (2005b) pro-
pose to use the following relaxed lower bound instead:

dG,(y|m,)
dy

> dC(y|m,)
dy

+ Vi (0] 7)-m(y|m)

V0| m)- [ Fx|0)m(6) d@-r;leaé({f(yle) }

F(y]9)

The problem with this relaxation is that the term
maxy.e{f(y | #)/F(y | 6)} is not guaranteed to be finite
when O is a continuous set like ® = [0, c0). For example,
under the gamma-exponential conjugate prior distribu-
tion family, maxsee{f(y | 0)/F(y | 6)} = max,., {6} = oo,
which makes their method inapplicable. In contrast, our
upper-bound result given in Proposition 3 works for all
prior and demand distributions.

4.2. Solution Bounds on a Sample Path

According to Propositions 2 and 3, we can compute
the lower and upper bounds by solving a correspond-
ing Bayesian dynamic program with observed lost sales.
As discussed earlier, for certain conjugate families, we
can employ the state-space reduction technique to simplify
the computation. However, in many cases, this technique
becomes inapplicable after the first censored observation
because the censoring destroys the conjugate prior struc-
ture. In this section, we develop relaxed bounds that
can be computed by the state-space reduction technique
after a censored observation. Let us first introduce a few
definitions:

Likelihood-Ratio Ordering. Let f(x) and g(x) denote
two probability density distributions. We say that f is
greater than g in likelihood ratio, denoted by f >, g, if,
for all x > ', f(x)/g(x) = f(x')/8(x').

First-Order Stochastic Dominance (FSD). We say that
f dominates g under first-order stochastic dominance,
denoted by f >, g, if, for all y, f;of(x) dx > f:o g(x) dx.
It is known that likelihood-ratio ordering implies first-order
stochastic dominance (Ross 1983).

Monotone Likelihood Ratio (MLR). A distribution fam-
ily f(-| 6) parameterized by a parameter 6 is said to have
monotone likelihood ratio if f(- | 6) >, f(- | €) for all
0 > 0'. Distributions possessing this property include the
normal with known variance, the binomial, the Poisson, the
gamma, the Weibull with known shape parameter, and other
less-common distributions (see Karlin and Rubin 1956).
Note that 6 is an arbitrary parameter; it does not have to
be the mean of the distribution—for example, it could be
the scale parameter in the gamma distribution.

For the monotone likelihood-ratio demand distributions,
the following lemma establishes the stochastic ordering of
the posterior distributions defined in (2) and (3) and the
predictive demand distribution defined in (1):

LEMMA 2. If f(x | 6) satisfies the monotone likelihood-
ratio property, the following holds:

(a) 7Tt+](0 | m, X, = )C|) 2R 7Tt+l(0 | m, X, = xz) Jfor
all x, 2 x, 2 0;

(b) 7Tt+1(0 | m, X, 2 x) 2R 7T[+l(0 | m, X, = x) Jor all
x=0;

(c) if m(0) Z.p m/(0), then m (0|7, X, =x) >z
(0] 7, X, =x) for all x 2 0;

(d) if m,(0) 2, 7(0), then m(x | m,) Zps m(x | ).
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Part (d) of the above lemma is a generalized version of
the result of Ding et al. (2002, Proposition 1). For mono-
tone likelihood-ratio demand distributions, these results
indicate that the posterior distribution after Bayesian updat-
ing is likelihood-ratio increasing in the value of the demand
observation; and the posterior distribution with a censored
observation is larger in likelihood ratio than that with an
exact observation. From the lemma, we can establish the
following monotonicity result for the optimal solution in
the observed lost-sales case:

PROPOSITION 4. Assume that f(x | 6) satisfies the mono-
tone likelihood-ratio property. Given two prior distributions

7,(6) and w(0) subject to w,(0) =, m,(0), the optimal
solutions to the observed lost-sales problem (4) satisfy
yi(z|m) 2y (z | ).

The above proposition generalizes the result of Eppen
and Iyer (1997, Theorem 4) to demand distributions that
possess the monotone likelihood-ratio property. It shows
that for monotone likelihood-ratio demand distributions,
when lost sales are observed, the optimal Bayesian inven-
tory level is increasing in the likelihood-ratio ordering of
the prior distribution.

A relaxed lower bound for the optimal solution with
unobserved lost sales can be derived based on the above
proposition. The idea is the following: Whenever we have
a censored observation x, if we treat it as an exact obser-
vation, then 7, (0 | 7, X, > x) 2,z 7, (0 | 7, X, = x)
(Lemma 2b). By Proposition 4, it follows that y? ,(z |
7Tt+l(' | 77'f’Xt > x)) > yto+1(Z | 7Tt+l(' | 7Tt’Xt = x)) Then’
according to Proposition 2, we have

Y@l g |, X, = x)

Y@l m (|, X, =x)).

y,*H(z | 7Tt+1(' |7, X, >2x)) >
=

Thus, y?,,(z | 7, (- | m,, X, = x)) is a relaxed lower bound
for yi\ i (z | oy (- | 7, X, 2 X)).

In general, given ¢ observations X; Ay, =x; (1 <i<1),
according to Bayes’ rule, the posterior dlstrlbutlon is
given by

w07, XAy =x,1<i<1t)

_ Hie{x,v<y,-} f('xi | 0) : nie{x,:yi} F_('xi | 0) : 77-1(0)
f@ l_[ie{x[<y,-} f('xi | 0/) ' Hie{x;:yl} F(xi | 0,) © Ty (0,) do’

Because the expression has a product form, we note that
7,4, does not depend on the sequence order of the past
observations X; Ay, = x;.

PROPOSITION 5. Assume that f(x | 6) satisfies the mono-
tone likelihood-ratio property. Given t observations
X, Ay, =x; (1 <i<t), the optimal solution to the unob-
served lost-sales problem (5) is bounded below by y?, (z |
m), where m =, (-| 7, X;=x;, 1 <i<1).

The above proposition shows that for monotone
likelihood-ratio demand distributions, the lower bound of
Proposition 2 can be relaxed by treating all observations
along the sample path as exact observations.

Now, let us turn to the computation of an upper
bound on a sample path. Given the posterior ,, , =
(07, X; Ay, =x;, 1 <i<1), let us define a relaxed
objective function in the observed lost-sales case as follows:

Gl (| ) =C|my)
+EX1 z+1‘771{ +2(0| t+2( |7Tl7
X X)) [ XAy =x, 1<t} (7)

In this function, the posterior 7, , in the value function

Ve,(0| m,,,) treats all past observations as exact obser-
vations. Therefore, the state-space reduction technique can
continue to apply to the computation of V?,(0 | m,,,).
Based on this relaxed objective function, the upper bound
result of Proposition 3 can be extended:

PROPOSITION 6. Suppose that w,, =, (0|7, X, Ay, =
x;, 1 <i<t). Then, the following holds: G;’;l(y | 7,,) <

G/ (y | 7)., where G7_ (y | m,,) is the objective
function in the observed lost-sales case (4). Also, the
optimal solution to the unobserved lost-sales problem (5)
lS bounded above by y,+l(z | my) (t <i<T) with
y,H (z|,,,) determined by solving the equation

z+1(y | 7Tt+l) = t+l(Z | 7Tt+l) st. y2 yza/+1(z | 7Tr+1)~

The upper bounds satisfy y, )<
t<i<T.

yt+1(Z | 7Tt+l) for

Below we choose the gamma-gamma distribution (Scarf
1960) as an example to illustrate how to calculate
the relaxed lower and upper bounds using the state-
space reduction technique. Extending the calculation to
other suitable distributions identified by Azoury (1985) is
straightforward.

