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Abstract

This paper discusses multi-period stochastic joint inventory and pricing models when
the decision maker is risk and ambiguity averse. We study infinite horizon models with
discounted and long run average optimization criteria. The main result of this paper is to
establish the optimality of stationary (s, S, p) policies for the infinite horizon inventory and
pricing models, for which the existing proof techniques for the risk neutral counterparts

may not be extended.
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1 Introduction

Risk neutrality and complete knowledge of demand probability distributions are two under-
lying assumptions behind most conventional stochastic dynamic inventory control models. In
practice, however, these assumptions do not always hold and may be too restrictive. On the one
hand, an inventory planner may be risk averse, i.e., she prefers a control policy that protects
the downside risk at the expense of the average performance. On the other hand, a decision
maker may not know the exact demand distributions and have to estimate them from limited
historical data. In this case, the decision maker tends to be ambiguity averse, i.e., she prefers
an inventory policy which is “robust” against estimation errors.

In this paper we consider a single product, periodic review inventory models with a fixed
ordering cost and stochastic price-dependent demand. Our model and analysis extends Chen
et al. (2007) to an infinite horizon, and with ambiguity aversion. The main contribution is
to show that the optimal control policies for the proposed ambiguity and risk averse inven-
tory and pricing models share similar structural properties as their conventional risk neutral
counterparts in an infinite planning horizon (Chen and Simchi-Levi (2004b)). In particular,
while an (s, S, A, p) policy is optimal for the finite horizon ambiguity and risk averse model, a
stationary (s, S, p) policy is optimal for the infinite horizon model. (See Chen and Simchi-Levi
(2004a) for the definition of the (s,S,A,p) and (s, S,p) policy structures.) We also include
some additional new results for the finite horizon case in the appendix.

Our proof for the infinite horizon ambiguity and risk averse models, however, is much more
involved compared with its risk neutral counterpart. The main difficulty comes from the fact
that the general certainty equivalent operator G&(+) (to be defined later) is not additive. That

is, unlike the expectation operator, for two uncertain values 5 and 1&, in general,
GE(E+ 1) # G5(€) + G (W) -

Therefore the existing techniques to prove the optimality of a stationary (s, S, p) policy (see,
for example, Chen and Simchi-Levi (2004b) and Huh and Janakiraman (2004)) for the infinite
horizon risk neutral model may not apply. Thus, although our approach bears some similarities
with Chen and Simchi-Levi (2004b), the logic is different and the analysis is more complicated.

The organization of this paper is as follows. In Section 2, we introduce the finite and infinite
horizon inventory and pricing model with risk and ambiguity aversion. Then we present the

proof of the optimal structural policies for the infinite horizon mode with discounted as well

as the long run average criteria in Section 3.



2 Model formulations

In this section we first introduce the inventory and pricing system. We then provide the risk
and ambiguity averse modeling framework in a finite horizon. Finally, we discuss in details the

infinite horizon ambiguity and risk averse inventory and pricing models.

2.1 Joint inventory and pricing system

Consider an inventory system where a decision maker makes replenishment and pricing de-
cisions over T time periods. Here we denote t = 1 to be the end of the planning horizon,
therefore t = 7 represents the (7 — 1) period to the end.

For each period ¢, let d; denote the demand in period ¢. Demands in different periods
are assumed to be independent. The decision maker may affect the period ¢ demand through
setting a selling price p; for this period. We assume p; is bounded, with lower and upper
bounds P, and p¢, respectively. To simplify notation, use P; to denote the interval [Bt,ﬁt].
Notice that when P, =Dt for each period t, price is not a decision variable and the problem is
reduced to the traditional inventory control problem.

Throughout this paper, we concentrate on demand functions of the following form:

Assumption 2.1 Fort=1,2,..., the demand function satisfies
Jt = Di(pt,&t) = Bt — Qupy, (1)

where & = (dt,gt), and &, B; are monnegative and represent the uncertainties in period t.
Furthermore, we assume that there exists a constant = > 0 such that D(p,&) < E for any

feasible p and any realization of €.

Let x; be the inventory level at the beginning of period ¢, and y; the inventory order-up-
to level. Lead time is assumed to be zero. The ordering cost function includes both a time
independent fixed cost k and a possibly time dependent variable cost ¢;. Therefore, the period

t ordering cost is kd(y; — x¢) + ¢1(yy — x¢), where

1, ifxz >0,
o(x) ==

0, otherwise.

We assume that unsatisfied demand is backlogged. As customary in most stochastic inventory
models, we assume the inventory holding or backlogging cost function, h:(x), is convex in terms

of x — the inventory level at the end of time period t.



At the beginning of period ¢, the inventory manager decides the order-up-to level y; and the
price p;. Thus, given the initial inventory level x;, the order-up-to level y; and the realization

of the uncertainty &;, the profit excluding the fixed cost at period t is

Pi(xe, ye, prs€r) = —k0(ye — x1) — ce(yr — x¢) + peDi(pr, €¢) — ha(yr — Di(pe, €r)) -

Finally, at the end of the planning horizon, we define B, (0, Yo, Po; €0) = coxo, which implies
that any inventory left has a unit salvage value ¢y while any unsatisfied demand incurs a unit

penalty cost cg.

2.2 Finite horizon risk and ambiguity averse model

In this subsection, we introduce the finite horizon risk and ambiguity averse model. First
consider the case in which there is no ambiguity in demand distribution. In this case, the risk
averse inventory and pricing model is derived and analyzed in Chen et al. (2007). For the finite
horizon model, we show, in Chen et al. (2007), that an (s, S) policy is optimal when demand
is exogenous, i.e., price is not a decision variable; and an (s, S, A, p) policy is optimal when the
price is a decision variable.

Further assume that the decision maker does not known the exact probability distribution
for the uncertainty £;. Following Nilim and El Ghaoui (2005) and Iyengar (2005), we assume
that the decision maker is only aware of a set to which the probability distribution of £; belongs,
and model ambiguity aversion as a game between the decision maker and nature. That is, the
decision maker maximizes her expected utility, with respect to probability distributions chosen
by nature, who is an adversary choosing the probability distribution from an ambiguity set ©;
of probability distributions against the decision maker’s objective.

