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A Review on k-convexity and symmetric k-convexity

In this section, we review some important properties of k-convexity and symmetric k-convexity

that are used in this paper; see Chen (2003) and Simchi-Levi et al. (2005) for more details.

The concept of k-convexity was introduced by Scarf (1960) to prove the optimality of an

(s, S) for the traditional inventory control problem.

Definition A.1 A real-valued function f is called k-convex for k ≥ 0, if for any x0 ≤ x1 and

λ ∈ [0, 1],

f((1− λ)x0 + λx1) ≤ (1− λ)f(x0) + λf(x1) + λk. (18)

Below we summarize properties of k-convex functions.

Lemma A.1 (a) A real-valued convex function is also 0-convex and hence k-convex for all

k ≥ 0. A k1-convex function is also a k2-convex function for k1 ≤ k2.

(b) If f1(y) and f2(y) are k1-convex and k2-convex respectively, then for α, β ≥ 0, αf1(y) +

βf2(y) is (αk1 + βk2)-convex.

(c) If f(y) is k-convex and w is a random variable, then E{f(y − w)} is also k-convex,

provided E{|f(y − w)|} <∞ for all y.

(d) Assume that f is a continuous k-convex function and f(y) → ∞ as |y| → ∞. Let S be

a minimum point of g and s be any element of the set

{x|x ≤ S, f(x) = f(S) + k}.

Then the following results hold.

(i) f(S) + k = f(s) ≤ f(y), for all y ≤ s.

(ii) f(y) is a non-increasing function on (−∞, s).

(iii) f(y) ≤ f(z) + k for all y, z with s ≤ y ≤ z.
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Proposition A.1 If f(x) is a K-convex function, then function

g(x) = min
y≥x

Qδ(y − x) + f(y),

is max{K,Q}-convex.

Recently a weaker concept of symmetric k-convexity was introduced by Chen & Simchi-

Levi (2004a) when they analyze the joint inventory and pricing problem with fixed ordering

cost.

Definition A.2 A function f : ℜ → ℜ is called symmetric k-convex for k ≥ 0, if for any

x0, x1 ∈ ℜ and λ ∈ [0, 1],

f((1− λ)x0 + λx1) ≤ (1− λ)f(x0) + λf(x1) + max{λ, 1− λ}k. (19)

A function f is called symmetric k-concave if −f is symmetric k-convex.

Observe that k-convexity is a special case of symmetric k-convexity. The following results

describe properties of symmetric k-convex functions, properties that are parallel to those sum-

marized in Lemma A.1 and Proposition A.1. Finally, notice that the concept of symmetric

k-convexity can be easily extended to multi-dimensional space.

Lemma A.2 (a) A real-valued convex function is also symmetric 0-convex and hence sym-

metric k-convex for all k ≥ 0. A symmetric k1-convex function is also a symmetric

k2-convex function for k1 ≤ k2.

(b) If g1(y) and g2(y) are symmetric k1-convex and symmetric k2-convex respectively, then

for α, β ≥ 0, αg1(y) + βg2(y) is symmetric (αk1 + βk2)-convex.

(c) If g(y) is symmetric k-convex and w is a random variable, then E{g(y − w)} is also

symmetric k-convex, provided E{|g(y − w)|} <∞ for all y.

(d) Assume that g is a continuous symmetric k-convex function and g(y) → ∞ as |y| → ∞.

Let S be a global minimizer of g and s be any element from the set

X := {x|x ≤ S, g(x) = g(S) + k and g(x′) ≥ g(x) for any x′ ≤ x}.

Then we have the following results.

(i) g(s) = g(S) + k and g(y) ≥ g(s) for all y ≤ s.
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(ii) g(y) ≤ g(z) + k for all y, z with (s+ S)/2 ≤ y ≤ z.

