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Abstract

Recent epidemiologic studies have suggested that the prophylactic use of antiviral drugs could
slow down the spread of an influenza epidemic. Since drug stockpiles are presently scattered in
different countries, the outbreak of an epidemic gives rise to a game in which each country must
make decisions about how best to allocate its own stockpile in order to protect its population.
We develop a two-period multivariate Reed-Frost model to represent the spread of the epidemic
within and across countries at its onset. We consider the first two periods only to mimic the
exponential growth of an epidemic in its early stage, while keeping the model tractable. Prelim-
inary numerical studies suggest that insights from the two period model hold in general when
considering the entire time horizon. Our model captures three critical sources of uncertainty:
the number of initial infections, the spread of the disease, and drug efficacy. We show that for
small probabilities of between-country infections, the underlying game is supermodular, Nash
equilibrium exists and there is a unique one that is Pareto optimal among all existing equilibria.
Further, we identify sufficient conditions under which the optimal solution of a central planner
(such as the World Health Organization) constitutes a Pareto improvement over the decentral-
ized equilibrium, suggesting that countries should agree on an allocation scheme which would
benefit everyone. By contrast, when the central planner’s solution does not constitute a Pareto
improvement, minimizing the total number of infected persons globally requires some countries

to sacrifice part of their own population, which raises intriguing ethical issues.
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1. Introduction

Most developed countries’ preparedness plan for a possible pandemic influenza requires stock-
piling antiviral drugs (Rosenthal 2005). Although the efficacy of these drugs (such as Tamiflu,
see Ward et al. 2005, and references therein) is not well-known, recent studies have suggested
that mass prophylaxis distribution of them might be able to contain a pandemic (Ferguson et al.
2005). Even if a total extinction of the epidemic might be difficult to achieve, antivirals can
buy time for a vaccine to be developed, for more drugs to be produced or for other efficient
policies to be implemented. Extant imperfect vaccines (i.e., vaccines that are poor matches to
virus strains that are virulent against humans) have also been shown to slow the spread of the
disease (Longini et al. 2005).

The use of antivirals (or imperfect vaccines) to contain an epidemic necessitates massive
administration of drugs over a very short time period, right at the onset of the first infections.
However, at present drugs or vaccines are purchased mainly by the least vulnerable countries
(for instance, most of world’s flu vaccines are produced in Western Europe, North America
and Japan, Anonymous 2005). Regions where transmissions of the H5N1 influenza A virus!
to humans have so far taken place, such as South East Asia, do not have sufficient funds to
maintain large stocks of antivirals. This implies that drugs might need to be diverted to other
countries if an epidemic were to be contained (Monto 2005). (In our settings, antiviral drugs
and vaccines have similar effects and we use the term “drug” to designate both of them without
distinction.)

The main objective of this study is to examine how countries possessing stocks of drugs
would react if an epidemic started in a country possessing little or no antiviral medication. How
much of its limited supply of a drug would a country give up to contain the pandemic? How
much of the drug would each country keep to guard against possible future infections? We model
this problem as a game involving the countries which possess antiviral or vaccine stockpiles, by
developing a mathematical model that represents the dynamics of an epidemic in its early stage
in a simple, but tractable way. This model captures three important sources of uncertainty:
1) the number of initial infections; 2) the spread of the disease within and between countries;
and 3) the drug efficacy. We derive insights into the success (or lack thereof) at containing an
outbreak when countries hoard these drugs selfishly, that is, when they seek to protect their
respective populations, even, if necessary, at the expense of others.

Our paper follows a multi-disciplinary approach as it uses a game theoretic framework with
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this study constitutes the first analysis of epidemic control where antiviral drugs or vaccines
are distributed by strategic agents who seek to protect different parts of the population. By
contrast, previous analyses have typically considered a central planner seeking to contain an
epidemic in the whole population. This line of research usually focuses on cost-benefit analysis
of public health policies (Diekmann and Heesterbeek 2000, Brandeau 2004). In particular,
recent works have explored the optimal allocation of limited resources in a non-homogeneous
population (see, for instance, Brandeau et al. 2003, and references therein). However, we show
in this paper that ignoring strategic behaviors can lead to overoptimistic assessments of the
impact of the control. That is, when decision makers are strategic, their allocation decisions
might be drastically different from the centralized solution, which leads to more infections in
the world compared to the centralized solution.