Let u.(f;) be the decision maker’s utility function on consumption f; in period ¢. Through-
out this paper, we assume that the decision maker’s utility function at period ¢ is an exponential
utility function: w.(f;) = —aze~f1/Pt with a; > 0 and the “risk tolerance parameter” p; > 0.
Given each period’s initial wealth level w;, and the risk free saving and borrowing interest rate
¢, or, equivalently, the discount rate v = 1/(1 4 r¢), the consumption flow f; is determined
by

Ji = wy — ywi—y + Py, ye, v &) - (2)

Assuming the “rectangularity property” (Epstein and Schneider (2003), Nilim and El Ghaoui
(2005), and Iyengar (2005)), and following either Theorem 1 of Nilim and El Ghaoui (2005)



or Theorem 2.2 of Iyengar (2005), a risk and ambiguity averse inventory planner with additive
utility over time solves the following dynamic programming recursion,

Up(xy,wy) = max minE-{max{u 4+ Us—1(y — Dy(ps, €r), we— H, 3
t( ¢ t) Yt.pr:yYt >Te,pt €Pt fz, €Oy T wi—1 t(ft) ¢ 1(y t<pt t) t 1) ( )

with boundary condition

Uo(z0,wo) = uo(wo + coTo) - (4)

To present the main dynamic program recursion, we first introduce the general certainty
equivalent operator G& (g(g)) defined on a function g(-) of an ambiguous uncertainty & as

follows,

G& (9(6)) = pin ~RInBy, [exp {—; [9(9) H . (5)

fe€
The parameter R presents the risk aversion level while the set © represents the ambiguity
set of probability distributions. The operator gg generalizes the certainty equivalent operator
c& g defined in Chen et al. (2007) in the sense that when © is a singleton taking distribution
fg, gg reduces to CE?.

We will not specify any particular ambiguity sets, other than that they satisfy certain
technical conditions so that the minimization in the general certainty equivalent operator can
always be attained. For instance, if we assume that the uncertainty f has a bounded support,
g is continuous and the ambiguity set © is compact in an appropriately defined function space,
say L£? space for continuous uncertainties and ¢? space for discrete uncertainties, then the
minimization in (3) can be attained. Indeed, these conditions are satisfied for the models
analyzed in this paper.

To facilitate future analysis, we also introduce the modified single period profit function

excluding the fixed cost

Pi(y,p;ét) = (p — ct) De(p, €t) — he(y — Di(p, ér)) (6)

in which

he(z) = (¢t —yep—1)  + he(x) (7)

is the modified inventory holding and backlogging cost function.

Proposition 1 The inventory and pricing decisions in the ambiguity and risk averse model

(3)-(4) can be calculated through the following dynamic programming recursion

Gi(r) = max —ké(y—m)+ th [Pi(y,p;€t) +vGi—1(y — De(p,€r))] (8)
Y,0:y>x,pEP: ¢



with boundary condition Go(x) = 0, and the effective risk tolerance

t
Ri=> +""pr. (9)
7=0

The proof is parallel to that of Theorem 3.3 in Chen et al. (2007), which is based on Smith
(1998), and is omitted in this paper. Similar to the risk averse model, here G;(z) can be
considered as the certainty equivalent, referred to as the general certainty equivalent, of the
consumption flow generated by running the inventory system starting from period ¢ with an
initial inventory level x to the end of the planning horizon.

In the Appendix G we present two theorems, which extend Chen et al. (2007) with struc-

tural results on finite horizon models.

2.3 Infinite planning horizon

Now we consider the infinite horizon inventory and pricing model with stationary model pa-
rameters. We study both the discounted and long run average criteria. As will be seen, even
though their dynamic programming recursions are similar, the discounted and average profit
cases come from quite different sources.

The discounted infinite horizon model is a natural extension to the finite horizon model with
T — oo. The objective of the decision maker is defined as (3), subject to (2) with v € (0,1) as
t approaches infinity. Dropping the subscript ¢ due to stationarity, the infinite horizon version
of the dynamic programming recursion (8), also referred to as the Bellman equation, becomes

G(z)= max —ki(y—x)+ G5~ [P(y,p;é) + 7G(y — D(p;é))] - (10)
Y,p:y>x,pEP

As t — oo, the effective risk tolerance becomes
Roo = —. (11)

We have not yet formally established any connection between the above Bellman equation
with either the optimal value function of the original problem, or an optimal policy. In Section
3, we will construct a solution for problem (10), and show that this solution gives the optimal
value function, and an (s, S,p) policy attaining the maximization in (10) is optimal for the
inventory horizon inventory and pricing problem.

Next we consider the long run average case of the ambiguity and risk averse inventory and

pricing problem. One possible choice of objective for the long run average case is based on the



consumption model by maximizing the long run average of the general certainty equivalent of

cash flows generated from the inventory system,

1
liminf -G, ,

t—oo {

in which G is from the dynamic program (8). As the discounted factor v — 1, however, the
effective risk tolerance factor Ro, = p/(1 — 7) approaches infinity, as if the decision maker
becomes risk neutral. We conjecture that in this case, our ambiguity and risk averse model,
in the long run average infinite planning horizon framework, reduces to an ambiguity averse
and risk neutral model. We leave this issue for future exploration and focus on an alternative
objective.

Motivated by the long run average risk averse Markovian decision models analyzed in the
robust control literature (see, for instance, Di Masi and Stettner (1999)), an ambiguity and
risk averse long run average inventory and pricing problem for a given risk tolerance factor R

can be modelled as the following maximization problem:

1
i iy, piaf CEX[P(Twe)] )

where P(T,w, €) is the total profit generated from the inventory system over a T-period plan-
ning horizon given the uncertainty ¢ = (£;)72; and inventory and pricing policy w, and O is
the infinite direct product of the ambiguity set ©. It is not hard to show that this maximization

problem is equivalent to maximizing

lim inf %Gt(x)

t—o00

with the general certainty equivalent Gy defined as

Gi(x) = max _—ké(y — )+ G [P(y,p;€) + Gi-1(y — D(p,8))], (13)
y,p:y>x,pEP

and Go(z) = 0.
Although the above long run average case and the discounted case are derived from different
origins, the similarity in their corresponding dynamic programming recursions allows us to

introduce a unified Bellman equation

¢(x) = max —kd(y — x) + max G5 [Py, pi€) = A+ 76y = D(p,9))] - (14)

In fact, when v € (0,1), the Bellman equation (10) for the discounted case can be written in

the form (14) by simply setting R = R, and

¢(z) = G(x) — —— . (15)



Before proceeding to the proof for the optimal structural policies, we present a series of

properties of the general certainty equivalent operator gg, which will be useful in later proofs.

Lemma 1 (a) Monotonicity: If g(€) is greater than h(€) almost everywhere, then
65(9(6)) = 6 (n©) -
(b) A property: For any constant A,
G8(9()+2) =08(g(&)) +A .
(¢) Contraction: For any functions g and h,
98(9() = 8 (1(©)) | < sup (&) — (@)

(d) Preservation of Concavity: If g(m,é) is concave, k-concave or symmetric k-concave in
x for any fized é, then Qg' (g(m,é)) is concave, k-concave or symmetric k-concave respectively
(we present in Appendix A the definitions and properties of k-concavity and symmetric k-

concavity).