Proposition A.2 If f(x) is a symmetric K-convex function, then the function

g(x) = min
y≤x

Qδ(x− y) + f(y)

is symmetric max{K,Q}-convex. Similarly, the function

h(x) = min
y≥x

Qδ(x− y) + f(y)

is also symmetric max{K,Q}-convex.

Proposition A.3 Let f(·, ·) be a function defined on ℜn×ℜm → ℜ. Assume that for any x ∈

ℜn there is a corresponding set C(x) ⊂ ℜm such that the set C ≡ {(x, y) | y ∈ C(x), x ∈ ℜn}

is convex in ℜn ×ℜm. If f is symmetric k-convex over the set C, and the function

g(x) = inf
y∈C(x)

f(x, y)

is well defined, then g is symmetric k-convex over ℜn.

Proposition A.4 (see Chen et al. (2007) and Simchi-Levi et al. (2005)) If g(x, ξ̃) is concave,

k-concave or symmetric k-concave for any given ξ̃, then CER
ξ̃
(g(x, ξ̃)) is also concave, k-concave

or symmetric k-concave.

Proposition A.5 If f(x, t) is concave, k-concave or symmetric k-concave for any given t.

Then g(x) = mint f(x, t) (assumed to be well-defined) is also concave, k-concave or symmetric

k-concave.

B Proof of Lemma 2.2

(a) It is a well known result (Pratt (1964)) that the certainty equivalent is increasing with the

risk tolerance level. That is, CER′

ξ̃

(
g(ξ̃)

)
≤ CER

ξ̃

(
g(ξ̃)

)
for any fξ̃ ∈ Θ. Therefore

GR′
Θ

(
g(ξ̃)

)
= min

fξ̃∈Θ
CER′

ξ̃

(
g(ξ̃)

)
≤ min

fξ̃∈Θ
CER

ξ̃

(
g(ξ̃)

)
= GR

Θ

(
g(ξ̃)

)
.

(b) Define h(x) = G1
fξ̃

(
xg(ξ̃)

)
and

H(x,R) =


Rh(x/R), if R > 0,

0, if R = 0, x = 0,

+∞, if R < 0.
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Lemma 2.1 part (d) implies that h is concave, which in turn implies that H(x,R) is concave in

(x,R) (see Rockafellar (1970), page 35). Thus, GR
fξ̃

(
g(ξ̃)

)
= H(1, R) is concave in R for R > 0.

(c) For a given fξ̃ ∈ Θ,

∂CER
ξ̃
(g(ξ̃))

∂R
= − lnE

[
exp{−g(ξ̃)/R}

]
−

E
[
g(ξ̃) exp{−g(ξ̃)/R}

]
RE

[
exp{−g(ξ̃)/R}

] .

(It is easy to verify that under our assumptions, the integration and differential can be in-

terchanged when taking the derivative of CER
ξ̃
(g(ξ̃)) with respect to R.) The above formula

immediately implies that for any two constants δ > 0 andM > 0, there exists a constant κ > 0

such that for any continuous function g(ξ̃) with |g(ξ̃)| ≤M for any ξ̃,

0 ≤
∂CER

ξ̃
(g(ξ̃))

∂R
≤ κ.

Since when fξ̃ ∈ Θ attains the minimum in the definition of GR
Θ , we have that for any R′ ≥ R,

GR′
Θ (g(ξ̃))− GR

Θ(g(ξ̃)) ≤ CER′

ξ̃
(g(ξ̃))− CER

ξ̃
(g(ξ̃)) ≤

∣∣∣∣∣∣
∂CER

ξ̃
(g(ξ̃))

∂R

∣∣∣∣∣∣ (R′ −R) ≤ κ(R′ −R).

Thus, part (c) holds.

C Results for the finite horizon models

Theorem C.1 For the ambiguity and risk averse inventory and pricing model (5),

(a) an (s, S,A, p) policy is optimal, and

(b) an (s, S) policy is optimal when pricing is not a decision variable.