4.3. The Gamma-Gamma Example

Suppose that demand is gamma distributed with known
shape parameter k > 0 and unknown scale parameter 6
(which satisfies the monotone likelihood-ratio property).
The probability density function is given by

kak’le"”‘

f(x|9)=w

Furthermore, suppose that the initial prior on 6 has a
gamma distribution with shape parameter a and scale
parameter S, which is given by

Saea—le—f)s

™ (0) = T(a)
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Given exact demand observations x,, ..., x,, it iS easy to
show that the posterior distribution 7, () is a gamma
distribution with shape parameter a,,; = a + kt and scale
parameter S, =S+ " j=1 X;. Define the normalized pre-
dictive demand density in period ¢ as

I'k+a,) xk-!
T(k)T(a,) (1+x)+e

When lost sales are observed, Scarf (1960) has shown
that the problem can be reduced to the following one-

b, (x) = ®)

dimensional dynamic program: for t =1,..., 7,

v/ (2)

— 1 * o (y )

—m>1n Lt(y)+ (1+x)vt+l 1 d) ( )dx (9)
y2z 0 +

with v, () = 0, and L,(y) = E,, {e(y - X,)}. Let 5(2) be
the optimal solution to the above dynamic program. The
optimal solution to the original problem is simply y?(z | 7,)
=S, -y%(z/S,), and the value function is V°(z | m,) =S,
v/ (z/S,)-

Now, consider the case when lost sales are not observed.
Given t observations X; Ay, =x; (1 <i < t). By Proposi-
tion 5, the lower bound for ym(z | 7,.,) is simply S, -
yt+1(Z/St+l) with St+l =5+ Z] 1 j’ and ytv+l(z/St+l) is
the solution to the one-dimensional dynamic program (9).
Based on definition (7), we have

r+1(y I 7Tt+l)

=C(y| 7Tz+1) + U;)+2(O)

t+1
'EXI,W,XH,w,{ZXi |, Xi Ay =x;,1 <i<t}-

j=l1

Plugging the above expression into the equation given in
Proposition 6, we obtain the upper bound for the optimal
solution y;,,(z | 7).

5. Heuristic Solutions

In this section, we propose two heuristic solutions to the
unobserved lost-sales problem (5) based on the results
derived in the previous sections.

5.1. Heuristic Solution |

Combining Propositions 2 and 3, we have y’(z | 7,) <
yi(z | m) < ¥/ (z | m,), where both y°(z | m,) and
y:7(z | m,) are determined by evaluating the objective func-
tion G¢(y | 7,). Motivated by this observation, we can con-
struct an approximate solution, defined as y’(z | ), by
solving the following equation:

Gl(y|m)=V(z|m)-(1+p), st y=y/(z|m), p=0.

In the above equation, when p =0, we have y’(z | 7,) =
yi(z | m); and when p = (Vi(z | m) — V(z | m))/
Ve(z | m,), we have y“(z | m,) = y," (z | m,). Therefore, to

obtain an approximate optimal solution, we can choose p
between zero and (V,(z | m,) — V°(z | m,))/V/(z | m,) (the
relative percentage of cost increase over the observed lost-
sales case). The choice of p value can be determined by
judgement or experience. Based on our numerical experi-
ence, a small p value tends to give a good approximation
because the objective function G?(y | m,) is flat around the
minimum as illustrated in Figure 1. We will discuss the
performance of this heuristic further in the numerical study
section.

5.2. Heuristic Solution Il

The above heuristic solution uses just the objective func-
tion in the observed lost-sales case. Below we propose an
alternative heuristic solution based on the approximation of
the first-order condition.

Let us first consider the special case when inventory is
perishable. To distinguish this case from the nonperish-
able inventory case, let us add a superscript “p” (stands for
“perishable”) to all corresponding dynamic programming
value functions and optimal solutions. Because there is no
inventory carryover between periods, the on-hand inventory
at the beginning of a period is always zero; the dynamic
program optimality equations can be written as: for ¢t =
L...,T,

V01 m) = minlGI (| 7,)
_mm{C(y | 7Tt)+EX |‘n'/{ t+1

(O | 7Tr+l(' | s Xt /\)’))}}, (10)

with the terminal value V7, ,(0|-) =0. The optlmal solu-
tion to the above dynamic program is denoted by y?(7r,).
Lu et al. (2008) have shown that

dGi(y|m) _dC(y|m)
dy dy
VO] m) = Gy (v () [ m)]m(y | ),
where 7 = 7Tt+1(6 | m. X, = y), @ =m0 | 7,

X, > vy), and G[H(yfﬂ(w/) | 7) is the expected cost when
an “optimal” inventory policy y/ (') determined by a
starting prior 7" is employed along the sample path, but
the demand process evolves according to another start-
ing prior 7. As in the nonperishable inventory case, it is
generally difficult, if not impossible, to compute the term
G”,,(y',, () | 7). Below we show that there exists a
recursive formula for dG? (y | 7,)/dy, which simplifies the
computation.

PROPOSITION 7. In a perishable inventory system with
unobserved lost sales, the following holds:

dGy(y|m)

dy =V +1(0| ™) —

Gl (| m)]m(y | )

d n
+EX,.,T,{—Gf+1(y (- X, Ay»},

dy
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where m=m, (0|7, X, =y), @ =7 (0|7, X, >Y),
y=yr (), and G} (-|-) is the objective function defined
in (10).

It is worth commenting here that this nice recursive
formula is obtained by relying on the fact that the opti-
mal base-stock level is always achievable in the perishable
inventory case. For the more general nonperishable inven-
tory case, this premise is no longer true, and therefore we
are unable to establish a similar result.

According to the observed lost-sales case (4), the first-
order derivative of the objective function is given by

dGi(y|m) _dC(y|m)
dy y

d
dy
In the unobserved lost-sales case (5), as shown by Lu et al.

(2005b) and Chen (2009), the first-order derivative of the
objective function is given by

dG,(y|m) _dC(y|m)
dy dy

v d
[ gy Ve 0= m Gl T mx ) d

+ [V O 7) =G, (viy () | ) m(y | m,).

We propose the following approximation for the above
expression:
dG,(y|m) _dC(y|m)

dy y

d
+/yiV” (y—x|m, (|7, x)m(x|m,)dx
0 dy t+1 t+1 t° t
+[VIL 0 m) =Gl (¥ (7)) | m)lm(y | )
_dG0|m) | dGi(y|m) _dC(y|m,)
dy dy dy

where we use dV?’, (v |-)/dy to approximate dV,,,(y|-)/
dy and V), (0| m) — G”,,(y",,(@') | 7) to approximate
V(0] m) — C~}r+l(yj+](77/) | 7). As a result, an approxi-
mate optimal solution to the original problem (5) can be
obtained by solving the approximate first-order condition

dGi(y|m)  dGi(y|m) dCy|m) _

0, 11
dy dy dy (an

where dG7(y | 7,)/dy can be computed from the recursive
formula given in Proposition 7.