Proof. The proof for parts (a), (b) and (c) is straightforward and thus is omitted. Part (d)

follows from Proposition 6 and Proposition 7 in Appendix A. =

The following lemma lists Qg (g({~ )) ’s properties with respect to the risk aversion level R.

Lemma 2 (a) Monotonicity in R: For any 0 < R’ < R, Q’g (g(é)) < gk (g(é))
(b) Concavity: G& (g(g)) is concave in R.
(c¢) Local Boundedness of superderivative: For any two constants § > 0 and M > 0, there

exists a constant k > 0 such that for any continuous function g(€) with |g(€)] < M for any &,
G (9(©) - G5(9(©)) < ('~ R) , for B> R>56.

Proof. See Appendix B. ]

3 Structural policies for infinite horizon models

In this section, we prove that (s,S,p) policies are optimal for the infinite horizon ambiguity

and risk averse models.



Theorem 3.1 A stationary (s, S, p) policy is optimal for the infinite horizon stationary ambi-
guity and risk averse inventory and pricing models with either discounted or long run average

optimization criteria.

The proof of the theorem is quite involved and divided into several steps. First, we construct
a solution for the Bellman equation (14). Then, we illustrate that the constructed solution is

indeed optimal for the total discounted and the long run average case.

3.1 Bellman Equation

Recall the Bellman equation (14)
¢(x) = max —kd(y — =) + max G [P(y,p;€) — A +v¢(y — D(p,8))] ,
y>w peEP
where, for simplicity, we drop the subscript and superscript in the operator gg.

Assume that function

Q(z) = max G(P(xz,p;€))

peEP
is well defined. In addition,
lim Q(z) = —o0.

|| =00
Lemma 1 (d) implies that G(P(x,p;€)) is jointly concave in = and p and hence Q(z) is
concave in x.
To simplify our analysis, we assume that the realized demand is bounded below by a positive
constant > 0. That is D(p,&) > n for any feasible p and any realization of &.!
To prove that a stationary (s, .S) inventory policy is optimal, we define the following function
in a recursive manner. It will become clear later on that this function is closely related to the
value function of a given (s,S) inventory policy, which leads to a solution to the Bellman

equation (14).

0, for z <s,

p(z,s) = i i (16)
maxpep G[P(z,p; €) + vp(z — D(p,€),s)] — Q(s) , forz>s.

Denote z* one of the maximizers of Q(z). We now show that ¢ satisfies the following

properties.

'This lower bound assumption can be relaxed by assuming that minys.ce Pr(D(p,&) = 0) < 1— & > 0 for
some 1 > k > 0 and for any feasible p. The proof goes through with this relaxation following an argument
similar to the approach used for the risk neutral inventory and pricing model analyzed in Chen and Simchi-Levi

(2004b) and hence is omitted here.



Proposition 2 (a) ¢(z,s) is continuous in (x,s). Therefore, the mazimization in the formu-
lation (16) is well defined.
(b) If s < s < a*, then p(x,s") > o(x,s) for any x. If in addition, x < x*, then p(z,s) > 0.
(¢) For any s > x* and any z, p(z,s) < 0.
(d) p(x,s) — oo for any fixred x as s — —oo.
(e) For any bounded set B, supscpp(z,s) — —o0 as x — 00.
(f) For any fized s, @(x,s) is nondecreasing for x < y*, where y* is a minimizer of h(x)

defined in Eq. (7).

Proof. The basic idea is to use induction along z. That is, first assuming that the results
hold for x < Z, we then show the results hold for z € [z,Z + 7).

The proof of part (a) is straightforward and thus is omitted.

We now prove part (b). First we show that ¢(z,s) > 0 for s < z* and = < x*. Observe that
o(z,s) = 0 for any x < s. Now assume that for any x < z for some = € [s,z*], p(z,s) > 0.

Then for any x € [Z, min(z + n, z*)], we have, following the induction hypothesis,
SO(LL‘ - D(pa é)’ S) > 07
which implies that

p(z,s) = I;leegcg[P(rc,p; &) +vp(x — D(p,&),5)] — Q(s) > Q(x) —Q(s) > 0.

We now show that for s’ < s < z*, p(z,5') > p(z,s) for any z. First, we show that this

result holds for x < s by distinguishing the following cases.
e For any x < ¢, p(z,5) = p(x,s) = 0.

e For any z € [¢,s], z < z* and thus ¢(x — D(p,€),s’) > 0, which implies that for any
realization of &,

P(x,p;€) +vp(x — D(p,€),s") > P(x,p; ).

Therefore, for x < s < z*,
o(z,s') > Qx) — Q(s') = 0= p(x, ).

We now assume that ¢(z,s’) > p(z, s) for x < T for some Z > s. Then for any z € [z, T+7)],

p(x,s") = maxyep G[P(x,p;€) + vo(x — D(p,€),5")] — Q)
> maxpep G[P(z,p;€) +yp(z — D(p,€),s)] — Q(s)

o(z,s),



where the inequality follows from Lemma 1 (a), the concavity of @ and the fact that s’ < s < z*
as well as the induction hypothesis. Therefore the proof for part (b) is complete.

We now prove part (c). The induction hypothesis is that for s > z*, ¢(z,s) < 0 for
any ¢ < Z, with £ > s. The induction hypothesis holds by definition at £ = s. Then for
x € [Z, T+ n|, we have that ¢(z — D(p,€),s) < 0 according to the induction hypothesis, which

implies that
p(x,s) = maxpep G[P(z,p;€) +yp(x — D(p,€),s)] — Q(s)

< maXpep Q[P(x,p; 5)] - Q(S)
Q(z) —Q(s) <0,

which completes the proof of part (c).

We now prove part (d). From part (b), we have that for any fixed x and s < x*,

¢(z — D(p,€),s) > ¢(xz — D(p,&),z") .
Therefore,

o(x,s) = maxpep G[P(x,p;€) +yp(x — D(p,é),s)] — Q(s)
> maxpep G[P(x,p;€) +vp(x — D(p, &), 2%)] — Q(z*) + Q(z*) — Q(s)
= p(z,2%) + Q(z*) — Q(s) — 00, as s — —oo0.

We now prove part (e). First, we prove that for any x,

e <1 (|22]) @ - @, (17)

where Q* = max, Q(x), [x] is the smallest integer no less than z, and function [ is defined as

follows for a nonnegative integer n.

—, if v € (0,1
) = 7€ (0,1),
n, if y=1.

Indeed, the inequality clearly holds for € (s, s+n]. Now assume that the inequality holds

for # < & for some z > s. Then, for z € (z,z + 7|, we have that x — D(p,&) < z and

o(z,s) = maxpep GIP(z,p;€) +y9(x — D(p, €),5)] — Q(s)
< maxyep G[P(@,p:8) + 1 (22-21) (@7 - Q(9)] - Q)
< Q- Q)+ (E7=21) (@7 - Q(s)

H(125257) (@ - Q).