The result is similar to the one corresponding to the risk averse inventory and pricing model

analyzed in Chen et al. (2007). The proof is similar as well by observing that the minimum

envelope of (symmetric) k-concave functions is still (symmetric) k-concave (see Proposition

A.5).

We now further restrict the demand function Dt(pt, ε̃t) and the ambiguity set Θt and show

that the structure of the optimal inventory and pricing policy may be reduced to an (s, S, p)

policy.

Theorem C.2 Consider the risk neutral ambiguity averse inventory and pricing formulation,

i.e., Equation (5) with ρt → ∞. If
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• the demand function is additive, i.e., parameter αt in the demand function

Dt(pt, ε̃t) = β̃t − αtpt

is a constant; and

• every β̃t in set Θt has the same expectation,

then an (s, S, p) policy is optimal.

The result and proof are similar to Chen & Simchi-Levi (2004a), Theorem 3.1. For the

completeness of the paper, here we provide a key step for the proof, which basically shows that

a higher order-up-to level yt leads to a higher expected end-period inventory level.

Proof.

Note that (5) under the conditions specified in the theorem can be written as follows.

Jt(x) = max
y:y≥x

−kδ(y − x) + max
p:p

t
≤p≤p̄t

It(y, p) ,

where

It(y, p) = R(p) + Ft(y + αtp),

R(p) = (p− ct)(βt − αtp) ,

with βt being the expectation of β̃t, and

Ft(y) = min
fβ̃t

∈Θt

Efβ̃t

[
−ĥ(y − β̃t) + γJt−1(y − β̃t)

]
.

Define a new function K(y, z) as follows.

K(y, z) = R((z − y)/αt) + Ft(z).

Then, we have that

max
p:p

t
≤p≤p̄t

It(y, p) = max
z:p

t
≤(z−y)/αt≤p̄t

K(y, z).

Since R(·) is concave and K(y, z) is supermodular, the above optimization problem has an

optimal solution z∗(y), which is non-deceasing in y. This implies that the higher the order-up-

to level y in period t, the higher the expected inventory level at the end of period t. This result

is parallel to Lemma 2 in Chen & Simchi-Levi (2004a). The remaining proof follows from the

same steps as the one for Theorem 3.1 in Chen & Simchi-Levi (2004a) and is omitted.
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From Theorem C.1, we know that an (s, S,A, p) policy is optimal for the following dynamic

programming recursion

Gt(x) = max
y≥x,p∈P

−kδ(y − x) + GRt
Θ [P (y, p; ε̃) + γGt−1(y −D(p, ε̃))] .

Next we present a technical result which illustrates that the parameters st and St are

uniformly bounded for t = 1, 2, . . .. For this purpose, let the lower bound s be a constant such

that s ≤ y∗ and

ĥ(s) = ĥ(y∗) + k,

where y∗ is a minimizer of ĥ.

Also define the upper bound to be S̄ = S0 + Ξ, in which S0 ≥ y∗ and ĥ(S0) = ĥ(y∗) + k,

and Ξ is the demand upper bound in Assumption 2.1. Indeed, the demand upper bound

assumption is only used here to derive an upper bound for St. It is worth noticing that in the

risk neutral case, such an assumption is not needed (see Chen & Simchi-Levi (2004b)).

The main result in this subsection is the following theorem.

Theorem C.3 s and S̄ are the lower and upper bound for st and St. That is,

s ≤ st ≤ St ≤ S̄ .

In order to prove Theorem C.3, we first make the following observations.

Lemma C.1 (a) Gt(x) ≥ Gt(x
′)− k for x ≤ x′.

(b) Gt(x) ≤ Gt(x
′) for any x ≤ x′ ≤ y∗.

(c) gt(y, p) ≤ gt(y
′, p) for any y ≤ y′ ≤ y∗ and p ∈ P, where

gt(y, p) = GRt
Θ [P (y, p; ε̃) + γGt−1(y −D(p, ε̃))] .