It is known that dG¢(y | m,)/dy > dC(y | 7,)/dy (Scarf
1959) and dG?(y | m,)/dy < dC(y | m,)/dy (Lu et al.
2008). Therefore, it immediately follows that the solution
obtained from Equation (11) lies between y°(0 | 7,) and
y?(ar,). When lost sales are observed, the optimal solution

d
[ VOl ma €l )mr | ) dx,

in the perishable inventory case is an upper bound for the
optimal solution in the nonperishable inventory case (see
Scarf 1959). This is due to the fact that the potential over-
stock in the subsequent period induces one to stock less.
When lost sales are not observed, we are unable to estab-
lish this upper bound result analytically because in this
case, a lower inventory level would also mean less learning
about the demand distribution. Therefore, there is a trade-
off between the overstock risk and the information acquisi-
tion. However, based on our numerical results shown in the
next section, it appears that this upper-bound result contin-
ues to hold when lost sales are not observed.

6. Numerical Results

In this section, we present numerical study results on the
bounds and heuristics developed in this paper. We first
report results based on the gamma-exponential distribution.
As we discussed in §4.1, the upper bound suggested by Lu
et al. (2005b) is not applicable in this case, so we conduct a
second numerical study based on the normal demand distri-
bution with a two-point prior, where we can compare their
result.

6.1. Gamma-Exponential Distribution

The one-dimensional dynamic program (9) for the gamma-
gamma example can be further simplified. Note that ¢,(x)
in (8) is the standard Pearson Type VI density (Johnson and
Kotz 1970, p. 51). By the transformation 7=x/(1+ x),
¢,(x) can be transformed to a standard beta density func-
tion with parameters k and a, = a + k(¢ —1):

B = ey (5 )(1 - r)_(kw (e

_ I'k+a,) ke
T T(OT(a) "

(1—7)% "

Hence, by the property of the standard beta density, we can
thus rewrite (9) as

@ =minf L)+ [ o (G0 =) =)

By (7) dv}

k+a,—1

=minq L
y>z{ )+ a,—1

AR R ST

with v$,,(-) =0, and

Lo =p(~

;=

y/(v+1) T
A e T
0 -7

1—y>+(h+p)
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k
:p(at —1 _y> + (h+p)y : [}v/(y+1)(k, a,)
k
—(h+p)— Ly +La =1, (12)
t

where I (-, -) is the standard incomplete beta function. The
minimizer of L,(y) is determined by solving the first-order
condition /,(,,1,(k, a,) = p/(h+ p).

To precisely evaluate the performance of the bounds and
heuristics, we need to compute the exact optimal solution.
As we have commented in the introduction section, the
exact solution is computable in the case of the gamma-
Weibull conjugate prior distribution family. Fortunately, the
gamma-Weibull family shares a common special case with
the gamma-gamma family—the gamma-exponential case
(k=1 in the gamma-gamma family). Therefore, we can
actually compute the exact solution in this special case.
According to Lariviere and Porteus (1999), after some
transformation, the gamma-exponential case with unob-
served lost sales can be solved by the following two-
dimensional dynamic program: for r=1,..., 7,

. pZACE 2R |
v,(z|a,)=m>1§1{Lt(y|a[)+/ .
yzz 0 1—7
‘vt+1()’(1—7)_7|at+1)'31,a,(7)d7
1
HAE 0Ol ()
y/(y+1)
at
a

=1}};§{L;(Y|az)+ﬁ

y/(y+1)
[ 0= =Tla 1) By, (7)dr
+<1+y)-v,H(o|a,>~<1—1},/0,“)(1,%))},

with v, (-|-) =0 and L,(y | a,) specified as in (12) with
k=1. Let ¥(z| a,) be the optimal solution to the above

dynamic program; then the optimal solution to the origi-
nal problem is simply y*(z | m,) =S, - ¥/(z/S, | a,), and
the value function is V,(z | m,) =S, - v,(z/S, | a,). In the
following, we conduct our numerical study based on this
special case.

The numerical study is designed in the following
manner. First, we hold the inventory-holding cost at 7 =1
and vary the stockout penalty cost by setting p =5 and 10.
The implied critical ratios from these cost parameters are
83% and 91%, respectively. Second, we vary the gamma
prior parameters (a, S) to study the effect of prior uncer-
tainty on the bounds and heuristics. Note that the mean of
the gamma prior is a/S and the coefficient of variation is
A/1/a. We choose (a, S) to be (3,10) and (6, 10), so that
the prior uncertainty (coefficient of variation) decreases
(v/T/a =0.577 and 0.408, respectively), whereas the prior
mean remains the same (a/S = 0.3). Finally, we vary the
planning horizon by setting 7 =3, 5, and 10, so that we
can study the effect of the planning horizon on the bounds
and heuristics.

The numerical results for the bounds performance are
presented in Table 1. Specifically, we present the optimal
solution y{, the lower bound y{, the optimal solution in the
perishable inventory case y!, and three upper bounds: y,”,
¥, and yF* (the first two upper bounds are from Proposi-
tion 3, and the third one is from Lu et al. 2005b). In the
table, we put the relative error percentage in parentheses
next to the corresponding bounds. The relative error per-
centage is defined as

G\(y|m) =V (0] m)
AUED (9

We choose this metric to measure the performance degra-
dation due to the deviation from the optimal decision in
the first period (note that the system is assumed to resume
optimal control after the first period). Therefore, we can
compare system performance under different initial inven-
tory levels. This relative error percentage metric serves as
the lower bound for the relative error percentage at the

% error(y) =

Table 1. Bounds performance under the gamma-exponential distribution.
p (a,5) T i ¥ e ! ! '
5 (3, 10) 3 7.81 7.58 (0.02%) 8.49 (0.18%) 9.87 (1.58%) 11.94 (5.95%) N/A
5 7.79 7.43 (0.04%) 8.66 (0.21%) 10.50 (1.96%) 14.04 (9.81%) N/A
10 7.75 7.38 (0.04%) 8.84 (0.14%) 11.42 (1.92%) 18.27 (15.9%) N/A
(6,20) 3 6.85 6.81 (0.00%) 7.02 (0.01%) 7.66 (0.38%) 8.65 (1.87%) N/A
5 6.85 6.78 (0.00%) 7.06 (0.01%) 8.09 (0.56%) 9.83 (3.28%) N/A
10 6.89 6.78 (0.01%) 7.12(0.02%) 8.82(0.70%) 12.31 (5.67%) N/A
10 (3,10) 3 11.38 11.09 (0.02%) 12.66 (0.39%) 13.87 (1.42%) 17.67 (8.12%) N/A
5 11.10 10.76 (0.03%) 12.85 (0.52%) 14.29 (1.73%) 20.45 (13.6%) N/A
10 11.06 10.58 (0.03%) 13.03 (0.41%) 14.98 (1.65%) 26.00 (22.4%) N/A
(6,20) 3 9.59 9.54 (0.00%) 9.90 (0.04%) 10.46 (0.31%) 12.11 (2.53%) N/A
5 9.56 9.48 (0.00%) 9.94 (0.04%) 10.85 (0.45%) 13.66 (4.45%) N/A
10 9.59 9.46 (0.00%) 10.00 (0.03%) 11.54 (0.54%) 16.97 (7.77%) N/A

Note. y; is the optimal solution; y? is the lower bound; y? is the optimal solution to the perishable inventory problem; y1”T and y1“1 are two

upper bounds based on Proposition 3; y-v is the upper bound based on Lu et al. (2005b).
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policy level, which involves different inventory levels along
the sample path.