10



Thus, (17) holds for any x. Since lim;|_., Q(x) = —oo, for a given o < Q(s), there exists a

constant z, such that Q(z) < o for all x > z,. Similarly, we can prove that for any = > x,,

oo <1 ([T ) o=@+l T (|22 ) @ - e

Ui

which implies that as z — oo, p(z,s) — —oo uniformly for s in any bounded set B.

Finally, we prove part (f). The induction hypothesis is that ¢(z,s) is nondecreasing for
x < T for some T € [s,y*). We now focus on the case with x € (Z, min(Z +n, y*)]. In this case,
Since h is convex, for a given p, ﬁ(w — D(p,€)) is non-increasing in x < y*. In addition, the
induction hypothesis implies that ¢(x — D(p,£), s) is nondecreasing in z for a given p. Thus,

the function
p(a,5) = maxyep Gl(p— )D(p,€) — h(z — D(p,£)) + vo(z — D(p,£),5)] = Q(s)
is nondecreasing for = € (z, min(z + 7,y*)|, and therefore for all z < y*. m
Based on the above properties of function ¢, we have the following result.

Lemma 3 If a function o(x,s) satisfies Proposition 2, for any constant k > 0, there exists

s(k) < x* such that max, ¢(z, s(k)) = K.

Proof. Define f(s) = max, ¢(x,s). Since ¢(x,s) is continuous in z and p(z,s) — —oo as
x — 00, f(s) is well-defined. In addition, the proof of Proposition 2 (c), together with the
continuity of ¢(z,s) in (x,s) implies that the f(s) is continuous. Finally, Proposition 2 (d)
implies that lims_._ f(s) = oo, while Proposition 2 (c) implies that f(s) < 0 for s > z*.

Thus, there exists a constant s(k) < x* such that k = f(s(k)) = max, ¢(z,s(k)). =

In particular, denote s* = s(k), i.e.,
o(z,s") < mgxgo(a:, s Y=k .
Abuse notations and define p(z) = ¢(x, s*). And denote
S* = max{x : p(x,s*) = k}.
We now list several important properties of p(x).

Lemma 4 (a) p(z) =0 for any x < s*.
(b) o(z) < p(S*) =k for any x.

11



(¢) Q) > Q(s*) for any x € [, 5°).
(d) o(x) >0 for any x < S*.
(e) s* < z*.

(f) 5= y".

Lemma 4 above is similar to Lemma 4 in Chen and Simchi-Levi (2004b), which characterizes
the best (s, S) policy in the risk neutral joint inventory and pricing model. It is also essentially
parallel to Lemma 1 in Zheng (1991) for the standard infinite horizon inventory control (without
pricing) model as a characterization of the best (s, S) policy. We present the proof in Appendix
C. A significant difference in our analysis, however, is that we have not yet proven that the
(s*,5%) policy given in Lemma 4 is the best among all (s, .S) policies.

Based on Lemma 4 and following the same logic as in Lemma 5 and Theorem 5.1 of Chen
and Simchi-Levi (2004b), we have the following results, whose proofs are in Appendixes D and

E.

Lemma 5 o(x) is a symmetric k-concave function.

Theorem 3.2 (¢(z) = p(x),\ = Q(s*)) satisfies Bellman equation (14). Furthermore, policy

. S*, r<s*
y'(z) =
T, 0.W.

solves the mazximization problem in Equation (14).

At this point we shall point out a significant difference in the above proof to the one in
Chen and Simchi-Levi (2004b). Chen and Simchi-Levi (2004b) first characterizes the best (s, S)
inventory policy and show that its corresponding infinite horizon profit satisfies the Bellman
equation. Here, however, starting from Eq. (16), a recursion given by an (s, S) policy, we
construct a solution to the Bellman equation (14). At this point, we have not shown that
function ¢(x) is a value function associated with the (s*,S*) policy. Furthermore, we have yet
to show that the solution to the Bellman equation is optimal to the original problem.

In the following subsections, we are going to show that the value function ¢(z) is indeed
associated with the (s*,S*) policy and that the stationary (s*,S*,p*) policy is optimal for
the discounted case and average case respectively, where p* the optimal solution for the inner

maximization in the Bellman equation (14) for a given y.

12



3.2 Discounted case

So far we have constructed a solution to the Bellman equation (14) and shown that the (s*, S¥)
policy attains its outside maximization. However, since we have not formally established the
connections between the Bellman equation and either the optimal value function or the value
function associated with the (s*, S*) policy, we cannot directly claim that the stationary (s*,S*)
inventory policy is optimal.

One might attempt to use the approach employed in Theorem 7.1 in Chen and Simchi-Levi
(2004b), i.e., to show that G¢(z) defined in (8) converges to G(x), the solution to the Bellman
Equation (10), or

A Q(s")

G(w) = o) + 72 = ola) + T

However, even if we show that G¢(z) converges to G(x), we cannot immediately claim that

the optimality of the stationary (s*,S*) inventory policy. In fact, in Theorem 7.1 of Chen
and Simchi-Levi (2004b), it was shown that the finite horizon value function converges to the
value function given by a stationary (s, S) policy associated with its optimal pricing strategies.
While here, the relationship of the stationary (s*,S*) policy and the function G(x) is not that
obvious, i.e., we need to prove that G(z) is the infinite horizon value function of the stationary
(s*,5%) policy and its corresponding optimal pricing strategy p*.

Therefore below we prove the optimality of the stationary (s*,S*, p*) policy in two steps:
first, show that G(z) is the infinite horizon value function of the stationary (s*,S*, p*) policy;
second, show that the optimal finite horizon value function G;(x) point-wise converges to G(x).

For this purpose, define finite horizon value iteration according to stationary policy (s*, S*, p*),

Gt(x) _ —k + ft(S*), T < s* | (18)
fi(x), x> s*

with boundary condition éo(w) = 0, where
fe(x) = GE'[P(z,p*(2); ) + 7Gi1(x — D(p*(2),2))].

The validation of (18) follows a special case of Proposition 1, with the feasible set of inventory
and pricing policies being a singleton.

Also recall equations (8), (15) and Theorem 3.2,

G(z) =  max _—ké(y— )+ Gg™ [P(y,p;€) +71G(y — D(p,))]
y,p:y>x,pEP
_ —k 4 fR=(5%), x<s* 19)
R (@), r>s
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where function f% for a risk tolerance parameter R is defined as
f(z) = G&[P(a,p*(2);:€) +1G(z — D(p*(2),8))].
Theorem 3.3 For any z,

(a) lim; oo Gi(x) = G(z), and
(b) limy_,oo Gi(z) = G(x).