Proof. For two inventory levels x ≤ x′, one can always first raise the inventory level from x

to x′ by paying a fixed cost k and then follow the same optimal strategy for the inventory level

x′. Therefore (a) holds.

We now prove parts (b) and (c) by induction. First, we have that part (b) holds for t = 0

since G0(x) = 0. Now assume that (b) holds for Gt−1(x). Then for any y ≤ y′ ≤ y∗ and p ∈ P,

P (y, p; ε̃) = (p− c)D(p, ε̃)− ĥ(y′ −D(p, ε̃)) + ĥ(y′ −D(p, ε̃))− ĥ(y −D(p, ε̃))

≤ P (y′, p; ε̃),
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where the inequality holds since ĥ(x) is convex and y ≤ y′ ≤ y∗. Thus, for any y ≤ y′ ≤ y∗

and p ∈ P,

gt(y, p) = GRt
Θ [P (y, p; ε̃) + γGt−1(y −D(p, ε̃))]

≤ GRt
Θ [P (y′, p; ε̃) + γGt−1(y

′ −D(p, ε̃))]

= gt(y
′, p),

where the inequality follows from the induction assumption. Thus, part (c) holds. Finally,

part (b) follows immediately from part (c), and the fact that Gt(x) = maxp gt(x, p).

Now we are ready to prove Theorem C.3.

Proof. First, note that for any p ∈ P and y ≤ s, we have that

P (y, p; ε̃) = (p− c)D(p, ε̃)− ĥ(y∗ −D(p, ε̃)) + ĥ(y∗ −D(p, ε̃))− ĥ(y −D(p, ε̃))

≤ P (y∗, p; ε̃) + ĥ(y∗)− ĥ(y)

≤ P (y∗, p; ε̃)− k,

where the first inequality holds since ĥ is convex and thus has increasing differences, and the

second inequality follows from the definition of s. In addition, from Lemma C.1 (b), we have

Gt−1(y −D(p, ε̃)) ≤ Gt−1(y
∗ −D(p, ε̃)) for y ≤ s ≤ y∗. Therefore,

gt(y, p) = GRt
Θ [P (y, p; ε̃) + γGt−1(y −D(p, ε̃))]

≤ GRt
Θ [P (y∗, p; ε̃) + γGt−1(y

∗ −D(p, ε̃))]− k

= gt(y
∗, p)− k.

This implies that it is optimal to place an order for an inventory level no more than s.

We now show that St ≤ S̄. Note that for any p ∈ P and y ≥ S̄, we have that

P (y, p; ε̃) = (p− c)D(p, ε̃)− ĥ(y∗ + Ξ−D(p, ε̃)) + ĥ(y∗ + Ξ−D(p, ε̃))− ĥ(y −D(p, ε̃))

≤ P (y∗ + Ξ, p; ε̃) + ĥ(y∗)− ĥ(y − Ξ)

≤ P (y∗ + Ξ, p; ε̃)− k,

where again the first inequality holds since ĥ is convex and the second inequality follows from

the definition of S̄. Thus, for any y ≥ S̄,

gt(y, p) = GRt
Θ [P (y, p; ε̃) + γGt−1(y −D(p, ε̃))]

≤ GRt
Θ [P (y∗ + Ξ, p; ε̃)− k + γGt−1(y −D(p, ε̃))]

≤ GRt
Θ [P (y∗ + Ξ, p; ε̃)− k + γGt−1(y

∗ + Ξ−D(p, ε̃)) + γk)]

≤ gt(y
∗ + Ξ, p),

where the second inequality follows from Lemma C.1 (a). Thus, St ≤ S̄.
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D Proof for Theorem 3.2

The above theorem is built upon the following two lemmas, which resemble Lemmas 4 and 5

in Chen & Simchi-Levi (2004b) respectively.

