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The purpose of this paper is to ascertain how collinearity in general, and the sign of
correlations in speci®c, aVect parameter inference, variable omission bias, and their
diagnostic indices in regression. It is found that collinearity can reduce parameter
variance estimates and that positive and negative correlation structures have an
asymmetric eVect on variable omission bias. It is also shown that the eVects of
collinearity are moderated by the relationship between the dependent variable and
the regressors, a consideration not incorporated into most commonly used collinear-
ity diagnostics . The formulae derived enable researchers to assess the sensitivity of
regression results to the underlying correlation structure in the data.

I . INTRODUCTION

The problem of collinearity in empirical research is among

the most endemic concerns raised by marketers. In fact, a
recent search in EconLit revealed 154 studies discussing
collinearity or multicollinearity in their abstracts. A similar
full text search of Applied Economics (using Infotrac)
yielded 220 articles since 1991. Various econometric refer-
ences have indicated that collinearity increases estimates of
parameter variance, yields high R2 in the face of low
parameter signi®cance, and results in parameters with
incorrect signs and implausible magnitudes (Belsley et al.,
1980; Kmenta, 1986; Greene, 1990).

To assess whether collinearity is indeed problematic,
various diagnostics are frequently employed (see
Appendix 1). If passed, then the results are assumed to

be free of `problems.’ Green et al. Albaum (1988), Tull
and Hawkins (1990) and Lehmann et al. (1998) respectively
suggest 0.9, 0.35 and 0.7 as a threshold of bivariate corre-
lations for the harmful eVect of collinearity. Regarding
other collinearity diagnostics, Belsley et al. (1980) and
Johnston (1984) suggest condition indices (CI) less than
20 are not problematic, while Hair et al. (1995) suggest
variance in¯ation factors (VIF) less than 10 are indicative

of inconsequential collinearity. In addition, the deter-
minant of the regressor correlation matrix is also com-
monly used as a diagnostic of collinearity (Johnston, 1984).

In spite of the hegemony of these issues, there exist few,
if any studies, that explicitly (i.e., analytically) link the
correlation matrix to (i) the problems that these correla-
tions cause and (ii) the ability of collinearity diagnostics to
detect them. These diagnostics assume that diVerent corre-
lation matrices which happen to yield identical diagnostics
will have the exact same eVect on regression. It is shown
that this is not often the case; some correlation structures
will be more problematic than others even if they yield the
same diagnostic. In particular, it is found that positive and

negative correlations of equal magnitude can have very
diVerent eVects on variable omission bias and variance
in¯ation (i.e., the in¯ation of the parameter variance esti-
mates) but often yield the same collinearity diagnostic.

Second, it is quite possible for one correlation structure
to aVect variable omission bias severely while having little
eVect on variance in¯ation (and vice versa), yet the diag-
nostic techniques are the same for both problems. This
suggests that it can be misleading to use a single diagnostic
to assess multiple problems. Third, the eVects of collinear-
ity are moderated by the correlations between the regres-
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sors and the dependent variable. All the aforementioned
diagnostics ignore this fact. This suggests that it is impera-
tive to consider these correlations when imputing the eVects
of correlation on regression.

To exemplify these points, Table 1 presents an overview
of 18 articles appearing in Applied Economics that raised
more than a passing concern about collinearity (this sum-
mary is limited to the last calender year in order to con-
serve space). The plethora of recent articles concerned with
collinearity suggest the importance of the topic. One of
these 18 articles presents a correlation matrix. Regarding
diagnostics employed, four papers used bivariate correla-
tions (all with diVerent cutoVs), one used a VIF, and two
used condition indices. Two others used the eVect of a
variable omission on the signi®cance of remaining par-
ameters to assess whether collinearity was problematic.
Ten articles outlined the potential consequences of colli-
nearity (e.g., variable omission bias, impact on parameter
variance estimates, sign reversal etc.) or addressed how
the diagnostics measure them. Given (i) the prevalence of
the issue, (ii) the lack of consensus on its eVect, and (iii) the
variation in measures used to assess it, it is helpful to ana-
lyse the eVects of collinearity in greater detail.

Accordingly, the contribution of this paper is three-fold.
First, precise analytical expressions are derived regarding
the eVect of collinearity on variable omission bias and vari-
ance in¯ation. It is shown that, ceteris parabus, collinearity
can actually de¯ate parameter variance estimates in certain
instances. Second, the conditions are presented under

which the impact of negative correlations on bias and
variance in¯ation is greater than the impact of equivalent
positive correlations and vice versa. Third, how various
collinearity diagnostics perform are assessed under diVer-
ent correlation structures.

The paper proceeds as follows. First are derived multiple
regressor expressions for the parameter estimates,
parameter variance estimates, t-statistics, and R2 as a func-
tion of the underlying correlation structure in the data.
Then, the asymmetric eVects of the magnitude of positive
and negative, correlations are illustrated within the context
of two regressors. Next, two correlation matrices published
in Applied Economics are analysed to assess the impact of
collinearity on regression in an applied, `real’ context.
Finally a number of general insights are concluded.