Proof. (a) For any z, define

S* ifx<s*
y(z) =
T, if x > s*.

Pick an arbitrary constant A with A > max(S,S*). Then for any * < A, y(z) < A. In

addition, from the construction of G(x), we can show that there exists a constant M such that

|P(y(z),p" (y(2)); &) + vG (y(x) — D(p*(y()),€))| < M, for any z < A.

Lemma 2 parts (a) and (c) imply that for any Ry, > Ry > p > 0 (recall that p is the risk

aversion parameter),
0 < ff=(y(x)) — fH(y(x)) < £(Roo — Ry), for any = < A (20)
for some x > 0. Therefore, for any z < A,

|Gi(a) — G(2)]
= [fly(@)) = = (y(@))]
= |Aly@) = e ly@) + R ) 1 (@)
<y max Gi-1(2) — G(2)| + k|R; — Roo|

t
< ot max [Go(=) — G(2)] + 5 37" TR — Recl
z< —o

where the first inequality follows from Lemma 1(c) and inequality (20), and the second in-
equality follows from using the first inequality repeatedly.
Recall (9) and (11),

Therefore, we have for any x < A,

t
_ K
K E Vt T‘R‘r - Roo’ = 110_7,7(75_{' 1)7t+1t—) 0.
=0
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Thus,

tlim Gi(x) — G(m)’ =0.

Since the upper bound A was chosen arbitrarily, we have the point-wise convergence result.
(b) For a given z, define y’ and p’ to be the optimal inventory and pricing decision in the

Bellman equation (8) for G¢(z). We have
G(x) — Gi(x) < G&=[P(Y,p':8) +71Gly — D, 8)] - G&' [Py, '3 €) +71Gi-a(y — D, €))]

which approached 0 with ¢ — oo following the same logic as in (a) together with the fact that
y’ is bounded for all ¢, which is guaranteed by Theorem G.3.

Again if we define ¢’ and p” to be the optimal inventory and pricing decision in the Bellman
equation (19) for G(z), we may repeat the above argument and show that G¢(z) — G(x) — 0.

3.3 Long run average case

Recall the finite horizon general certainty equivalent value iteration recursion (13) when the

discount factor v = 1 and the risk aversion factor R

Gi(z) = max_—kd(y — ) + G [P(y,p; €) + Gi—1(y — D(p,))] .
y>x,peEP

Next, we are going to show that lims_, %Gt(a:) = ), in which A, along with the function ¢(z),
constitutes the optimal solution to the Bellman equation (14) with v = 1. Again, this result
alone is not sufficient for the claim that the stationary (s*, S*,p*) policy is optimal. We also
need to show that A is indeed the long run average value given by the stationary (s*,S*,p*)
policy, i.e., if we denote the general certainty equivalent value iteration following the stationary
(s*, S* p*) policy

. —k + GEIP(S*,p*(S*); &) + G4—1(S* — D(p*(5%),8))], = <s*

Gt(l‘) = R _ . _ s (21)
GolP(z,p™(x);€) + Gra(x — D(p*(2),€))]; x> s

with boundary condition Go(z) = 0, we need to show lim;_.o G¢(z) = A.

Recall Theorem 3.2, A = Q(s*) and

_J R+ GEP(S%,p(57):8) + o(S* — D(p*(S),9))], @ <s*

pla) +A=
GEIP(x,p*(2);€) + p(z — D(p*(x),9))], x> s*

Theorem 3.4 Point-wise convergence
((1) hmtﬂoo %Gt =

15



In the interest of saving space, we move the proof to Appendix F.
We also provide some concluding remarks and additional discussions in Appendix H.
Acknowledgement We would like to thank Professor Sean Meyn for insightful discussion

regarding risk averse Markovian decision processes.
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Online Appendix

A Review on k-convexity and symmetric k-convexity

In this section, we review some important properties of k-convexity and symmetric k-convexity
that are used in this paper; see Chen (2003) for more details.
The concept of k-convexity was introduced by Scarf (1960) to prove the optimality of an

(s,5) for the traditional inventory control problem.

Definition A.1 A real-valued function f is called k-convex for k > 0, if for any xg < x1 and
A€ [0,1],
FU1=XNzo+ Az1) < (1= N)f(zo) + Af(z1) + Ak (22)

Below we summarize properties of k-convex functions.

Lemma 6 (a) A real-valued convex function is also 0-convex and hence k-convexr for all

k> 0. A ki-convex function is also a ky-convex function for ki < ks.

(b) If f1(y) and fa(y) are ki-convex and ko-convex respectively, then for a, 8 > 0, afi(y) +
Bfa(y) is (aky + Bka)-conver.

(c) If f(y) is k-convex and w is a random variable, then E{f(y — w)} is also k-convex,

provided E{|f(y —w)|} < oo for all y.

(d) Assume that f is a continuous k-convex function and f(y) — oo as |y| — oo. Let S be

a minimum point of g and s be any element of the set
{zlz < S, f(z) = £(S) + k}.
Then the following results hold.

(i) f(S)+k=f(s) < fly), for all y < s.

(ii) f(y) is a non-increasing function on (—oo,s).

(i1i) f(y) < f(z)+k for ally,z with s <y < z.
Proposition 3 If f(x) is a K-convex function, then function

g(x) =minQé(y — ) + f(y),

y>x

is max{ K, Q}-convez.



Recently a weaker concept of symmetric k-convexity was introduced by Chen and Simchi-
Levi (2004a, 2004b) when they analyze the joint inventory and pricing problem with fixed

ordering cost.

Definition A.2 A function f : ® — R is called symmetric k-convex for k > 0, if for any
xo,1 € R and X € [0,1],

F(A=XNzo+ Az1) < (1= N)f(xo) + Af(x1) + max{\, 1 — A}k. (23)
A function f is called symmetric k-concave if —f is symmetric k-convew.

Observe that k-convexity is a special case of symmetric k-convexity. The following re-
sults describe properties of symmetric k-convex functions, properties that are parallel to those
summarized in Lemma 6 and Proposition 3. Finally, notice that the concept of symmetric

k-convexity can be easily extended to multi-dimensional space.

Lemma 7 (a) A real-valued convex function is also symmetric 0-convez and hence symmet-
ric k-convex for all k > 0. A symmetric ki-convex function is also a symmetric ks-convex

function for k1 < ko.

(b) If g1(y) and g2(y) are symmetric ki-convex and symmetric ka-convex respectively, then

for a, 5 >0, agi1(y) + Bg2(y) is symmetric (aky + PBka)-conves.

(c) If g(y) is symmetric k-conver and w is a random wvariable, then E{g(y — w)} is also

symmetric k-convezx, provided E{|g(y — w)|} < oo for all y.

(d) Assume that g is a continuous symmetric k-convez function and g(y) — oo as |y| — oo.