A few observations can be made from Table 1. First, the
lower bound is consistently tighter than the upper bounds
in all cases. Second, the optimal solution in the perishable
inventory case is a fairly tight upper bound in all cases.
Third, as a increases, which means the prior uncertainty
(coefficient of variation) decreases, the upper bounds all
become tighter. However, when the horizon T increases, the
opposite is true. As we have discussed in §4, the tightness
of the solution upper bound is determined by the tight-
ness of the value function upper bound. These numerical
results reinforce this insight: When the prior uncertainty
is reduced, the potential informational gain from Bayesian
updating becomes smaller, and therefore the value func-
tion upper bound becomes tighter. On the other hand, as T
increases, the potential informational gain from Bayesian
updating increases, and therefore the value function upper
bound becomes less tight.

In Table 2, we present the optimal solution, the
Heuristic (I) given in §5.1 (with p =0.01%), the Heuristic
(IT) given in §5.2, and the myopic solution. In parentheses
next to the corresponding heuristic solution is the relative
error percentage as defined in (13). From the table, we can
see that both Heuristic (I) and Heuristic (II) are consistently
near-optimal in all cases, with Heuristic (II) giving a better
performance. As a increases, which means the prior uncer-
tainty decreases, the performance of the myopic solution
improves. Finally, as the stockout penalty cost p increases,
the performance of the myopic solution degrades, but the
two heuristic solutions continue to be near-optimal.

6.2. Normal Distribution with a Two-Point Prior

In this section, we present a second set of numerical results
based on the normal demand distribution with a two-point
prior. In this numerical study, there are two candidate nor-
mal demand distributions with mean and standard deviation

Table 2. Comparison of heuristic solutions under the

gamma-exponential distribution.

p (a.S) T ! n !

5 (3,10) 3 7.81 7.74(0.00%) 7.79(0.00%) 8.17 (0.05%)
5 779 7.63(0.01%) 7.73(0.00%) 8.17(0.04%)
10 7.75 7.61(0.01%) 7.77(0.00%) 8.17(0.01%)

(6,20) 3 6.85 6.95(0.00%) 6.85(0.00%) 6.96(0.01%)
5 6.85 6.96(0.00%) 6.86(0.00%) 6.96(0.00%)
10 6.89 6.94(0.00%) 6.90(0.00%) 6.96(0.00%)

10 (3,10) 3 11.38 11.30(0.00%) 11.35 (0.00%) 12.24 (0.18%)
5 11.10 10.99 (0.01%) 11.09 (0.00%) 12.24 (0.21%)
10 11.06 10.87 (0.01%) 10.99 (0.00%) 12.24 (0.14%)

(6,20) 3 9.59 9.70(0.01%) 9.59(0.00%) 9.83(0.02%)
5 956 9.67(0.00%) 9.55(0.00%) 9.83(0.02%)
10 9.59 9.59(0.00%) 9.58(0.00%) 9.83(0.01%)

Note. y; is the optimal solution; y! is the Heuristic (1) with p =
0.01%; y is the Heuristic (Il); and y!™ is the myopic solution.

denoted by N(u,, o,) and N(u,, 0,). The prior distribu-
tion is a two-point distribution given by 7, = (p,, p,), with
pitp=1

We choose this example for two reasons. First, the upper
bound suggested by Lu et al. (2005b) is computable, so we
can make a direct comparison. Second, in this simple two-
point prior scenario, the state-space of the prior distribution
is one-dimensional, which makes the exact optimal solu-
tion computable; so, we can use it to precisely evaluate
and compare the bounds and heuristics. We have also tried
cases with more than two candidate demand distributions
and found that the results of our bounds and heuristics are
consistent, but the exact optimal solution becomes much
more difficult to compute. Therefore, in the following, we
will conduct our numerical study based on this simple two-
point prior case.

The numerical study is designed in the following manner.
First, we consider two parameter scenarios: (1) u, = 100,
®, =200, and o, = 0, = 100; (2) u, = 100, w, = 400,
and o, = g, = 100. Second, as in the gamma-exponential
case, we hold the inventory-holding cost at # =1 and vary
the stockout penalty cost by setting p =5 and 10. The
implied critical ratios from these cost parameters are 83%
and 91%. Third, we vary the prior parameters by setting
(py» p2) =(0.2,0.8), (0.5,0.5), and (0.8,0.2), so that we
can study the effect of prior uncertainty on the bounds and
heuristics. Finally, we vary the planning horizon by setting
T =3, 5, and 10. In the numerical computation, we truncate
the normal distribution to ensure nonnegative demand.

The numerical results for the bounds performance are
presented in Table 3. We observe that the lower bound is
tighter than the upper bounds in all cases, and the opti-
mal solution in the perishable inventory case is a fairly
tight upper bound in all cases. These observations are
consistent with what we have observed in the gamma-
exponential case. We also observe that in the case of u, =
200, y7, y{, and y{’ are almost identical. This indicates that
when the two candidate distributions are close, the need
for active learning is reduced. In addition, it appears that
the upper bound becomes tighter as the stockout penalty
cost p increases. In this two-point prior case, increasing
the stockout penalty cost results in higher inventory level,
which reduces the incremental informational gain from
Bayesian updating; as a result, the upper bound for the
value function becomes tight, and therefore the solution
upper bound also becomes tight.

From Table 3, we note that the upper bound suggested by
Lu et al. (2005b) falls in-between the most tight (y,”) and
least tight (y,") upper bounds of Proposition 3 in all cases,
with the relative error percentage ranging from 0.15% to
18.2%. Lu et al. (2005b) have proposed to use a weighted
average of the solution upper bound and lower bound as
a heuristic solution. Their solution lower bound is a close
approximate to that of Chen and Plambeck (2008), i.e, y7.
So, if the weight is chosen properly, their heuristic solu-
tion is essentially the same as our Heuristic (I) (see §5.1).
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Table 3. Bounds performance under the normal distribution with a two-point prior.

Mo p (1. P2) T it it " e ! e

200 5 (0.2,0.8) 3 286 286 (0.00%) 286 (0.00%) 288 (0.01%) 303 (0.47%) 309 (0.84%)

5 286 286 (0.00%) 286 (0.00%) 288 (0.00%) 317 (0.90%) 324 (1.32%)

10 286 286 (0.00%) 286 (0.00%) 293 (0.03%) 353 (1.89%) 349 (1.69%)

(0.5,0.5) 3 262 262 (0.00%) 263 (0.00%) 265 (0.02%) 292 (1.39%) 283 (0.70%)

5 262 262 (0.00%) 263 (0.00%) 269 (0.05%) 316 (2.56%) 299 (1.26%)

10 262 262 (0.00%) 263 (0.00%) 275 (0.08%) 369 (4.50%) 326 (1.78%)

(0.8,0.2) 3 231 231 (0.00%) 232 (0.00%) 238 (0.07%) 258 (1.16%) 245 (0.31%)

5 232 231 (0.00%) 232 (0.00%) 242 (0.11%) 278 (2.04%) 258 (0.69%)

10 232 231 (0.00%) 232 (0.00%) 249 (0.15%) 322 (3.55%) 284 (1.29%)

10 (0.2,0.8) 3 324 324 (0.00%) 324 (0.00%) 325 (0.00%) 339 (0.36%) 338 (0.32%)

5 324 324 (0.00%) 324 (0.00%) 325 (0.00%) 353 (0.77%) 348 (0.54%)

10 324 324 (0.00%) 324 (0.00%) 328 (0.01%) 390 (1.71%) 367 (0.80%)