II . MODEL

Classical statistics (e.g., Farrar and Glauber, 1967) suggests
that there are two major factors that bear upon how
insights from regression are aVected by collinearity.
These factors and their eVects are categorized in Table 2.
They include whether or not the data used to estimate the
model are population data and whether or not the `true’
theoretical model is known and fully speci®ed.

In cell 1, the model is properly speci®ed and regression
estimation is predicated upon the entire population with all
appropriate variables. In this instance, parameter estimates
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Table 1. Applied Economics articles referencing the eVect of collinearity

EVects of collinearity

Reference R reported Diagnostic used discussed R problem? Action taken

Hayo (1999) No Not reported Variance in¯ation Not reported None

Panaopoulou and Tsakloglou (1999) Partial Bivariate correlations Variance in¯ation Yes Change model

Vanhoudt (1999) No Not reported No No None

Paci and Pigliaru (1999) Partial Bivariate correlations Variance in¯ation No None

Aiello (1999) No EVect of variable addition Variance in¯ation No None

on parameter errors

Lofstrom (1999) No Condition Index No Yes Change variable

Liu and Lynk (1999) No EVect of variable addition Variance in¯ation Yes Change model

on parameter errors

Greene (1999) No EVect of variable addition Variance in¯ation Yes Disaggregate data

on F and R2

Gerdtham et al. (1999) Yes Condition Index, VIF No No None

Menahem (1999) No Magnitude of R2 No No None

Natke (1999) No Not reported Inability to conduct Yes Change model

J-test

Ereckson et al. (1999) No Singular value Variance in¯ation Yes Auxilliary regression

decomposition of data of independent

matrix variables

Doroodian et al. (1999) No None No Not reported DiVerence variables

Dutta and Ahmed (1999) No Correlation matrix No No None

Brunton and Alexander (1999) No None Variance in¯ation Yes None

Hansen (1999) No Bivariate correlations Variance in¯ation Yes Change variable

Billington (1999) No None Incorrect signs No None



are all unbiased and collinearity presents no problem to the
researcher. However, in many cases, the researcher does

not have population data, does not know the true model,
or does not have all the variables needed to properly
specify the model (cell 2). When the model is misspeci®ed,

but estimated using population data, the parameter
estimates in regression are biased (Johnston, 1984). This
problem often arises when it is unclear which variables

among a large set of potential regressors should be
included in a regression model.

When the researcher has properly speci®ed the model,

but estimated it on a sample of the data (cell 3), parameters
are unbiased even in the face of collinearity. However,

collinearity can cause parameter variance estimates to
increase (Lehmann et al., 1998; Wittink, 1988).
Surprisingly, as will be shown, it can also cause parameter

variance estimates to decrease.
Finally, it is possible to both estimate the regression

model at the sample level and have the model speci®cation

unknown (cell 4). This may be the most common case
because (i) it is typically infeasible to collect population

data, thus leading to sampling issues, (ii) theory is not
typically complete enough to know a model’s speci®cation
with certainty, and (iii) data are often either not complete

enough to include all relevant variables, or contain more
variables than can possibly be included in a regression. In
these conditions, both variable omission bias and variance

in¯ation (de¯ation) of parameter variance estimates can be
problematic.

Given the forgoing concerns, it is helpful to derive for-
mal expressions for omitted variable bias and variance
in¯ation as a function of the correlation matrix of the

regressors. This is done in the next section.

The eVects of collinearity on regression

Given the forgoing concerns, it is helpful to derive formal

expressions for omitted variable bias and variance in¯ation
as a function of the correlation matrix. Accordingly, a

commonly observed case in social science research is con-
sidered, i.e., n sample observations of a dependent variable,
y, and independent variables, X, are observed by a
researcher who is trying to ascertain the relationship
between y and X.

This study commences with the case of a P variable
regression (p ˆ 1; 2; . . . ; P indexes the regressors),

y ˆ X­ ‡ e …1†

where y is a vector of n observations of the dependent
variable, X is a n £ P matrix of regressors, ­ is a P £ 1
vector of population parameters, and e is a n £ 1 vector
of errors, e ¹ N…0; ¼2I). To facilitate exposition, without
loss of generality, standardized variables are used.
Writing the expression for a P £ 1 variable vector of
standardized parameter estimates, ­̂­ , in terms of the sample
correlation matrices (Kmenta, 1986; Johnson and Wichern,
1988; Morrison, 1990)

­̂­ ˆ …X 0X†¡1…X 0y† ˆ

n nr12 . . . nr1p

nr21 n . . . nr2p

. . . . . . . . . . . .

nrp1 nrp2 . . . n

2

666664

3

777775

¡1 nry1

nry2

. . .

nryP

2

666664

3

777775

ˆ

1 r12 . . . r1p

r21 1 . . . r2p

. . . . . . . . . . . .

rp1 rp2 . . . 1

2

666664

3

777775

¡1 ry1

ry2

. . .

ryP

2

666664

3

777775

ˆ R¡1
xx Rxy …2†

where rij is the correlation between xi and xj

(i; j ˆ 1; . . . ; P), ryi is the correlation between xi and y
and n is the number of observations. The result in
Equation 2 suggests that correlations impact other areas
of substantive interest regarding parameter estimates. For
example, following Johnston (1984, p. 260), it is noted that
the eVect of omitting j relevant variables, zj, in Equation 1
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Table 2. Implications of collinearity for regression analysis