Let S be a global minimizer of g and s be any element from the set
X = {z|z < 8,9(x) = g(5) + k and g(z') > g(z) for any 2’ < z}.
Then we have the following results.

(i) g(s) = g(S) + k and g(y) > g(s) for all y < s.

(i) g(y) < g(z) +k for all y,z with (s+5)/2 <y < z.
Proposition 4 If f(x) is a symmetric K-convez function, then the function

g(x) = 1;23 Qé(x —y) + f(y)



is symmetric max{K, Q}-convez. Similarly, the function

h(x) = min Qd(x —y) + f(y)

y>z

is also symmetric max{K, Q}-convez.

Proposition 5 Let f(-,-) be a function defined on R" x R"™ — R. Assume that for any x € R"
there is a corresponding set C(x) C R™ such that the set C = {(z,y) | y € C(z),z € R"} is

convex in R™ x R™. If f is symmetric k-convexr over the set C, and the function

g(x) = inf f(z,y)

yeC(z)

is well defined, then g is symmetric k-convexr over R".

Proposition 6 (see Chen et al. (2007) and Simchi-Levi et al. (2004)) If g(x,€) is concave, k-
concave or symmetric k-concave for any given £, then CE? (g(x,é)) s also concave, k-concave

or symmetric k-concave.

Proposition 7 If f(x,t) is concave, k-concave or symmetric k-concave for any given t. Then
g(x) = ming f(x,t) (assumed to be well-defined) is also concave, k-concave or symmetric k-

concave.

The proof for this proposition is straightforward and omitted.

B Proof of Lemma 2

(a) It is a well known result (Pratt (1964)) that the certainty equivalent is increasing with the
risk tolerance level. That is, CS?I (g(g)) < CE? (g(g)) for any f¢ € ©. Therefore

G5 (9(8)) = min ce¥ (9()) < min ceE(9(6)) = 68 (9(&)) -

fge féE@
(b) Define h(z) = g}é (acg(é)) and
Rh(z/R), if R>0,

H(z,R)=1< 0, if R=0,2=0,
+00, if R<O.

Lemma 1 part (d) implies that h is concave, which in turn implies that H(x, R) is concave in

(z, R) (see Rockafellar (1970), page 35). Thus, gg (g(f)) = H (1, R) is concave in R for R > 0.

3



(c) For a given [ €0,

9CER(9(8))
OR

E [9(€) exp{—g(é)/R}]
RE [exp{~g(§)/R}]

(It is easy to verify that under our assumptions, the integration and differential can be in-

= ~InE [exp{~g(&)/ R} -

terchanged when taking the derivative of ng(g(é)) with respect to R.) The above formula

immediately implies that for any two constants § > 0 and M > 0, there exists a constant x > 0

such that for any continuous function g(§) with | g(§~ )| < M for any 3
)

aCEE(9(&)
< ——5—— Sk
OR
Since when fg € © attains the minimum in the definition of gg, we have that for any R’ > R,
e acER(g(E) ,
G (9(0)) - G (9(8) < CEF (9(8)) ~ CEL(9(E)) < | —5 | (R~ B) < w(R ~ R).

Thus, part (c) holds.

C Proof for Lemma 4

Part (a) follows directly from the construction of function p(x) = ¢(x,s*). Part (b) follows
from the definition of s*, and part (e) follows from Lemma 3. From proposition 2 (f), we have
S* > y* and thus part (f) holds.
We now prove part (c). Note that ¢(S* — D(p,€),s*) < ¢(S*,s*) = k. We have that
p(S%,5") = maxpep G[P(S*,p;€) +v9(S* — D(p, ), 5")] — Q(s")
< maxpep GIP(S™,p;€) + (57, 7)) — Q(s")
= Q(5) —Q(s") + (57,57 ,
in which the last equation follows Lemma 1(b). Therefore,
Q(SY) = Q%) =2 (1 =7)p(57,s") = (1 =)k =2 0.
Since Q(x) is concave and s* < z*, we have Q(z) > Q(s*) for x € [s*, S|, i.e., part (c) holds.
We now prove part (d). Clearly, ¢(z) = 0 for x < s*. We now assume the induction
hypothesis that ¢(z) > 0 for x < z for some z € [s*, S*]. Then for any = € [z, min(z + 7, S*)],
o(x — D(p,€)) > 0 following the induction hypothesis. Therefore we have,
p(r) = maxpep GIP(z,p;€) +ye(z — D(p,€))] — Q(s)
> maxpep G[P(z,p; €)] — Q(s")
Q(z) — Q(s")
0,

v



where the last inequality follows from part (c). Thus, part (d) holds.

D Proof for Lemma 5

We prove by induction that for any o < z1, A € [0, 1],
p(@r) = (1= Ne(xo) + Ap(z1) — max{l — A, A}k, (24)

where ) = (1 — N)xg + \x1.

Since p(z) = 0 for z < s*, the inequality (24) trivially holds for ;1 < s*. We assume, as
the induction hypothesis, that (24) holds for any z¢ < 21 < z for some Z. We next show that
the inequality continues to hold for any zg < x1 < T + 7.

Let p*(x) be an optimal solution for problem (16) with s = s*. We distinguish between

three different cases.

(1) xo > s*. In this case, let py = (1 — \)p*(zo) + A\p*(x1). We have

p(xx) = GIP(xr,pri€) +v9(zxn — D(pa, €))] — Q(s7)
Gl(1 = A)(P(zo, p*(0); €) + ve(x0 — D(p*(20),€)))

FA(P(21,p"(#1);€) + v(x1 — D(p*(21),€))) — max{l — A\, A}k] — Q(s")
(1 = N)G[P(zo,p*(z0); )+W?($o— D(p*(20),€))]
FAG[P(z1,p"(21);€) + vo(x1 — D(p*(21), €))] — Q(s") — max{l — A\, A}k
= (1=Ne(zo) + Ap(z1) — max{l — A, A}k,

v

v

where the first inequality holds since p) is a feasible price; the second inequality follows
from the monotonicity of the operator G, the concavity of the function P(S*,p,&) in
p, the fact that xg — D(p*(x¢),€) < & and x1 — D(p*(x1),€) < Z; and the induction

assumption, and the last inequality holds since the operator G preserves concavity.

(2) o < s* and ) < S*. In this case, we have from Lemma 4 that p(z9) = 0, p(zx) >0

and (1) < k. Thus, the inequality (24) holds.