Recent analyzes of influenza containment efforts are based mainly on extensive and detailed
numerical studies. In particular, Ferguson et al. (2005) have run simulations that show how
targeted mass prophylactic use of antiviral drugs significantly increases the extinction probability
of an epidemic. Longini et al. (2005) and Germann et al. (2006) further suggest that the use of
inefficient vaccines instead of (or in conjunction with) antivirals would also drastically slow the
spread of the disease.?

For our purpose, we represent the epidemic at an aggregate level with a two-period multidi-
mensional Reed-Frost model. The classical Reed-Frost model assumes that susceptibles (healthy
individuals who could be infected) and infectives (infected individuals who could infect suscep-
tibles) mix homogenously within a closed population. Thus, the number of susceptibles at the
end of period t + 1 follows a binomial distribution with probability (1 —a)¥* and sequence size
X, where a is the within-population infection probability and Y; and X; are the numbers of
infectives and susceptibles at time period t, respectively. The infection probability a is equal
to the probability that two individuals meet during the virus’ latent period multiplied by the
probability of infection per contact. Note that considering a stochastic model makes the anal-
ysis more challenging. However, the future spread of the disease constitutes a very important
source of uncertainty when we try to contain a pandemic at the onset. A stochastic framework
therefore appears necessary in our settings.

The main simplification of this model lies in the homogeneous mixing assumption, an as-
sumption that is made in most of the epidemiology models, including deterministic SIR models
(Daley and Gani 2001). Nevertheless, the Reed-Frost model has been shown to be successful at
describing epidemic dynamics (see, for instance, Daley and Gani 2001). Furthermore, homoge-

nous mixing is a key assumption of most tractable models of epidemics. In particular, to account



for inhomogeneity, so-called spatial models (see, for instance, Ball 1991) consider multiple loca-
tions and migration of infectives, while assuming homogenous mixing of the population in each
location. The multi-dimensional Reed-Frost model developed in this paper may be considered
as a discrete time approximation to the continuous time spatial model, in which the migrations
and infections occur in the same time period.

We partition the world of interest into m + 1 countries characterized by homogenous mixing
both within and between populations that have different infection probabilities. The epidemic
starts in country 0 and the remaining m countries possess drug stockpiles. In addition, we
consider imperfect drugs such that the infection probability decreases when the susceptible, the
infective, or both receive treatment before interacting. Thus 2(m + 1) random variables are
needed to represent the whole system, in which the number of susceptibles at the end of each
period follows multivariate binomial distributions.

We also need to specify the objectives of each country in our model. For centralized resource
allocation decisions, the cost-benefit analyses in the epidemiology literature often regard the
goal as being to decrease the reproduction number, Ry (for a stratified population, defined
as the spectral radius of the so called “next generation matrix”, see, for example, Hill and
Longini 2003), to below 1 (Longini et al. 2005). In a decentralized world, like the one that we
model in this paper, it is not entirely clear what an appropriate condition for Ry would be for
each individual country, since the condition should allow for an outbreak in the world outside
the considered country. Therefore, in this paper we take a different approach by considering
the main objective for mass drug administration to be either the eradication of the disease or
to buy time at the onset of the epidemic (as argued by Mills et al. 2006). In our case, the
early stage of the pandemic should occur in the first few periods of our Reed-Frost model. We
consider the first two periods only, which allows one to mimic the exponential growth of the
epidemic in its early stage, while keeping the model tractable. Indeed, when considering the
first period only, all countries keep their drugs for their own populations, since potential benefits
have not materialized during a single time period. By contrast, numerical studies suggest that
our findings for two periods hold in general when considering the entire time horizon of the
epidemic, with the difference that in this case countries are willing to give up their drugs more
often. In other words, the two period model appears to predict that countries act more selfishly
than they would if they were to consider the final size of their population.