Model speci®cation (aVects columns of the data matrix)

Model known and Model unknown and/or variables
variables available unavailable

Population level Cell 1 Cell 2
° No problem ° Variable omission bias

° Inclusion of irrelevant variable bias

Sample level Cell 3 Cell 4
° Variance in¯ation ° Variable omission bias
° Variance contraction ° Inclusion of irrelevant variable bias

° Variance in¯ation
° Variance contraction

Sampling (aVects
rows of the data
matrix)



biases the parameter estimates for the remaining P±j vari-
ables. This bias can be expressed as R*xx

¡1Rxz­ z, where R*xx

is the correlation matrix among the P±j independent vari-
ables; Rxz represents the correlation between the j omitted
variables and the P±j regressors; and b z are the population
parameters for the omitted variables in the fully speci®ed
(P variable) regression. As these population parameters are
unknown, they are replaced with their estimators, ^bb z.

To calculate the estimate of the variance of ^bb , we noted
that the variance±covariance matrix1 of ­̂­ is given by

E…­̂­ ¡ ­ †…­̂­ ¡ ­ 0† ˆ ¼̂¼2…X 0X†¡1§̂§­̂­ ²ˆ ¼̂¼2 1

n
R¡1

xx

³ ´
…3†

where Rxx is the …P† £ …P† correlation matrix of the regres-
sors and ¼̂¼2 is the estimate of ¼2. As ¼̂¼2 is the conditional
variance of y given X (Morrison, 1990), it may be expressed
as,

¼̂¼2 ˆ s2 ˆ var…yjX† ˆ n

n ¡ P

± ²
…1 ¡ R 0

xyR
¡1
xx Rxy†

ˆ n

n ¡ P

± ² jRj
jRxxj …4†

where R is the …P ‡ 1† £ …P ‡ 1† correlation matrix of the
dependent variable and regressors.

Using Equations 2±4, the t-statistic for the pth parameter
is given by

tB̂Bp
ˆ

­̂­ p���������
§̂§2

­̂­ pp

q …5†

where §̂§2
­̂­ pp

is the pth diagonal element of the estimate of the
variance-covariance matrix for the pth parameter estimate
given in Equation 2. When data are standardized, the total
sum of squares (SST) is given by n. As s2 ˆ e 0e=…n ¡ P† the
error sum of squares (SSE) is given by s2…n ¡ P†, or, using
Equation 4

SSE ˆ s2…n ¡ P† ˆ n

…n ¡ P† …1 ¡ R 0
xyR

¡1
xx Rxy†…n ¡ P†

ˆ n
jRj

jRxxj
…6†

Therefore, R2 can be expressed as,

R2 ˆ 1 ¡ SSE

SST
ˆ SSR

SST
ˆ 1 ¡ jRj

jRxxj
…7†

The F-statistic is then derived as follows,

FP¡1;n¡P ˆ n ¡ P

P ¡ 1

R2

…1 ¡ R2†
ˆ …jRxxj ¡ jRj†…n ¡ P†

…jRj†…P ¡ 1† …8†

Two views on regression

It is important to note that there exist two views on regres-
sion, and that the foregoing analysis is concordant with
one, which is denoted `the researcher’s view.’

The researcher’s view. While the researcher may or may
not control the X (observations of independent variables),
the true process by which the corresponding observations
of the dependent variable, y, are generated is unknown to
the researcher. Thus, the researcher hypothesizes a linear
additive model as a paramorphic representation of the
process that generates the y. Next, given the X and y, the
objective is to estimate regression parameters, ^bb , that
provide the best ®t to this model and to determine the
precision of those estimates (Johnston, 1984; Kmenta,
1986; Stewart, 1987; Morrison, 1990). In this view, the
parameters including ¼2 are determined by the data. This
implies, for example, that ­̂­ ˆ R¡1

xx Rxy. Moreover, if Rxx

diVers across samples of data, Rxy does not necessarily
need to diVer as well.

An alternative view. This analysis may be compared to
another approach where it is assumed there exists a
known linear additive relationship that is indeed the true
underlying process that generates the y (Johnson et al.,
1989; Mason and Perreault, 1991). The parameters,
including ¼2, are viewed to be constants and are indepen-
dent of the X. Thus, in this view, Rxy ˆ Rxx­ and the
data are a function of the parameters (note that the b are
true parameters, not estimates, ^bb ). Thus, if Rxx changes,
so, too will Rxy. In this case, the parameters are known
and do not change with the data.

This alternative view is not adopted in the current analy-
sis for two reasons. First the true model is not typically
known. The researcher knows only ^bb , not b . Thus, although
the alternative view is of theoretical interest, it may be of
little practical value to researchers. Second, there do exist
samples of data where Rxx vary and Rxy do not. The alter-
native view presupposes this is not possible. Third, the
linear model is an approximation (often very good) of an
unknown process that combines the regressors into a
dependent variable. In the researcher’s view, that approx-
imation is acceptable if predictions are good.