(3) o < s* < S* < x). In this case, x) can be expressed as the convex combination of S*

and x1, i.e., x)x = (1 — p)S* + pa; for some p € [0, 1]. It is straightforward to verify that



w < A. We now have that

e(y) = (1= pe(S*) + pp(z1) — max{l — u, utk
= (1= XNep(xo) + Ap(w1) — max{l — A\, Atk
+(1 =k + (p = Nep(21)
+max{l — \, A}k — max{1 — p, u}k
(1= Ng(w0) + Ap(w1) — max{l — A\, A}k
+(1 =k + (p =Nk
+max{l — \, A}k — max{1 — pu, ulk
> (L= Nep(xo) + Adp(z1) — max{l — A\, A}k,

Y

where the first inequality follows from case (1), the second inequality from the fact that

o(z) < k for any z and the last inequality from a simple algebraic manipulation.

Thus, the inequality (24) holds for zy < z; < Z + n and the proof is complete.

E Proof for Theorem 3.2
Define for any =,

O(z) = maxG[P(x,p;€) + v — D(p,€))] - Q7).

It is clear that O(x) = p(z) for x > s*, while for z < s*, p(x) = 0 and O(z) = Q(x)—Q(s*) < 0.

Following Lemma 4, for any « we have
O(z) <O(S%) = p(57) =k .
We distinguish between three different cases to show the result.

(1) = < s*. In this case, we have

plr)=0 = —k+ max O(y)
= max —kd(y — ) + max G[P(y,p,&) — Q(s*) + v¢(y — D(p,2))] ,
yyzr pP>p=p

with the maximum achieved at y* = S™*.

(2) = € (s*,5%]. In this case, ¢(x) > 0, and for any y > z, —kd(y — ) + O(y) < 0. Therefore

p(z) = O(x) = max —kd(y — =) + prgggﬁg [P(y,p,€) — Q(s") +ve(y — D(p,€))] ,

with the maximum achieved at y* = .



(3) x > S*. In this case, for any y > x, x can be expressed as the convex combination of S*
and y, i.e., there exists A € [0, 1] such that x = (1 — \)S* 4+ Ay. Since ¢ is symmetric

k-concave, we have that

() = (1=XN)p(S") + Ap(y) —max{l — A, Atk
= o(y) + (1 =2 (p(57) — »(y)) — max{l — A, Atk
> oy —k
= O(y) -k,

where the first inequality follows from the symmetric k-concavity of ¢ and the last in-
equality follows from the fact that ¢(y) < ¢(S*) = k for any y. Thus, it is optimal not

to place an order, or, y* = x.

F Proof for Theorem 3.4
(a) We will show using induction that for any < S* and ¢, there is a bound M > 0 such that
(Gi(@) — p(a) —tA| < M .

For period 0, Go(x) = 0 and 0 < ¢(x) < k for z < S* (Lemma 4(b)(d)). The induction

hypothesis is valid.

Let
r x>s*
y=y(z) = -
S* r<s
We have
|Gi(x) — p(x) — tA| = |Gie(z) — (t = 1A = (p(z) + N)]
= |GE[P(y.p*(y):8) + Gioa(y — D" (y),8)) — (t — 1)A]
—GEP(y, " (v);€) + w(y — D(p*(y),€))]|  (definition of y, G (), ()
< max [Gra(s) — o)~ (- DA (Lemma 1 (o)
< M. (induction hypothesis)
Therefore

hm Gt( )—A=0, Vo <S5

t—oo t
For any given inventory level x > S*, since the inventory level will decrease to no more than
S* in finite number of periods, due to the demand being lower bounded by 7, the point-wise

convergence result still holds.



(b) Observe that for any z < A for some A > max(S*, S),

p() +tA = Ge(2) = (p(x) + A) + (£ = 1A — Gi(z)
GE[P(y, p*(1):€) + ¢y — D(p*(y),8)) + (t — 1)A]
—GE[P(y,p*(y);8) + Gi—1(y — D(p*(y),2))]

< I%ai( {p(z) +(t —1A = Gi-1(2)},

IN

where y is the same as defined in part (a), and the first inequality follows from the definition
of y,p*(y), G¢(x) and ¢(x). Following a similar induction argument as in (a) we can show that
for x < A, p(x) + t\ — G¢(x) < M for some constant M.

To show that Gi(z) — p(z) — tA < M for some constant M for z < A, we denote y and
pf(y) to be the optimal inventory and pricing decisions for the G¢(x) value iteration. Again,

using induction we can show that for any x < A,

Gi(x) — p(z) —tA = (Gi(z) — (t = DA) — (p(x) + A)
GSIP(y. 9} (); ) + Gi—1(y — D(p; (y), &) — (t — 1)A]
—GE[P(y.pi(v);:8) + (y — D(p; (y),€))]

< max {Gioi(2) = () = (= DA},

IN

where the first inequality follows from the definition of y, p; (y), G¢(x) and ¢(z).

The proof is now complete.

G Additional results for the finite horizon models

Theorem G.1 For the ambiguity and risk averse inventory and pricing model (8),
(a) an (s, S, A,p) policy is optimal, and
(b) an (s,S) policy is optimal when pricing is not a decision variable.

The result is similar to the one corresponding to the risk averse inventory and pricing model
analyzed in Chen et al. (2007). The proof is similar as well by observing that the minimum
envelope of (symmetric) k-concave functions is still (symmetric) k-concave (see Proposition 7
in Appendix A) and thus is omitted.

We now further restrict the demand function Dy (p¢, &;) and the ambiguity set ©; and show
that the structure of the optimal inventory and pricing policy may be reduced to an (s, S, p)

policy.



Theorem G.2 Consider the risk neutral ambiguity averse inventory and pricing formulation,

i.e., Equation (8) with p; — oo. If

e the demand function is additive, i.e., parameter oy in the demand function

Di(pt, &) = Br — cupr
is a constant; and
o cuvery Bt in set ©; has the same expectation,
then an (s, S,p) policy is optimal.

The result and proof are similar to Chen and Simchi-Levi (2004a), Theorem 3.1. For the
completeness of the paper, here we provide a key step for the proof, which basically shows that
a higher order-up-to level 3; leads to a higher expected end-period inventory level.

Proof. Note that (8) under the conditions specified in the theorem can be written as follows.

Ji(r) = max —kdé(y —x) + max L(y,p) ,
Yy PP, <P<pt

where

Ii(y,p) = R(p) + Fi(y + cup),
R(p) = (p — ct)(Br — aup) ,

with 3; being the expectation of Bt, and
Fy(y) = min Ly, —h(y = Bt) +vJ-1(y — Br)

f§t€@t

Define a new function K (y, z) as follows.

K(y,2) = R((z — y)/au) + Fi(2).

Then, we have that

max I = max Ky, z).
pp, <p<pt t(y:p) zp, <(z—y) /o <p (v, 2)

Since R(-) is concave and K (y, z) is supermodular, the above optimization problem has an
optimal solution z*(y), which is non-deceasing in y. This implies that the higher the order-up-
to level y in period t, the higher the expected inventory level at the end of period ¢t. This result
is parallel to Lemma 2 in Chen and Simchi-Levi (2004a). The remaining proof follows from
the same steps as the one for Theorem 3.1 in Chen and Simchi-Levi (2004a) and is omitted.