When the objective is to limit the impact of the pandemic, we assume that each country seeks
to minimize the expected number of infections at the end of the two periods. Since population

sizes are fixed in our model, this objective is equivalent to maximizing the number of susceptibles



(i.e. non-infected persons) in the two first periods. Besides the expected value objective, we
also study another plausible objective for each country — minimizing the probability of the
disease spreading over from other countries in the beginning (two first periods) of the epidemic.
This is also equivalent to maximizing the probability that no individual within the borders is
infected during the first two periods. Other objective functions may exist that estimate the total
economic costs of a pandemic and its impact on the quality-adjusted life years (see, for instance,
Brandeau et al. 2003, for a study on the centralized resource allocation problem). In case of
an outbreak, however, we believe that the number of infected individuals and the probability of
the disease spreading over from other countries are the most pressing concerns of the decision
makers.

At the beginning of the first time period, an infective is discovered in country 0. All countries
share a common subjective probability distribution for the number of infected persons present
in the population. In particular, this distribution should take into account the possibility of
multiple introductions of pandemic-capable strains as discussed by Mills et al. (2006). Based
on this distribution and on the different parameters of the system (country sizes, infection
probabilities and inventory levels), each country makes its drug allocation decisions. A given
country (say, country i) prefers the rest of the world to contribute more drugs to country 0, so
that it could keep its drug stockpile to protect its own population. On the other hand, if country
0 does not receive enough drugs, country ¢ may choose to give up part of its drug stockpile to
help contain the pandemic in other populations. Indeed, if the epidemic is not contained in
the country where it first occurs, it might quickly spread to the rest of the world, dramatically
increasing the chance of infection from abroad. This situation thus gives rise to a game in which
each country seeks to protect its population by strategically allocating its drugs.

Several papers have considered rational individual decision making in the face of epidemics
(see Philipson 2004, and references therein). Bauch and Earn (2004) have recently introduced
game theory into epidemic models. Their focus, however, is on voluntary vaccination, which
differs from the topic of this paper. They described a ‘commons dilemma’ such that the risk
associated with receiving vaccination is certain and individual-specific, while the return is both
uncertain (i.e., the individual may never come into contact with an infective) and widely dis-
tributed. Thus, rational self-interest might incline an individual to avoid vaccination, which,
in turn, could prevent complete eradication of the disease. Chick et al. (2008) also developed
a game theory framework to analyze the coordination of vaccine production where actors (the
government and manufacturers) have different incentives. Their work contributes to the line of

research concerned with the production and stock-piling of vaccines (see also Deo and Corbett



2008). More generally, the challenge of containing influenza outbreaks has received a lot of
attention recently in the OR/MS literature (see Wu et al. 2005, Kornish and Keeney 2008, Cho
2008, and references therein).

Our model also links to the economics literature concerning the voluntary contributions
to public goods. This area of research is primarily interested in understanding how different
agents may try to enjoy a “free ride,” i.e., benefit themselves at the expense of others, while
encouraging the latter to increase their own contributions to some public project or good. For
instance, Marx and Matthews (2000) provide sufficient conditions under which the final public
project completion time reduces to zero and free riding vanishes. In our settings, the “public
project” could be the worldwide eradication of the epidemic. The “contributions” would then
correspond to the number of drugs allocated to the country where the first infective appeared.
However, situations occur where all players are better off not achieving the public good (i.e.,
not giving up drugs to country 0). In these cases, the centralized solution basically requires
countries to “sacrifice” part of their population in order to save more individuals in country 0.
Protecting this population is therefore not quite equivalent to a public good. In our case, the
inefficiency of a decentralized solution is not necessarily due to free-riding, but rather due to
the misalignment of objectives of players and that of the central planner.

Furthermore, when all contribution decisions are made at the beginning of the time horizon
and for linear payoff functions, the problem of free riding reduces to a prisoners’ dilemma and
no agent contributes to the public project. However, this is not the case when the project
corresponds to containing a global pandemic as shown in this paper. Actually, we identify
situations where countries are willing to give up all their drugs to cover part of the population
where the first infectives appeared. This significant difference is due to the dynamics of an
epidemic spread which induce nonlinear payoff functions that are neither concave nor convex.
In particular, we show that countries either keep or give away all their drugs (and do not split
their resources).