It may be shown that the two approaches are mathemat-
ically equivalent when ^bb ˆ b (Johnson and Wichern, 1988).
Nonetheless, it should be noted that the present ®ndings
must be interpreted in light of the diVerences in assump-
tions that distinguish these two approaches. For example,
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1 This analysis applied to both nonstochastic and stochastic regressors. When comparing diVerent sample draws from the same
distribution, the assumption of nonstoachastic regressors may be untenable (Pindyck and Rubinfeld, 1981). However, under the
assumption that the stochastic regressors are uncorrelated with the error term, Johnston (1984 p. 281±84) shows that s2…X 0X†¡1

remains
an unbiased estimator of the population level variance±covariance matrix, , and that ­̂­ remains an unbiased estimator of the population
parameters, ­ .



in the alternative view, it can be shown that the assumption
that ¼2 is independent of the data suggests variance
estimates can not decrease.

The two regressor case

Equations 1±8 are di� cult to interpret in matrix form.
Therefore, the approach is illustrated with the two regres-
sor model in order to provide intuition for the asymmetric
eVect of positive and negative collinearity among the
regressors. This enables a clear demonstration of the eVect
of collinearity on regression and portray some conditions
under which the various collinearity diagnostics are infor-
mative and some conditions where they are misleading.

EVect of collinearity on variable omission bias. The regres-
sion model is given by,

y ˆ ­ 1x1 ‡ ­ 2x2 ‡ e e ¹ N…0; ¼2† …9†

where y is the dependent variable, x1 and x2 are regressors,
and ­ 1; ­ 2, and ¼2 are the population level parameters. As
x1; x2, and y are standardized, there is no intercept in
Equation 9.

From Equation 2, it is seen that the estimates of ­ in
Equation 9 are given by (see also Johnston, 1984 p. 81)

­̂­ ˆ
1 r12

r21 1

µ ¶¡1 ry1

ry2

" #
ˆ

ry1 ¡ ry2r12

1 ¡ r2
12

ry2 ¡ ry1r12

1 ¡ r2
12

2

6664

3

7775 …10†

where ryj is the sample correlation between y and the inde-
pendent variable xj; j ˆ 1, 2 and r12 is the sample correla-
tion between x1 and x2.

Recall, the omitted variable bias is given by, R¡1
xx Rxz

^bb z.
Using this result, it may be shown that the omission of xj

biases the regression coe� cient of xi by r12
^bb j (where i,

j ˆ 1; 2; j 6ˆ i; and ^bb j is the parameter estimate for variable
j in the fully speci®ed model). When r12 is 0, there is no
variable omission bias, consistent with the ®ndings of
Johnston (1984) . However, when collinearity is present,
there is variable omission bias, and in Proposition 1, the
nature of the bias is elaborated on.2

Proposition 1:
(a) For ryi ; ryj > 0, the bias in ­̂­ i, upon omitting variable

j (i; j ˆ 1; 2; j 6ˆ i†, is strictly increasing in r12 < 0.
The bias is strictly increasing (decreasing) in
r12 > 0, if ryj=ryi > …<†2r12=‰1 ‡ r12Š2.

(b) For ryi ; ryj < 0, the bias in ­̂­ i, upon omitting variable
j, is strictly decreasing in r12 < 0. It is strictly increas-
ing (decreasing) in r12 > 0, if ryj=ryi <
…>†2r12=‰1 ‡ r12Š2.

(c) For ryi < 0 and ryj > 0; i; j ˆ 1; 2; j 6ˆ i, the bias in

­̂­ i, upon omitting variable j is strictly increasing in
r12 > 0. It is strictly increasing (decreasing) in r12 < 0,
if ryj=ryi < …>†2r12=‰1 ‡ r12Š2. The bias in ­̂­ j, upon
omitting variable i is strictly decreasing in
r12 8 r12 > 0. It is strictly increasing (decreasing) in
r12 < 0, if ryi=ryj > …<†2r12=‰1 ‡ r12Š2.

Proof. See Appendix 2.

For example, when ryi ˆ ryj ˆ ry > 0, omitted variable
bias is negative and decreasing as the correlation (r12)
with the omitted variable becomes increasingly negative.
The bias is positive and increasing when r12 becomes
increasingly positive. Omitted variable bias is zero when
r12 ˆ 0. Further, j@ bias ­ i=@r12j, i ˆ 1, 2, is greater for
negative correlations than it is for equivalent positive cor-
relations (see Appendix 2). Thus, there exists an asymmetry
in omitted variable bias to the underlying correlation struc-
ture. For example, when ry > 0, the slope, j@ bias ­ i=@r12j,
at r12 ˆ 0:5 is 0.67ry, whereas the slope at r12 ˆ ¡0:5 is 4ry,
six times j@ bias ­ i=@r12j at r12 ˆ 0:5.