(0.5,0.5) 3 302 301 (0.00%) 303 (0.00%) 304 (0.01%) 332 (1.36%) 316 (0.32%)

5 302 301 (0.00%) 303 (0.00%) 306 (0.02%) 356 (2.43%) 326 (0.54%)

10 302 301 (0.00%) 303 (0.00%) 310 (0.04%) 413 (436%) 345 (0.82%)

(0.8,0.2) 3 270 270 (0.00%) 271 (0.00%) 275 (0.04%) 299 (1.27%) 280 (0.15%)

5 270 270 (0.00%) 271 (0.00%) 278 (0.06%) 321 (2.22%) 288 (0.30%)

10 271 270 (0.00%) 271 (0.00%) 282 (0.07%) 371 (3.87%) 307 (0.61%)

400 5 (0.2,0.8) 3 469 469 (0.00%) 481 (0.21%) 470 (0.00%) 553 (8.51%) 536 (5.69%)

5 467 467 (0.00%) 481 (0.18%) 476 (0.07%) 622 (15.9%) 560 (6.77%)

10 468 467 (0.00%) 481 (0.09%) 477 (0.05%) 769 (23.2%) 591 (5.91%)

(0.5,0.5) 3 412 410 (0.00%) 443 (1.17%) 422 (0.13%) 562 (22.8%) 508 (10.3%)

5 410 409 (0.00%) 443 (0.89%) 428 (0.26%) 657 (38.3%) 535 (11.9%)

10 410 409 (0.00%) 443 (0.50%) 429 (0.17%) 848 (54.3%) 569 (10.2%)

(0.8,0.2) 3 302 208 (0.02%) 327 (049%) 325 (0.49%) 502 (34.7%) 435 (15.8%)

5 304 298 (0.02%) 327 (0.35%) 334 (0.59%) 595 (50.5%) 475 (18.2%)

10 304 298 (0.01%) 327 (0.19%) 335 (0.34%) 770 (66.5%) 520 (15.9%)

10 (0.2,0.8) 3 511 511 (0.00%) 521 (0.15%) 511 (0.00%) 588 (6.98%) 556 (2.70%)

5 510 509 (0.00%) 521 (0.13%) 515 (0.03%) 657 (13.4%) 575 (3.52%)

10 509 509 (0.00%) 521 (0.07%) 516 (0.02%) 808 (19.8%) 602 (3.38%)

(0.5,0.5) 3 465 465 (0.00%) 491 (0.91%) 468 (0.01%) 602 (18.8%) 531 (5.31%)

5 463 463 (0.00%) 491 (0.71%) 473 (0.09%) 699 (32.7%) 552 (6.45%)

10 464 463 (0.00%) 491 (0.40%) 474 (0.06%) 897 (47.3%) 681 (5.91%)

(0.8,0.2) 3 377 376 (0.00%) 412 (1.24%) 391 (021%) 567 (31.8%) 470 (8.47%)

5 376 376 (0.00%) 413 (0.93%) 396 (0.27%) 667 (48.4%) 498 (9.91%)

10 376 376 (0.00%) 413 (0.52%) 397 (0.16%) 860 (652%) 535 (9.15%)

Note. y; is the optimal solution; y? is the lower bound; y? is the optimal solution to the perishable inventory problem; y;7 and y;" are two
upper bounds based on Proposition 3; y-v is the upper bound based on Lu et al. (2005b).

In Table 4, we present the performance of Heuristic (I) 6.3. Comparison with Myopic Policies
and Heuristic (II), together with the myopic solution. Con-
sistent with the gamma-exponential example, both Heuris-
tic (I) and Heuristic(IT) are near-optimal, with Heuristic (IT)
giving a better performance. They outperform the myopic
solution by a wide margin in the case when the two candi-
date distributions are far apart. When the two candidate dis-
tributions are close (i.e., the case of u, =200), the myopic
solution performs as well as Heuristic (II). This again con-
firms that the need for active learning is reduced when the
two candidate distributions are close. Given the fact that the
solution upper bound is not always tight, choosing a proper

In the previous sections, we have compared the bounds
and heuristics with the optimal solution in the first period.
In this section, we will compare the cost performance of
employing various heuristic policies along the entire sam-
ple path. In particular, we will compare the two heuristic
policies proposed in this paper with three myopic policies.
The three myopic policies are defined as follows. Myopic-1
is the best-possible myopic policy, in which the posterior
updating takes into account the censored data effect; this
policy is optimal when inventory is perishable and future
lost sales are observed. Myopic-2 is a “naive” heuristic pol-

weighting parameter in Heuristic (I) and that of Lu et al.
(2005b) may not always be easy. In this sense, Heuristic
(IT) is not only a superior method, but also a more robust
method because there is no need for choosing an ad hoc
weighting parameter.

icy, in which censored observations are treated as exact
observations in the posterior updating process. Myopic-3
is a static policy with no Bayesian updating: The inven-
tory level is determined in the first period and then remains
fixed along the entire sample path. We define the relative
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Table 4. Comparison of heuristic solutions under the normal distribution with a two-
point prior.
) p (p1. ) T yi ! 2 '

200 5 (02,08) 3286 289 (0.02%) 286 (0.00%) 286 (0.00%)
5 286 289 (0.01%) 286 (0.00%) 286 (0.00%)
10 28 291 (0.01%) 286 (0.00%) 286 (0.00%)

(0.5,0.5) 3262 265 (0.02%) 262 (0.00%) 263 (0.00%)
5 262 265 (0.01%) 262 (0.00%) 263 (0.00%)
10 262 267 (0.01%) 262 (0.00%) 263 (0.00%)

(0.8,0.2) 3231 234 (001%) 232 (0.00%) 231 (0.00%)
5232 235 (0.01%) 232 (0.00%) 231 (0.00%)
10 232 236 (0.01%) 232 (0.00%) 231 (0.00%)

10 (0.2,0.8) 3324 327 (0.02%) 324 (0.00%) 324 (0.00%)
5 324 327 (001%) 324 (0.00%) 324 (0.00%)
10 324 329 (0.01%) 324 (0.00%) 324 (0.00%)

(0.5,0.5) 3302 305 (0.02%) 302 (0.00%) 302 (0.00%)
5 302 305 (0.01%) 302 (0.00%) 302 (0.00%)
10 302 306 (0.01%) 302 (0.00%) 302 (0.00%)

(0.8,0.2) 3270 273 (0.01%) 271 (0.00%) 271 (0.00%)
5 270 274 (0.01%) 271 (0.00%) 271 (0.00%)
10 271 275 (0.01%) 271 (0.00%) 271 (0.00%)

400 5 (02,08) 3469 472 (0.01%) 469 (0.00%) 481 (0.21%)
5 467 471 (0.01%) 468 (0.00%) 481 (0.18%)
10 468 472 (0.01%) 468 (0.00%) 481 (0.09%)

(0.5,0.5) 3 412 414 (001%) 411 (0.00%) 443 (1.17%)
5 410 413 (0.01%) 409 (0.00%) 443 (0.89%)
10 410 414 (0.01%) 409 (0.00%) 443 (0.50%)

(0.8,0.2) 3302 302 (0.00%) 302 (0.00%) 325 (0.49%)
5 304 303 (0.00%) 302 (0.00%) 325 (0.29%)
10 304 304 (0.00%) 302 (0.00%) 325 (0.16%)

10 (0.2,0.8) 3511 514 (001%) 511 (0.00%) 521 (0.15%)
5 510 513 (0.01%) 510 (0.00%) 521 (0.13%)
10 509 514 (0.01%) 510 (0.00%) 521 (0.07%)

(0.5,0.5) 3465 468 (0.01%) 465 (0.00%) 491 (0.91%)
5 463 467 (0.01%) 464 (0.00%) 491 (0.71%)
10 464 468 (0.01%) 464 (0.00%) 491 (0.40%)
(0.8,0.2) 3 377 380 (0.01%) 377 (0.00%) 412 (1.24%)

5 376 380 (0.01%) 376 (0.00%) 412 (0.88%)
10 376 381 (0.01%) 376 (0.00%) 412 (0.49%)

Note. y; is the optimal solution; y!" is the Heuristic (I) with p = 0.01%,; y? is the Heuristic (Il); and
y{" is the myopic solution.

percentage error in expected cost for each policy as

VlH(O | ) — V(0] )
Vi(0| )

% error(H) = ,
where V(0| ;) is the expected cost from applying the
corresponding policy along the sample path.