For the two-period model, we show that for small between-country infection rates, the un-
derlying game is supermodular, which implies the existence of a unique Nash equilibrium that
is Pareto optimal among all existing equilibria. This equilibrium is characterized by a subset of
countries that give up all their drugs to contain the spread of the epidemic in country 0, while
all other countries keep their stockpiles to protect their own populations. If a central planner,
such as the World Health Organization (WHO), were to make the allocation decision in order
to minimize the total average number of infectives in the world (irrespective of nationalities), all

existing stockpiles would be used to supply country 0. We identify sufficient conditions under



which the optimal solution of the central planner constitutes a Pareto improvement over the
decentralized equilibrium. In particular, for large populations and a high probability of disease
transmission in country 0, using all existing drugs to contain the epidemic in country 0 would
benefit all countries. On the other hand, when countries act selfishly and seek to protect their
own populations, there could be human cost in the rest of the world. These findings raise
important ethical issues, especially when the centralized decision does not constitute a Pareto
improvement over the decentralized situation. In this latter case, minimizing the total number
of infectives in the world requires some countries to sacrifice part of their own population. Our
numerical studies show that these insights hold, in general, in the entire horizon case.

We present our epidemic model and the drug allocation game in section 2. The case where
countries maximize the expected final number of suceptibles in their population is analyzed
in section 3. The comparison with the decisions of a central planner follows in section 3.3.
Section 4 extends some of our results to the case where countries maximize the probability of
not being infected from abroad. Section 5 numerically tests some of the model assumptions. In
particular, we explore how our main insights extend when considering the entire time horizon of
the epidemic. We draw several conclusions and point out to future research directions in section

6

2. The Drug allocation Game

Consider m + 1 countries, 0,1,...,m where country i’s population size is equal to N; for 0 <
1 < m and Ny + 1 for country ¢ = 0. The transmission probability from a non-treated infective
in country ¢ to a non-treated susceptible in country j is denoted by a;; > 0. Access to drugs is
assumed to decrease susceptibility by a factor § and infectiousness if infected by a factor €. For
instance, recent statistical studies estimate that antiviral drugs reduce susceptibility to infection
for an uninfected individual by 30%, and infectiousness for infected individuals by 60%, which
corresponds to 0 = 70% and £ = 40% (Ferguson et al. 2003, Yang et al. 2006). When both
parties have used drugs, the probability of infection per contact decreases by o := 6£. In what
follows, we refer to a;; as the probability of between-country infection when 7 # j and as the
probability of within-country infection when ¢ = j. We assume that the disease spreads more
easily within a country than between countries, that is, a;; < a;; for all ¢ # j.

We consider a multi-dimensional Reed-Frost epidemic model of two periods. Let X! represent
the number of susceptibles in location i at time ¢ who have not been treated, while X! represents

the number of susceptibles at time ¢t who have taken the drug previously. Similarly, Y} and Y}



represent the number of infectives in location i at time ¢ who have (Y;') and have not (Y}!)
used the drug, respectively. Thus Y;! + Y} individuals spread the disease during period ¢, before
becoming symptomatic and are removed by the end of the period. The number of susceptibles

and infectives therefore satisfy the following relationships,
X{=XIov K= XC-N 0

Following the Reed-Frost model assumptions, the numbers of susceptibles have binomial dis-
tributions. In a given period, susceptibles of country ¢ can be infected by infectives of the

same country and of another country j. We can then easily deduce the following conditional

probabilities,
(le+1 | Xita {th»th}j) ~ B Xf» (1 - aii)yi (1 - fau‘)yi H(l - aji)Yj (1 - fajz‘)yj , (2)
J#i
(X:Jrl | Xf, {E/J»t, }7]1&}]) ~ B Xf, (1 — 5a”)Y1 (1 — Uaii)yi H(l — (Sa]Z)YJ (1 — O'Clji)yj 5 (3)
JFi

where B(N,p) represent a Binomial distribution with parameters N and p.