To more clearly illustrate this relationship, (i) how
omitted variable bias varies with diVerent possible values
of r12 given a ®xed ry1 ˆ ry2 ˆ ry (following Wittink, 1988,
p. 89±90)3 and (ii) the degree to which diagnostics of col-
linearity capture the omitted variable bias, were assessed.
Figure 1 depicts the relationship between r12 and the bias in

­̂­ i, upon omitting variable j, for ry1 ˆ ry2 ˆ 0:5. It also
portrays the VIF, Condition Index, and determinant.
Figure 1 shows that when ry > 0, the eVect of variable
omission bias is much greater when a negatively correlated
variable is omitted than when a corresponding positively
correlated variable is omitted. Second, this asymmetry
becomes greater as ry increases. The opposite result holds
when ry < 0.

Figure 1 reveals some disconcerting insights regarding
common diagnostics of collinearity. First, as can be seen,
omission bias is much worse for negative than positive
correlations of equivalent magnitude. Yet the VIF is the
same value for negative and positive correlations of equal
magnitude, as are the CI and the determinant. Even though
the bias is over three times greater for r12 ˆ ¡0:5 than for
r12 ˆ 0:5, each of the respective diagnostics (VIF, CI, deter-
minant) suggest the omission bias should be the same.
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2 Note, in this and subsequent propositons, a change in r12 implies a change across samples or populations. It is impossible for r12 to
change within a sample or population. Note that comparisons across samples or populations are common; collinearity diagnostics are
designed to compare diVerences in inter-regressor correlations across samples or populations.
3 Note that values for r12 must be valid (i.e., the correlation matrix among the independent variables and the dependent variable must be
positive semide®nite).



Second, the direction of the omission bias reverses with the
sign of the collinearity (that is, the omission bias is negative
for negative correlations and positive for positive correla-
tions). The diagnostics do not capture this. Conversely,
formulas regarding the impact of collinearity (such as the
ones we propose) oVer a more detailed insight regarding
whether collinearity is a concern.

EVect of collinearity on parameter variance estimates. To
express the eVect of collinearity on parameter variance
estimates, using Equations 3±4, and 10 and simplifying
gives,

vâar…­̂­ 2† ˆ vâar…­̂­ 3† ˆ
…1 ¡ r2

y1 ¡ r2
y2 ¡ r2

12 ‡ 2ry1ry2r12

…n ¡ 2†……1 ¡ r2
12††2

…11†

The presence of r12 in the numerator of Equation 11
suggests that positive and negative correlations have diVer-
ing eVects.

Proposition 2. The parameter variance estimates for both
xi and xj (i; j ˆ 1; 2; j 6ˆ i) are strictly increasing (de-
creasing) in r12 if ryiryj > …<†r12‰…1 ¡ r2

12 ¡ 2D†=…1 ¡ r2
12†Š,

where D 2 ‰0; 1Š is the determinant of the correlation
matrix of y, x1 and x2.

Proof. See Appendix 2.

Proposition 2 suggests that the result found in most
econometric texts, i.e., correlations among the regressors

raise parameter variance estimates, holds only under

certain conditions. Surprisingly, Proposition 2 indicates

that increasing collinearity can decrease parameter variance

estimates. For example, when ryi < 0; ryj > 0, D > 0:5, and

r12 < 0, the parameter variance estimate strictly decreases

as r12 becomes more negative. In this instance, increasing
collinearity yields lower parameter variance estimates.

Similarly, @…vâar…­̂­ ††=@r12 > 0 when r12 ˆ 0 and ry1ry2 > 0.

In this case, any small negative correlation decreases the

variance estimate of ­̂­ . For simplicity, let ry1 ˆ ry2 ˆ ry.

Upon substitution into the expression in the Appendix 2
for @…vâar…­̂­ ††=@r12 and simplifying, it is found that

vâar…­̂­ † is increasing (decreasing) in r12 < 0 when
r2
y > …<†r12…1 ‡ r12†=3r12 ¡ 1. If r12 > 0, then vâar…­̂­ † is

increasing in r12. Thus, for su� ciently large ry1 and ry2,

increasing negative collinearity decreases parameter vari-

ance estimates. To further illustrate the properties of

parameter variance estimates outlined in Proposition 2,
Fig. 2 depicts the complex relationship between vâar…­̂­ †
and r12, when ry1 ˆ ry2 ˆ ry ˆ 0:5. The common collinear-

ity diagnostics as a function of r12 has been overlayed.
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Fig. 1. EVect of collinearity on variable omission bias
True model: y ˆ ­ 1x1 ‡ ­ 2x2; Omitted variable model: y ˆ ­ 1x1

Fig. 2. EVect of collinearity on parameter variable estimates
Model: y ˆ ­ 1x1 ‡ ­ 2x2



As with parameter estimates, the eVect of positive and
negative collinearity is asymmetric. Although not depicted
in Fig. 2, ry aVects the monotonicity of the relationship.
When ry is su� ciently high, increasing r12 yields a greater
parameter variance estimate. When ry is su� ciently
low, the relationship can become non-monotonic (inverted
u-shaped).

All collinearity diagnostics suggest parameter variance
estimates will in¯ate as the correlation becomes negative,
when in fact, it can contract. Thus, the diagnostics could
suggest that collinearity is a problem (in¯ates parameter
variance) when it is not (de¯ates parameter variance). As
with Fig. 1, the eVect of correlations on diagnostics is sym-
metric (for positive and negative correlations of equal mag-
nitude) even though the eVect of collinearity on regression
is not.