Table 5 shows the policy cost performance under
the gamma-exponential demand distribution with stockout
penalty cost p = 10. The results from other scenarios are
similar in order and thus provide no additional insights,
so we omit them for brevity. From the table, it is clear
that both Heuristic (I) and Heuristic (IT) outperform the
three myopic policies. We can also see the increased ben-
efits from employing more sophisticated demand estima-
tion and inventory optimization procedures. Specifically,

the most significant improvement comes from upgrading
Myopic-3 to Myopic-2, which shows that employing the
Bayesian updating method when the demand distribution
is not known is of first-order importance. The second-most
significant improvement comes from upgrading Myopic-2
to Myopic-1, which demonstrates that factoring the cen-
sored data effect into the estimation procedure is important.
The improvement from Myopic-1 to either Heuristic (I)
or (IT) is most prominent when the prior uncertainty is high.
In this case, Myopic-1 runs the risk of overstock in the
subsequent periods because it fails to account for the inven-
tory carryover effect. Both Heuristic (I) and Heuristic (IT)
produce near-optimal performance in all cases, with Heuris-
tic (I) giving a better performance. It is worth summariz-
ing here the trade-offs between Heuristic (I) and Heuristic
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Table 5. Cost performance of the heuristic policies under the gamma-exponential distribution.

Optimal Heuristic (I) Heuristic (Il  Myopic-1 Myopic-2 Myopic-3

p (a,$) T cost V; (p=0.01%) (%) (%) (best) (%)  (naive) (%)  (static) (%)
10 (3,10) 3 51.46 0.01 0.00 0.21 1.58 7.03
5 81.69 0.01 0.00 0.31 2.47 12.37
10 151.25 0.04 0.01 0.24 3.56 21.38
(6,20) 3 34.59 0.01 0.00 0.03 0.35 2.26
5 56.64 0.01 0.00 0.03 0.59 4.09
10 109.79 0.03 0.01 0.03 1.01 7.39

(I): On the one hand, Heuristic (I) requires less computa-
tional effort because it only involves the evaluation of the
objective function in the observed lost-sales case, but one
needs to choose an ad hoc parameter p based on judgement
or experience; on the other hand, Heuristic (II) requires
additional computational effort because one needs to com-
pute the derivatives, but it does provide a more precise and
robust approximation to the optimal solution.

7. Concluding Remarks

In this paper, we have focused on developing bounds and
heuristics for the Bayesian inventory control problem with
unobserved lost sales. We have proved a sequence of lower
and upper bounds for the value function of the problem.
Based on the value function bounds, we have derived a
sequence of solution upper bounds. These solution upper
bounds work for all prior and demand distributions. For a
fairly general monotone likelihood-ratio distribution family,
we have developed relaxed but easily computable lower and
upper bounds for the optimal solution along an arbitrary
sample path.

We have also proposed two heuristics. The first heuris-
tic is derived from the solution bound results. Computing
this heuristic solution only requires the evaluation of the
objective function in the observed lost sales. The second
heuristic is based on the approximation of the first-order
condition. We combine the derivatives of the observed lost-
sales case and the perishable inventory case to obtain the
approximation. For the latter case, we have established a
recursive formula that simplifies the computation.

To evaluate and compare the bounds and heuristics,
we have conducted an extensive numerical study. We com-
pare our upper bounds with that of Lu et al. (2005b). We
find that their upper bound, when it exists, falls in-between
the most and the least tight bounds of ours in all cases.
Our numerical results suggest that the optimal solution
in the perishable inventory case is a fairly tight solution
upper bound. It would be interesting to study whether this
result can be established analytically in future research. The
numerical results also indicate that both heuristics proposed
in this paper are near-optimal (within 0.04%), with the sec-
ond heuristic giving a better performance. They outperform
the myopic policies by a wide margin. Based on our numer-
ical experiences, we believe our second heuristic is a robust

approximate for the optimal solution in more general cases
where the exact optimal solution is difficult to compute.

Appendix

For ease of notation, let us define the predictive comple-

ment CDF given the prior 7, as

M(x|m)= [ F(x|60)m,(6)do. (14)
o

Now let us first introduce a few identities to facilitate the

proofs given in this appendix:

LEMMA A3. The following identities hold true:

(a) 7Tt+1(0 |, X, = x)m(x | ) =f_(x | 0),(6);

(b) m (0|7, X, Zx)M (x| m,)=F(x|0)m,(6);

() m(x" | m(- | m_y, x))m(x | m_) = m(x | m( |
Ty, X ))m(x' | m_y);

A mx | m( [ 7, Xy 2 )M | 7o) = M(y |
([, x))m(x | 7 _y);

ProoF. Identity (a) follows from definitions of (1) and (2).
Identity (b) follows from definitions of (14) and (3). For
part (c), we have

m(x" | (- [y, ))m(x | 7, )

= / SO (| 7y, x)d0 - m(x | )

= /@ F(10)f (x| 0)m,_,(6)do
=m(x|m(|m_, xX)mx | 7_)),

where the second equality follows from part (a) and the last
equality follows from the symmetry of the product form
of [ f(x'|0)f(x|6)m,  (0)d6b. Part (d) can be shown by
the same logic. [

PrOOF (LEMMA 1). Part (a) can be shown as follows:
Ex, |z {C |7 (- [ 7, X, AY))}
= [ CGImutIm.x) - m(x|m)dx

+C(Z | 7Tt+1(' | Wt’Xt >y))M(y | 77[)

[ e [ reio

'7T,+1(' | W{st:x) 'm(x | W,)dﬁdx/}dx
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+ [ cle=x) [ FO10) (| m X, 2 )
0 (€]
“M(y|m,)dodx

:/y{/ooc(z—x/)f FOC10)f (x| 0)m,(6) d(}dx/}dx
0 0 (C]

[ ele=) [ S 1OF( |0 (0)d0 v
= [T e [ S 1O(F(310)+F (3 160))m, (6)db dx

_ /Oooc(z —x/)/@f(x/ 16)m,(0)d6 dx’ = C(z | ),

where the third equality follows from Lemma A3(a)
and (b), and the change of integration order in the fourth
equality is permissible because the integrand is a nonnega-
tive function. To show part (b), it suffices to show that

[ Vi@l m I x) mix | m) dx

< Vrﬂ—l(z | 7Tz+1(' | s X/ >y))M(y | 7Tz)'