Because of possible multiple introductions or early infections, several infected individuals
might already exist in the country at the time the first case is discovered. We assume that
countries share a common subjective distribution for Y, the number of infected individuals
in country 0 at time ¢ = 0. This implies that the multiple introductions and first infec-
tions take place in country 0 only. Thus, Y =Y, Y2 = 0 for i > 0 and Y = 0 for all i.
The initial conditional probabilities are then equal to (X} | X?,Y) ~ B (X?, (1 — an;)”) and
(X! X2,Y) ~ B(X?,(1—6ag)Y) for i =0,1,...,m. We further let Ey(-) and ¢y (-) be the
expectation operator and characteristic function, respectively, of the random variable Y.

Each country ¢ > 0 has a stockpile of drugs that can treat up to K; susceptibles. For
simplicity of exposition we assume country 0 does not have any drug stockpile, or Ky = 0. Our
results still hold for Ky > 0. We assume that K; < N;, and the world’s total drug supply
K= y K is less than the population of country 0, that is K < Ny. This assumption appears
to hold under the current situation, where a pandemic flu is likely originating from one of the
populous southeast Asian countries. Note also that similar constraints on the number of drugs
are often placed in simulation of epidemics (see for example Ferguson et al. 2005). Technically,

such an assumption helps to alleviate some of the difficulties in showing the supermodularity of



the game.

We denote by n; the number of country j’s susceptibles, j > 0, treated by drugs from country
i’s stockpile (when drugs represent antivirals and not vaccines, a unit of inventory represents
the number of doses required to treat an individual during the two periods). For simplicity,
we assume that the unidentified first infectives Y are not treated when drugs are distributed
(similar results hold when they all receive treatment). Given all allocation decisions {Tl;}z j with

> j n; = K, the initial numbers of susceptibles are equal to

XP=N;—>nF and X?=>nF, fori>0, and
k=1 m k=1 m (4)
X =No—-Y — ’;1 n§ and X = ];1 nk .

In the following we also use n to denote the decision matrix {n;'-}(m+1)x(m+1) such that row

vector n’ represents country i’s decisions.

3. Expected Value Case

In this section, we study the case in which each country is risk neutral and seeks to minimize the
average number of total infectives during the two periods. Since in our model we assume a fixed
population size, the objective is equivalent to maximizing the average number of non-infected
susceptibles at the end of the time horizon. In section 4, we extend our results to the case where
the objective function is the probability of no infection, which might describe more accurately
some countries’ actual motivations.

The problem, however, is generally intractable. A country’s response curves are neither
convex nor concave and sometimes possess multiple local maxima. On the other hand, we
are primarily interested in contaminations between countries at the onset of the epidemic for
which the between-country infection rates {a;;}i»; are small. It turns out that in this case the
problem is well structured. The key step in our analysis consists in taking Taylor expansions
(in the between-infection rates) of the country’s average number of susceptibles in the end of
period 2. Our numerical results (see Online Appendix A) suggest that the structure of the game

holds even when the between-country infection rates are not too small.

3.1 Country ’s Response Curve

We next derive country i’s response curve. To that end, we first evaluate the average number

of susceptibles in the end of period 2 given the initial treated and untreated population sizes



for country i. In order to simplify our mathematical expressions, we introduce the following
quantities, Aj; = aj;[1 — (1 — ag;)¥] and Bj; = aji[l — (1 — Sag;)¥]. Note that A;; and Bj;

depends on Y, but for the sake of simplicity we do not make this dependence explicit in our

notation.
Proposition 1 For country i =0,1,...,m,
_ 1—ap)¥ X -
BIX? | (X0, X0)20. V] = 0O [0 a,)¥0 - e8,)%
i 52
> . o (1 —=dap)Y 15 .
BIX? (X0 X050, v] = XOUZ20 10 54,00 - 08,0
- — 0L
7=0