Parameter variance simulation. To illustrate the eVect of
negative and positive correlations on parameter variance

estimates (i.e., make inferences regarding how well regres-

sion recovers population parameters), sample data for y,
x1, and x2 were generated from a multivariate normal

distribution. The following three population correlation
matrices (where »12 ˆ f¡0:5; 0; 0:5g) were used among

the dependent and the independent variables.
Given the design in Table 3, the results presented in

Proposition 2 and Fig. 2 lead to the following hypothesis:

Hypothesis: When r12; ry1, and ry2 are determined using
data generated from Table 1, the variance of the par-

ameter estimates in a negatively correlated environment

(»12 ˆ ¡0:5) will be lower than those generated in a posi-

tively correlated environment (»12 ˆ 0:5).

To generate the data implied by Table 3, calculating

population level parameters for ­ 1, ­ 2, and ¼ from the

population correlation matrix was undertaken. Next, »12

was used to generate 100 sample observations of x1 and

x2. Using these values for ­ 1; ­ 2; x1; x2, and ¼, 100 sample

observations of y were generated.

This process was repeated 500 times yielding 500 sample
data sets of 100 observations each. For each of these 500

data sets, y was regressed on x1 and x2 yielding 500 sample

level estimates of ­ 1 and ­ 2. Using the mean of the

estimated parameters, the parameter variance estimates

for ­ 1 and ­ 2 was calculated. Finally, this process was
repeated for each of the three values of »12:4

The results of the simulation are presented in Table 4. As
predicted in the Hypothesis, the results in Table 4 demon-

strate that parameter variance estimates are substantially

lower in negatively (versus positively) correlated environ-

ments. By comparing the ®rst and second columns to the

third column, it may be observed that the mean parameter
estimates appear unbiased (cf. Johnston, 1984). Second, by

comparing the last three columns, it can be noted that the

simulated parameter variance estimates are very close to

those predicted by Equation 11. The ®ndings of this simu-

lation demonstrate that the sign of correlation among the

independent variables aVects parameter inference in regres-

sion and that certain correlation structures can actually
reduce parameter sampling variance.

Rescaling. Rescaling a regressor by changing its sign does

not mitigate the asymmetry outlined in this paper. For

example, reversing the sign of x2 changes a correlation

structure of ry1; ry2, ¡r12 to ry1; ¡ry2; r12. As can be seen

in Equations 10±13, rescaling in this fashion simply

changes the sign of the parameter and its t-statistic while

having no eVect on omission bias, R2, or parameter vari-

ance estimates. Thus, the size and direction of the asym-

metry remain robust to rescaling for omission bias, R2,
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Table 3. Simulation deisgn for popula-
tion correlations

y x1 x2

y 1.0
x1 0.4 1.0
x2 0.4 »12 1.0

4An additional 500 samples were generated for each of the three conditions by holding r12 ®xed across each of the 500 samples. This was
done by using the same data for X in each of the 500 samples. The X in each of the three conditions were chosen to re¯ect the population
correlations r12. The results were identical.

Table 4. Simulation results

­ 1; ­ 2 var ­ 1, var ­ 2

mean ­̂­ 1 mean ­̂­ 2 population vâar…­̂­ 2† vâar…­̂­ 2† population
»12 estimated estimated parameters estimated estimated parameters

0.5 0.266 0.265 0.267 0.011 0.011 0.011
0.0 0.391 0.400 0.400 0.007 0.007 0.007

¡0.5 0.797 0.806 0.800 0.005 0.005 0.005



and the parameter variance estimate. However, the direc-
tion of the asymmetry changes for the t-statistic.

II I . APPLICATIONS

In this section, the two regressor results are applied using
two examples from Applied Economics. The key purpose of
this section is to demonstrate that the computation of the
formulae in Section II yield a more accurate depiction of
the eVects of collinearity than the various collinearity
indices previously enumerated. In particular, real examples
are used to demonstrate that variable omission bias can be
greater even when (i) variance in¯ation factors are lower,
(ii) determinants are higher, and (iii) condition indices are
lower.

Speci®cally, the following subset of the correlation
matrices reported by Hojman (1992) and Nguyen and
Cosset (1995) in Applied Economics are considered:
Notice the negative correlations in the Hojman (1992)
matrix. These suggest that variable omission bias may be
worse in that instance. To see this, standardized regression
coe� cients were ®rst calculated for each of the two two-
regressor models in Table 5. Then, dropping the `HB’ vari-
able from the ®rst model and the `FCON’ variable from the
second model, the standardized coe� cients for the remain-

ing regressor were recalculated in each of the two models.

Table 6 presents the resulting regression diagnostics and

the mean omitted variable bias for each regression model
(see Section II for the formula).

Table 6 vividly depicts the nonmonotonicity in the col-

linearity diagnostics. Recall, higher VIF, lower determi-

nants and higher condition indices are all suppose to be

indicative of greater problems arising from collinearity.