Lemma D.1 (a) φ(x) = 0 for any x ≤ s∗.

(b) φ(x) ≤ φ(S∗) = k for any x.

(c) Q(x) ≥ Q(s∗) for any x ∈ [s∗, S∗].

(d) φ(x) ≥ 0 for any x ≤ S∗.

(e) s∗ ≤ x∗.

(f) S∗ ≥ y∗.

Proof. Part (a) follows directly from the construction of function φ(x) = φ(x, s∗). Part (b)

follows from the definition of s∗, and part (e) follows from Lemma 3.1. From proposition 3.1

(f), we have S∗ ≥ y∗ and thus part (f) holds.

We now prove part (c). Note that φ(S∗ −D(p, ε̃), s∗) ≤ φ(S∗, s∗) = k. We have that

φ(S∗, s∗) = maxp∈P G[P (S∗, p; ε̃) + γφ(S∗ −D(p, ε̃), s∗)]−Q(s∗)

≤ maxp∈P G[P (S∗, p; ε̃) + γφ(S∗, s∗)]−Q(s∗)

= Q(S∗)−Q(s∗) + γφ(S∗, s∗) ,

in which the last equation follows Lemma 2.1(b). Therefore,

Q(S∗)−Q(s∗) ≥ (1− γ)φ(S∗, s∗) = (1− γ)k ≥ 0.

Since Q(x) is concave and s∗ ≤ x∗, we have Q(x) ≥ Q(s∗) for x ∈ [s∗, S∗], i.e., part (c) holds.

We now prove part (d). Clearly, φ(x) = 0 for x ≤ s∗. We now assume the induction

hypothesis that φ(x) ≥ 0 for x ≤ x̄ for some x̄ ∈ [s∗, S∗]. Then for any x ∈ [x̄,min(x̄+ η, S∗)],

φ(x−D(p, ε̃)) ≥ 0 following the induction hypothesis. Therefore we have,

φ(x) = maxp∈P G[P (x, p; ε̃) + γφ(x−D(p, ε̃))]−Q(s∗)

≥ maxp∈P G[P (x, p; ε̃)]−Q(s∗)

= Q(x)−Q(s∗)

≥ 0,

where the last inequality follows from part (c). Thus, part (d) holds.

Lemma D.2 φ(x) is a symmetric k-concave function.
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Proof. We prove by induction that for any x0 ≤ x1, λ ∈ [0, 1],

φ(xλ) ≥ (1− λ)φ(x0) + λφ(x1)−max{1− λ, λ}k, (20)

where xλ = (1− λ)x0 + λx1.

Since φ(x) = 0 for x ≤ s∗, the inequality (20) trivially holds for x1 ≤ s∗. We assume, as

the induction hypothesis, that (20) holds for any x0 ≤ x1 ≤ x̄ for some x̄. We next show that

the inequality continues to hold for any x0 ≤ x1 ≤ x̄+ η.

Let p∗(x) be an optimal solution for problem (12) with s = s∗. We distinguish between

three different cases.

(1) x0 > s∗. In this case, let pλ = (1− λ)p∗(x0) + λp∗(x1). We have

φ(xλ) ≥ G[P (xλ, pλ; ε̃) + γφ(xλ −D(pλ, ε̃))]−Q(s∗)

≥ G[(1− λ)(P (x0, p
∗(x0); ε̃) + γφ(x0 −D(p∗(x0), ε̃)))

+λ(P (x1, p
∗(x1); ε̃) + γφ(x1 −D(p∗(x1), ε̃)))−max{1− λ, λ}k]−Q(s∗)

≥ (1− λ)G[P (x0, p∗(x0); ε̃) + γφ(x0 −D(p∗(x0), ε̃))]

+λG[P (x1, p∗(x1); ε̃) + γφ(x1 −D(p∗(x1), ε̃))]−Q(s∗)−max{1− λ, λ}k

= (1− λ)φ(x0) + λφ(x1)−max{1− λ, λ}k,

where the first inequality holds since pλ is a feasible price; the second inequality follows

from the monotonicity of the operator G, the concavity of the function P (S∗, p, ε̃) in

p, the fact that x0 − D(p∗(x0), ε̃) ≤ x̄ and x1 − D(p∗(x1), ε̃) ≤ x̄; and the induction

assumption, and the last inequality holds since the operator G preserves concavity.