From Theorem G.1, we know that an (s, S, A,p) policy is optimal for the finite horizon

model (8), or,

Gi(z) = max —ki(y —x)+ G& [P(y,p; &) +7Ge-1(y — D(p,€))] .
y>x,peP

Next we present a technical result which illustrates that the parameters s; and S; are
uniformly bounded for t = 1,2, .... For this purpose, let the lower bound s be a constant such
that s < y* and
h(s) = h(y") + k,
where y* is a minimizer of h.

Also define the upper bound to be S = S + =, in which S° > y* and H(SO) = ﬁ(y*) + K,
and Z is the demand upper bound in Assumption 2.1. Indeed, the demand upper bound
assumption is only used here to derive an upper bound for S;. It is worth noticing that in the
risk neutral case, such an assumption is not needed (see Chen and Simchi-Levi (2004b)).

The main result in this subsection is the following theorem.

Theorem G.3 s and S are the lower and upper bound for s; and S;. That is,

s<s5<5<S8§.

In order to prove Theorem G.3, we first make the following observations.
Lemma 8 (a) Gi(z) > Gi(2') — k for z < a'.
(b) Gi(z) < Gi(a") for any x <2’ <y*.
(c) 9t(y,p) < qu(y',p) for any y <y’ <y* and p € P, where
9t(y.p) = G&' [P(y,p;€) +7Ge-1(y — D(p,2))].

Proof. For two inventory levels x < 2/, one can always first raise the inventory level from x
to 2’ by paying a fixed cost k and then follow the same optimal strategy for the inventory level
2’. Therefore (a) holds.

We now prove parts (b) and (c) by induction. First, we have that part (b) holds for ¢ = 0
since Go(z) = 0. Now assume that (b) holds for G;_1(z). Then for any y < ¢’ < y* and p € P,

P(y,p;&) = (p—c)D(p,&) — h(y' — D(p,&)) + h(y' — D(p,é)) — h(y — D(p,é))
< P/,p;é),

10



where the inequality holds since h(z) is convex and y < ¢’ < y*. Thus, for any y < ¢/ < y*
and p € P,
9(y,p) = G5 [P(y,p;€) +7Gi-1(y — D(p,2))]
< GE' [P, pié) +1Gi-1(y — D(p,2))]
= o(y,p),
where the inequality follows from the induction assumption. Thus, part (c) holds. Finally,

part (b) follows immediately from part (c), and the fact that G¢(z) = max, g:(z,p). =

Now we are ready to prove Theorem G.3.

Proof. First, note that for any p € P and y < s, we have that

~ ~

P(y,p;&) = (p—c)D(p,é) — h(y* — D(p,é)) + h(y* — D(p,&)) — h(y — D(p,&))
< P(y*,p;é) + h(y*) — h(y)
< P(y*,p;é) —k,

where the first inequality holds since / is convex and thus has increasing differences, and the

second inequality follows from the definition of s. In addition, from Lemma 8 (b), we have

Gi—1(y — D(p,€)) < Gi—1(y* — D(p,€)) for y < s < y*. Therefore,

a(y.p) = G&'[P(y.p:&) +7Ge-1(y — D(p,2))]
< Gg' [P(y*,p;é) +1Gioa(y* — D(p,8))] — k
= gi(y"p) — k.

This implies that it is optimal to place an order for an inventory level no more than s.

We now show that S; < S. Note that for any p € P and y > S, we have that

~

P(y,p;é) = (p—c)D(p,é) — h(y* +=— D(p,&)) + h(y* + E— D(p,)) — h(y — D(p,?))
< P(y*+E.pié&) +h(y*) — hly - 2)
< P(y"+E,pé) —k,

where again the first inequality holds since h is convex and the second inequality follows from

the definition of S. Thus, for any y > S,

9:(y,0) = G5 [P(y,p;€) +7Gi-1(y — D(p,9))]
< GE[P(y" +E.piE) =k + G (y — D(p.£))]
<GB Py +5,p:8) — k + G (y* + 2 = D(p,8)) + k)]
< 9(y"+Ep),
where the second inequality follows from Lemma 8 (a). Thus, Sy < S. =
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H Concluding remarks and additional discussions

In a finite planning horizon, an (s, S, A, p) policy is optimal for our problem. Interestingly, in
the stationary infinite horizon case, the optimal policy structure simplifies to an (s, S, p) policy
for both the discounted and the long run average optimization criteria. If we restrict to the
ambiguity averse models, under certain conditions, an (s,S,p) policy is also optimal to the
finite horizon case.

Our proof for the infinite horizon case is much more complicated than the corresponding
one for the risk neutral model in Chen and Simchi-Levi (2004b), even though they bear some
similarities. Chen and Simchi-Levi (2004b), for instance, derive the value function for a given
(s,5) inventory policy associated with its optimal pricing strategy, and then illustrate that
the value function of the best (s, S) inventory policy gives a solution to the Bellman equation.
In this paper, on the other hand, we first construct a function defined in a recursive manner
based on a reorder point s. We then illustrate that for an appropriately chosen s, this function
satisfies the Bellman equation, and the optimal policy in the Bellman equation is given by
the reorder point s together with an order-up-to level S. Next we show that this function is
the value function of the stationary (s,S) inventory policy (together with its optimal pricing
strategy), and is the highest achievable, therefore optimal, value function. Another point that
differs our proof from Chen and Simchi-Levi (2004b) lies in the derivation of the upper bounds
for the parameters s; and S; in the optimal (s, S, A, p) policy for the finite horizon model. Here
we assume that there is a uniform upper bound on realized demand, which was not assumed
in the proof of the risk neutral model.

It is worth mentioning that for the discounted infinite horizon inventory and pricing problem
with risk neutrality and no ambiguity, Huh and Janakiraman (2004) propose an alternative
approach and prove that as long as certain conditions hold, a stationary (s,S,p) policy is
optimal. Their conditions are imposed on the expected single period profit and their argument
relies heavily on the linearity of the expectation operator. It is an open question whether their
approach can be extended to analyze the ambiguity and risk averse model here.

Finally, another interesting question is how the (s, .S) parameters in the optimal inventory
control policy vary with the risk and ambiguity aversion parameters? For example, does s
or S change monotonically with the risk and ambiguity aversion parameters? Unfortunately,
in general, the answer is negative. We constructed numerical examples which indicate that

neither s nor S change monotonically with the risk tolerance parameter R. Numerical examples
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in Scarf (1958) implies monotonicity does not exist even in an ambiguity averse newsvendor

setting.
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