Table 6 portrays a case where problems are lesser even

though the VIF is higher, the determinant is lower, and
the condition index is higher. Perhaps an even more mis-

leading aspect of the diagnostics is that they suggest no

collinearity problems are likely to exists in either case as

the CI is well below the threshold of 30 and the VIF is

substantially below 10. Yet, in the Hojman case the par-
ameter estimate for U changes by 225% when HB is added

to a model with only U as the independent variable.5

These problems arise because the diagnostics do not

accommodate diVerences between negative and positive

correlations, nor do they consider relationships with the

dependent variable. The formulae presented in Section II

more accurately assess the impact of collinearity on any
variable of interest and enable better decisions regarding

whether corrective techniques (e.g., ridge regression) need

to be taken.
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5 The coe� cient for U changes from ¡0:77 to ¡0:99 when HB is added to the model. The coe� cient for HB changes from ¡0:28 to ¡0:63
when U is added. Similarly, the coe� cient for FEMP changes from 0.47 to 0.28 when FCON is added. FCON changes from 0.58 to 0.47
when FEMP is added.

Table 5. Correlation matrices

Hojman (1992)

HB (Ratio between health expenditures
IMR (Birth rate)1 U (Unemployment rate) per capita and birth rate)

IMR1 1
U ¡0.77 1
HB ¡0.28 ¡0.35 1

Nguyen and Cosset (1995)

FS (Firm sales)1 FEMP (Foreign employees) FCON (Foreign countries)

FS1 1
FEMP 0.47 1
FCON 0.58 0.40 1

Note: 1Dependent variable.

Table 6. Omission bias and collinearity diagnostics

Matrix Mean omission bias Determinant Condition index VIF

Hojman (1992) 0.31 0.88 2.08 1.14
Nguymen and Cosset (1995) 0.15 0.84 2.33 1.19



IV. CONCLUSION

Key ®ndings

In this paper the eVects of collinearity on omitted variable
bias and parameter variance estimates are examined. It is
found that, consistent with prior results, positive correla-

tions can yield less precise estimates, can induce parameters
to switch signs, and aVect R2. These ®ndings are extended
in three ways. First, it is shown that this eVect is moderated

asymmetrically by the signs of the inter-regressor correla-
tions and correlations between the dependent variable and

the regressors (denoted by Rxy). Second, some conditions
are suggested under which the impact of negative correla-
tions on parameter inference and model ®t is greater than
the impact of corresponding positive correlations and vice

versa. Finally, analytical results are derived for the impact
of collinearity and discuss the implications of the results for

collinearity diagnostics in the context of omitted variable
bias and variance in¯ation. The following summarize the
®ndings for the case of all elements in Rxy > 0 (the other

cases are presented in Appendix 2):

. Negative correlations among the independent vari-
ables have a much greater impact on variable omission

bias than equivalent positive correlations. This has
important rami®cations for model speci®cation in
negatively correlated environments.

. A commonly stated result is that collinearity increases
parameter variance estimates (e.g., Greene, 1990;
Johnston, 1984; etc.). It is found that, under certain

conditions, collinearity can reduce parameter variance
estimates.

. Condition indices, variance in¯ation factors, and the

determinant of the correlation matrix, as collinearity
diagnostics, do not discriminate well between positive

and negative correlations. Also, these diagnostics do
not capture the eVects of Rxy, which have been shown
to be an important moderator of collinearity’s eVects.

. The formulae derived can be used to perform a sensi-

tivity analysis of key model statistics.

Future research

The analysis also suggests a number of extensions to other
linear models. Structural models (Bagozzi, 1977), one of
the most widely used linear models in business economics,

may be subject to the same eVects and the analysis can be
extended to that methodology.

Second, the analysis pertains to the eVects of collinearity

on ®t and inference. Assessing these eVects is important
because it is necessary to know whether collinearity is
problematic or not before attempting to correct for it.

Therefore, a useful extension of the work would be the
development of collinearity diagnostics that incorporate

correlation signs and the regressor-dependent variable cor-
relations.

Finally, regression is not the only technique subject to
the problems arising from collinearity. Nonlinear models
and limited dependent variable models are likely also
aVected by collinearity. A rigorous analysis of negative
and positive correlations in these domains would also be
important to further understand the reliability and validity
of parameter estimates in those settings.

Given the rami®cations and broad applicability of the
principles outlined in the analysis, it is hoped that the ®nd-
ings inspire further work regarding the eVect of collinearity
in general, and the asymmetric impact of negative and
positive correlations in particular. Fox and Monette
(1992, p. 183), in the Journal of the American Statistical
Association, note:

A reviewer of an earlier version of this article suggested
that `collinearity is not so much a problem as a state of
nature ± like the law of gravity ± and that railing against
collinearity is rather like complaining about not being
able to ¯y by ¯apping your arms.’ Although we have
some sympathy with this view, we believe it overstates
the case: The identi®cation of speci®c sources of impreci-
sion in estimation may, in certain instances, suggest how
estimates can be improved, for example, by collecting
additional data (abandoning arm ¯apping and trying
an airplane) . . . the respeci®cation of a statistical model
or reorientation of the goals of a study.