We prove the result by backward induction. For period
t=T, it is trivial. Now, assume that the result holds for
period ¢ + 1. For period ¢, we have

[ veGlmClm o 0) mix| ) dx

y
= [ min{CO |7, )+ Ey g (VA (6 = X))

|7Tt+l(' | 7Tt—I7Xt71 Zx’Xt))}}m(x | Wt—])dx
SH}IH{/ C(y/|7Tt('|7Tt—l’x))'m(x|77t71)dx
Y2z y
+ [ B Vi (/=X
y

2 X =x,x,)>}-m(x|w,_l>dx}

z?é?{/y fo c(y' =x')
'/@f(x/|9)f(x|9)77t,1(9)d0dx’dx
] v
|7Tz+l(’|7Tr_1,Xt_1=x,X,=x’))
m(x'| (-] Wt—l’x))'m(x|77,_1)dxdx’}

:I‘}',lil;l{C(y/ | 771(' | 71-t—l’Xt—l >y))'M(y|7Tt71)

[ v

| s ( | 1, X :x/’Xt ZX))

-m<x|w,<-|w,l,x/))dxm(xwml)dx/}

SI;EI}{C()/ | 7Tt(' | 771—17Xt—1 >y))M(y | 77-1—1)

S ACE
| Gl X =X, X, 2))

Myl w,l,x'»-m(x'ml)dx'}
:I;}il}{c(y/ | 77:(' | szl’X/ >y))M(y | 7Tt71)
S ACE
| 77-t+1(‘ | 7Tt—l’Xt—1 >y’Xt=‘x/))
(| X >y>)dx’~M(y|w,1>}
=VzD(Z | 77:(' | 771—17Xt—1 >y)) 'M(y | 7Tr—1)?

where the second inequality follows from the induction
assumption; the equality before the second inequality fol-
lows from Lemma A3(c) and the fact that 7, (- | 7,_,,
Xo=xX =x)=m,( |7 X, =x,X =x)
and the equality after the second inequality follows from
Lemma A3(d) and the fact that (- | m,_, X,_, = X/,
X, z2y)=m (| 7_,X,_, 2y, X, =x'). This completes
the induction proof. [

Proor (ProprosiTION 1). We show parts (a) and (b)
together. It suffices to show that for any i, G yl|m) =
G/ (y | m,) for all ¢t. By taking the minimum over the
inequality, we obtain V,li+l gz | 7,) > ‘/,li(z | 7r,) for all z > 0.
By definition, we have G,*'(y | ) = G/ (y | m,) for t >
i+ 1. For t =i, by definition, we have

G/ (v m)
=COlm)+ [ VI 6= x| m ¢ mo)mlx | m) d
+ VO] 7, X, 2 )M | )
= COlm)+ [ V= Ty ) | m) d
VO T X 2 )My | )
>COlm)+ [ Vi | my L mooym(x | m) d
VO T (| m)mCe | ) d

=G(y|m)=Gi(y|m),

where the inequality follows from Lemma 1(b). Hence,
V"' (z| ) > V/(z| m,) for all z > 0. Now assume that the
result holds for r = j (j <i). For t = j — 1, we have

lit
AV (=X, )
[7,(-| 7, X;_ 1 AY))}

i
G_,»i'l(y | 77'/71) =C(y| 7Tj—l)+EX

-1l
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L
>COlm ) +Ex 1 (VI (=X, )"
[ 7|7, X2 AY))}
= Gj‘i—1(y | 7Tj71)’
where the inequality follows from the induction assumption
that Vj’“(z | ) > lei (z ] ). This completes the induction
proof for Parts (a) and (b).

Analogously, to prove parts (c) and (d), it suffices to
show that for any i, G,"'(y | m,) < Gy (y | m,) for all .
By taking the minimum over the inequality, we obtain
V/"“(z | m) < V) (z| m,) for all z>0. By definition, we
have G, (y | m,) = G/ (y | m,) for t > i+ 1. For t =i, by
definition, we have
G/ (y|m)

Yo

=COlm)+ [ Vi 0=y (o 0)m(x| ) dx

+VET O] (7, X, > 3)M (y] ;)

=c(lm)+ [ (1=
.y/rgr_lx{c(y/ | ity (| x)}m(x|m) dx

+(T—i)'1)}f,lig{c(y' | i (7, X Z )M (y [ ;)

<COIm)+ [ (T=0)-CO | mox)m(x| m) d
+(T=0)-Cy|m (|7, X; 2 y)M (y| )
=Cy[m)+(T—-i)-C(y|m)
=G;'(y|m),
where the second-to-last equality follows from
Lemma I(a). Hence, V"*'(z | m;) < V/"(z | m;) for all

7z 2 0. Now assume that the result holds for t = j (j <i).
For t =j — 1, we have

Gt (v, ) =COlm )+ Ex, 1 AV (=X, )"
7,17 X A)))

T )+ Ex i V(=X
7,17 X A)))

<C(y]

:G_L;i—l(y|77j—l)’

where the inequality follows from the induction assumption
that V;"*'(z | -) < V{“(z | -). This completes the induction
proof for parts (c) and (d). O

ProOF (ProposITION 3). Let y >
tion 1, we have

¥°(z | m,). By Proposi-

Gl|lm) -G |m)=G,(y|m)—V/(z|m)
2 G?(y | ) — Vtui (z|m).

If we determine a y;" such that G(y," | m,) —V/(z| m,)=0
and y!"(z | m) > y(z | m,), then we have G,(y | m,) >
G,(y* | m,) for all y > y/(z|m)>y/(z|m) >z This
is because G?(y | m,) is strictly increasing in y for y >
¥°(z | m,) (convexity property). Hence, we conclude that
the optimal Bayesian inventory level y*(z | 7r,) must be no
greater than y;"(z | 7r,). Furthermore, because V,“ (z | 7,) is
decreasing in i, we have y;"(z | 7,) also decreasing in i. [

ProoF (LEMMA 2). It is straightforward to verify parts (a)
and (b) by the definition of likelihood-ratio ordering and
the monotone likelihood-ratio property of f(- | §). We omit
the proof here. To show part (c), we note, for 6 > 6,

7Tt+l(0 | 7Tf’Xt :X)
(07, X, =x)

_ f(x|0)m,(0) . faf(x|0)wf(0)d0
Jof(x|0)m(0)d0  f(x|0)m(0)

_ f(x]0) m(6) Jo [(x|6)(0) do
f(x]0) m(0) [of(x|6)m(0)do
ACILONACH Jo S (x| 0)m(0) d6
f(x|9/) m(0) [, f(x|0)m,(6)d6
7T[+l(0 | Ty, X/ =-x)

om0 T, X, =x)

where the inequality follows from the definition of
7, (0) =2,z 7/(0). Hence, we conclude that , (0 | 7,,
X, =x) 23 (0| m,X, = x). To show part (d),
we note that likelihood-ratio ordering implies first-order
stochastic dominance (Ross 1983). Because f(x | 0) sat-
isfies the monotone likelihood-ratio property, it follows
that f(x]0) 2ps f(x | 6') for all 6 > 6, or equiv-
alently, F(x | 0) is increasing in 6. Also, 7,(0) >,z
m;(0) implies ,(6) > m,(6). By the property of first-
order stochastic dominance (Porteus 2002), we immedi-
ately have [, F(x | 0)m,(0)d0 > [, F(x | 6)m(6)d6 or
Jo [ F(€10)dém (6)d0> [, [ f(&16)dém()db. By
changing the order of integration, we have fv f® f(&]
O)m,(0)d0dé > [~ [, f(£ | O)m(0)dOdE or [ m(£ |