(2) x0 ≤ s∗ and xλ ≤ S∗. In this case, we have from Lemma D.1 that φ(x0) = 0, φ(xλ) ≥ 0

and φ(x1) ≤ k. Thus, the inequality (20) holds.

(3) x0 ≤ s∗ ≤ S∗ ≤ xλ. In this case, xλ can be expressed as the convex combination of S∗

and x1, i.e., xλ = (1− µ)S∗ + µx1 for some µ ∈ [0, 1]. It is straightforward to verify that
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µ ≤ λ. We now have that

φ(xλ) ≥ (1− µ)φ(S∗) + µφ(x1)−max{1− µ, µ}k

= (1− λ)φ(x0) + λφ(x1)−max{1− λ, λ}k

+(1− µ)k + (µ− λ)φ(x1)

+max{1− λ, λ}k −max{1− µ, µ}k

≥ (1− λ)φ(x0) + λφ(x1)−max{1− λ, λ}k

+(1− µ)k + (µ− λ)k

+max{1− λ, λ}k −max{1− µ, µ}k

≥ (1− λ)φ(x0) + λφ(x1)−max{1− λ, λ}k,

where the first inequality follows from case (1), the second inequality from the fact that

φ(x) ≤ k for any x and the last inequality from a simple algebraic manipulation.

Thus, the inequality (20) holds for x0 ≤ x1 ≤ x̄+ η and the proof is complete.

Proof of Theorem 3.2

Define for any x,

O(x) = max
p∈P

G[P (x, p; ε̃) + γφ(x−D(p, ε̃))]−Q(s∗).

It is clear that O(x) = φ(x) for x ≥ s∗, while for x ≤ s∗, φ(x) = 0 and O(x) = Q(x)−Q(s∗) ≤ 0.

Following Lemma D.1, for any x we have

O(x) ≤ O(S∗) = φ(S∗) = k .

We distinguish between three different cases to show the result.

(1) x ≤ s∗. In this case, we have

φ(x) = 0 = −k + max
y:y≥x

O(y)

= max
y:y≥x

−kδ(y − x) + max
p≤p≤p̄

G [P (y, p, ε̃)−Q(s∗) + γφ(y −D(p, ε̃))] ,

with the maximum achieved at y∗ = S∗.

(2) x ∈ (s∗, S∗]. In this case, φ(x) ≥ 0, and for any y > x, −kδ(y−x)+O(y) ≤ 0. Therefore

φ(x) = O(x) = max
y:y≥x

−kδ(y − x) + max
p≤p≤p̄

G [P (y, p, ε̃)−Q(s∗) + γφ(y −D(p, ε̃))] ,

with the maximum achieved at y∗ = x.
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(3) x > S∗. In this case, for any y > x, x can be expressed as the convex combination of S∗

and y, i.e., there exists λ ∈ [0, 1] such that x = (1 − λ)S∗ + λy. Since φ is symmetric

k-concave, we have that

φ(x) ≥ (1− λ)φ(S∗) + λφ(y)−max{1− λ, λ}k

= φ(y) + (1− λ)(φ(S∗)− φ(y))−max{1− λ, λ}k

≥ φ(y)− k

= O(y)− k,

where the first inequality follows from the symmetric k-concavity of φ and the last in-

equality follows from the fact that φ(y) ≤ φ(S∗) = k for any y. Thus, it is optimal not

to place an order, or, y∗ = x.

The proof of Theorem 3.2 is now complete.
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