It is hoped that this paper addresses `these sources of
imprecision’ and leads to further research in this domain.
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APPENDIX 1

Diagnostics for Collinearity

Several collinearity diagnostics are commonly employed in
business economics. One such diagnostic, the condition
index, is the square root of the ratio of largest to smallest
eigenvalues in the correlation matrix of the independent
variables. Belsley et al. (1980) and Johnston (1984, p.
250) suggest that condition indices in excess of 20 are pro-
blematic. However, this diagnostic does not consider cor-
relations with the dependent variable, which have already
been shown to moderate the eVects of collinearity. Second,
in the two variable case, regardless of whether r12 ˆ 0:5 or
r12 ˆ ¡0:5, the eigenvalues are [1.5, 0.5]. Thus, the eigen-
values do not re¯ect the direction of the correlation as the
eigenvalues are the same in both cases and the resulting
condition index is 1.73. Yet, it has been shown that the
two correlation structures have very diVerent eVects.

A second commonly used diagnostic is the regressor cor-
relation matrix determinant. This diagnostic ranges from 1
when there is no collinearity, to 0 when there is perfect
collinearity. Like the condition index, this diagnostic does
not incorporate the moderating eVect of correlations with
the dependent variable. Second, in the two regressors
model, regardless of whether r12 ˆ 0:5 or r12 ˆ ¡0:5 the
determinant is 0.75. The determinant suggests the eVects
of collinearity are equivalent in each case even though we
have shown the eVects to be quite diVerent.

A third collinearity diagnostic, the variance in¯ation fac-
tor (VIF), is also commonly used. The VIF for regressor xi

is given by VIFi ˆ 1=…1 ¡ r2
i ) where r2

i is the R2 of a regres-
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sion of regressor xi on all the remaining regressors. When a
regressor is orthogonal , VIF ˆ 1. VIF’s in excess of 10
…r2

i > 0:90† are considered to be problematic (Hair et al.,
1995). In the foregoing example, the VIF is 1.33, regardless
of whether r12 ˆ 0:5 or r12 ˆ ¡0:5. Thus, the diagnostic has
the same limitations as the condition index and the deter-
minant in its ability to discriminate between positive and
negative correlations. Second, like the other diagnostics, it
does not consider the moderating role of the correlations
between the dependent and the independent variables.

APPENDIX 2

Impact on imitted variable bias: proof of proposition 1a±1c

Bias in ­̂­ i ˆ biasi ˆ ­̂­ jr12, i; j ˆ 1; 2; j 6ˆ i. Taking the
partial derivative w.r.t. r12, and simplifying yields,

@ biasi

@r12

ˆ
ryj …1 ‡ r2

12† ¡ 2ryir12

…1 ¡ r2
12†2

For a ®xed magnitude of ryi and r12, and ryi > 0,

@ biasi=@r12 when r12 > 0 is always less than @ biasi=@r12

when r12 < 0. This suggests that variable omission bias is
more sensitive to negative correlations when ryi > 0. The
opposite holds when ryi < 0. Further, from the expression
for @ biasi=@r12 it may be readily seen that

Sign
@ biasi

@r12

µ ¶
ˆ Sign‰ryj …1 ‡ r2

12† ¡ 2ryir12Š:

Therefore,

(a) For 0 < ryi ; ryj < 1, it is found that @ biasi=@r12 > 0
for r12 < 0:

For r12 > 0; @ biasi=@r12 _ 0

if
ryj

ryi

_
2r12

1 ‡ r2
12

:

(b) For ¡1 < ryi; ryj < 0, it is found that @ biasi=@r12 < 0
for r12 < 0:
For

r12 > 0;
@ biasi

@r12

_ 0 if
ryj

ryi

_
2r12

1 ‡ r2
12

:

(c) Regarding correlations with mixed signs, without
loss of generality let ¡1 < ryi < 0 and ryj > 0,
i; j ˆ 1; 2; j 6ˆ i. The bias in ­̂­ ij ˆ biasj ˆ ­̂­ ir12.
Taking the partial derivative w.r.t. r12, and simplify-
ing gives,

Sign
@ biasj

@r12

µ ¶
ˆ Sign‰ryi…1 ‡ r2

12† ¡ 2ryj r12Š:

Thus, it is found that for r12 < 0; @ biasi=@r12 _ 0 if
ryj =ryi _ 2r12=1 ‡ r2

12; @ bias j=@r12 _ 0 if ryi=ryj _
2r12=1 ‡ r2

12: For r12 > 0; @ bias i=@r12 > 0,

@ bias j=@r12 < 0:

Impact on parameter variance estimate: proof of
proposition 2

Taking the partial derivative of Equation 11 with respect to
r12 and simplifying gives,

Sign
@…vâar…­̂­ ††

@r12

" #
ˆ Sign‰…1 ¡ r2

12†…ry1ry2 ‡ r12† ‡ 2r12DŠ

where D 2 ‰0; 1Š is the determinant of RxxRxy. Thus,

@…vâar…­̂­ ††
@r12

_ 0 if ry1ry2 _
r12…1 ¡ r2

12 ¡ 2D†
1 ¡ r2

12
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