m)dE > [T m(é | 7)) dé. By the definition of FSD, we
have m(x | m,) Zpgm(x| ). O

ProoF (ProprosiTioN 4). It suffices to show that
dG¢(y|m,)/dy <dG/(y|m)/dy. We prove the result by
backward induction. For period t =T, because 7(6) =,
77(0), by Lemma 2(d), m(x | 7) =pg m(x | 77). Because
the last-period problem is a standard newsvendor problem,
it is straightforward to show that

dG‘}(y | 77) dC(y | 77'7)
dy dy

—p+ (h+p)F(y),

where Fy(y) = f; m(x | 7;) dx. Note that m(x | ;) >
m(x | ) implies [ 'm(x | m;)dx < [ m(x | 7)) dx.
Hence, dG7(y | m)/dy < dG7(y | m7)/dy.
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Now, assume that the result holds for period ¢ + 1. For Combining this with inequality (15), we obtain
period ¢, we have
ydV: x|m (|7, x
4Gy m) _dC(y|m) [N T I, 4 )
dy dy ° Y
ydVe(y— x| my (| 7, x))
ydvy X T X 141 141 '
+/ L(y—x|m (] 7,x)) m(x| ) dx. <[ ay m(x | r,)dx
0 dy
ydv?, —x|m (|7, x
Because m,(0) >, 7 (0), from the case of period T, </ 0 |d el ))m(x|7'r;) dx.
we have dC(y | m,)/dy < dC(y | @))/dy. Therefore, it 0 Y
ins to sh that
remains to show tha This completes the induction proof. [
ydVi(y—x|m (|7, x)) (x|m)d
o dy mxl ) ax ProOOF (PROPOSITION  5). By repeatedly applying

x| 7 (-], x))
dy

< /y dV+1(y

X

m(x | 7)) dx.

From Lemma 2(c), we have
a;, x). Hence,

7Tt+1(' | Wt’x) >LR 7Tt+1(' |

d
d—yV,’il(y — x| (], x)

d
=max{0, d—yG,”H(y —X | 7Tz+1(' | Wt’x))}

d /
< max{O, d—G;H(y—x | 70 (-] W,,X))}

d
= d—sz‘il(y—x | i (- | 7775 %)), (15)
where the induction
assumption.

Now let us show that dV+1(y x| W{,x))/dy
is decreasing in x for y > x > 0. For any y > x, > x, >0,
from Lemma 2(a), we have 7, (- | 7/, %)) 2.z i (- |

7, X,). Hence,

inequality follows from the

d_sz(:A(y — x| 7 (-] 771/’)‘1))

d /
—max{0, 2.6, 0= x w7 |

d o 4
<max, 0, d_yGr+1(y_x |7 (] 770 x0))

= d_yvr(-)e—l(y_x | 7 (7, x,)),

where the inequality follows from the induction
assumption.

Because ,(60) >, m/(0), from Lemma 2(d), we have
m(x | m,) 2pgm(x| ). By the property of first-order
stochastic dominance, dV? (y — x | m,,(- | 7/, x))/dy

decreasing in x implies

x| (| ], x))
dy

< /y dV_H(y x| 7Tt+l(' | 771/’)6))
dy

m(x | r,)dx

/y dV_H(y

m(x | ) dx.

Lemma 2(b) and (c) for cases when x; =y, i.e., X; > x;,,
we have

7T,+1(9|7T],X,-/\yi=xi,1<i<t)

Zip T (0] 7, X =x;, 1 <i<1).

Then, by Proposition 4, the result follows. [

PrROOF (PROPOSITION 6). It suffices to show that Gy, (y |
7,1) = G%,(y | m,_,). Because the posterior is m,,, =
(0] m, X, Ay, =x;, 1 <i<t), we have

Gy m)
=CO |7 1) +Ex m V(00— Xi0) "
| T (s X))
2C(y|my)+E ,+1|7T,+1{ Vi O ([, X))
=CO 7))+ Ex, xym VO] 7 (: |7Tl’
Xinyi=x;, X4y, 1<i< 1)}
X |m (Vi (0
X)) [ Xinyi=x;,1

2C(y|m)+Ex, ..

| (L m, X <i<th

where the last inequality follows from applying
Lemma 1(b) repeatedly for cases when x; =y, ie.,
X; 2 y;. Now, by the same reasoning used in the proof of
Proposition 3, the result follows. [

ProOF (ProposITION 7). First, let w=m, (0 | 7, X, =y)
and @ =7, (0 | 7, X, > y). From Lu et al. (2008),
we know that

dGl(y|m) dC(y|m)
dy dy
= [V, 0] m) = Gy (v () | M)]m(y | ;)
= [V O] m) = GI (i (7) | m)]m(y | ;)
+[GL 5 () | m) = Gl (v () | )]
m(y| ). (16)
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Let us focus on the second term. Let = y/, (7). We have
(GOl () ) = Gl (3 () | )y | )

= [ VA0 71 | 7.3)) = Gl (¥ aa(mac | 7 0)
| | ) | mymy | ) d
+ V07 n( ™ X, 23))
— Gl (Vo (|7, X 2 9))
EAES WES

M| mym(y | ). (17)

Now let 7"(x) = m,,,(0 | 7,, X, = x). By the prod-
uct form of posterior distribution, it is easy to verify that
Ty | 7,2) = (- | (), ) and 70(- | 70x) =
(- | m'(x), X, 2 y). From Lemma A3(c), we have
m(x | m)ym(y | ) =m(y| 7" (x))m(x|m,).

Similarly, let 7" (y) = m,,(0 | 7,, X, > ). By the prod-
uct form of posterior, it is easy to verify that 7,,(- | 7,
X 29 =m0 7"@),y) and 7 ([ 7, X, 29) =
(| 7 (9), X,y = y). From Lemma A3(d), we have
MG | m)m(y | m) = m(y | 7"(3))M (Y | m,). Substitute
these identities into (17). We arrive at

(G2 () | ) = GV (vEyy () | ) |m(y | r,)
= [ VA0 ol | 70 3)

- 6&2()’&2(7&2(' | 7" (x), X,41 2 Y))
| a7 (x), )]
“m(y | 7 (x))m(x | m,) dx
+ VL0 w177 (5), )
= Gl (W (o (177 (), X,y > )
| a7 (5), )]
m(y | 7" ($)M G| )

_/y[deH(y | 7"(x)) dC(y| W”(x))]m(xm)dx
o dy dy !
" |:de+1()) | 7"(y)) dC(y] 7T’”(ﬁ))]M@ )
dy dy

d R
=Ex,ﬁ,{d—ycf+1<y | a0 X, Ay»}

_dC(y|m)

o (18)

where the second equality follows from the original for-
mula for dG?, (v |-)/dy and the last equality follows from
the fact that

m(x|,)dx+

PdC(y| (@) .
[ =5 M| )

dC(y | 7" (3))
dy dy

= [0+ [ w17y at = |t as
0 0
+ et [ 1760 d - p |G )
| [ [ 107610 @) a0 d as

+ [ 107G 1om@)dva]| -

’ dC(y|m)
=(h+p) [ FEIO)T0)dodE—p=""1,
0 dy
where the second equality follows from Lemma A3(c)
and (d). Now, substitute (18) back into (16). We obtain the
recursive formula. [
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