Proof : See Online Appendix B. |

Country ¢ seeks to maximize the average number of susceptibles in its population at the time

horizon which corresponds to the following optimization problem,
max f;(n) := Ey [E{X? + X2 {XJQ,)_(?}PO,YH :

subject to the following constraints

fz(n):(lean)Ey[ 11]+anEY[ %] J ()
k=1 k=1
where,
{0 T - A% S e SR
S ey P (1= Agi) " [T (1= 4;) 71 = &Bji)=r=1"
13 j:()
i (1 6a0i> — s =Sk m pk
27 1-0oBy (1= 0A0) Y JJ(1 = 04;)Nim =i (1 — o Byy) =™

j=0
Ey[G%] and Ey [GY] represent the proportion of susceptibles in the population who were and
were not treated, respectively.

We are now ready to study country i’s optimal drug allocation given the decisions made
by all other countries. As will be seen, most of our proofs are based on treating the f;(n) as
continuous functions. Most of our result also rely on the approximation that the between-country

transmission probabilities ax;, k # [, are “small enough” or “sufficiently small.” Specifically, it
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means that there exists an € > 0 such that if all ag; < € then the corresponding result holds. Note
that the transmission probability ay; reflects the probability of contact and infection between
any infective in country k and any susceptible in country [. In practice ay; should be very small.

Our first result states that country ¢ contributes drugs to country 0 only.

Proposition 2 For small enough between-country trasmission rates ag;, k # [, country i never

gives drugs to another country j # 0.

Proof : See Online Appendix C. |
The proof (Online Appendix C) reveals the intuition behind the result: from country i’s
perspective, the marginal benefit from giving drugs to country 0 always exceeds the marginal
benefit from giving drugs to another country j # 0. Therefore the question is whether to use
the drug within country ¢ or in country 0.
Denote then n; to be the number of drug units that country ¢ decides to keep for itself, so
that K; — n; is allocated to country 0. It follows that, with K := Zj K;,

XP=N;—n;, X?

2

=n; , Xg:No—Y—K-Fan, X’S:K—an,
k=1 k=1

With drugs from country ¢ only going to countries ¢ and 0, country #’s objective function

becomes

fin) = (N; = n ) By [G] +niBy [G)] = NiBy [G] + ni(By [G3] —By [GI]) . (6)

i 1 —ag; i -Y-— . -3 . n; i—n; n;
= L0007 (1 0 M0 Y = (1 6B K2 T[(1 - 4,0~ (1 - €B,)™ . (7)
" J#0
i (1_5a0i)y No—Y—K+Y . n; K-> .nj Nj—n; n;
G2 = ﬁ(lf&flm) i J(I—JBOZ-) i ]:[(]. *5Aji) J J(l*O’Bji) 7
" J7#0

(®)
(Note that Ey [G3] and Ey [GY] still represent the proportion of susceptibles in the population
who were and were not treated, respectively, and f;(-) represents the average number of suscep-
tibles. The mathematical expressions for f;(-), G} and G% are different than their counterparts
in (5) due to the simplification of players’ decision sets. We continue using the same notation

here for the sake of clarity.)?
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In the sequel, we assume the following technical condition holds for all countries 7,

1- 6%

Ni—=(1-0)K; = =5 - 9)

This assumption is not very restrictive. It merely rules out parameters such that § and £ are
simultaneously very close to 1 and 0, respectively. Under reasonable choices of parameters, such
as 0 = 70% and & = 40%, the condition translates to N; > 0.72K; + 2.7, which is easily satisfied.

The optimal decision for country ¢ given all other countries’ drug allocations has a “bang-

bang” structure as stated by the following result.

Theorem 1 For small enough between-country transmission probabilities axy, k # 1, country
i’s optimal decision given all other countries’ actions is always “bang-bang”: either give up

everything to country 0 or give nothing. Furthermore, there is a quantity a* defined as

. 1—&—opy[l—an] +E&py |1 — dan]
" 0 o)E Y] ’ (10

such that

1. When a;; > a*, f; is monotonically increasing in n; and country i keeps all its drugs for

itself;
2. When a;; < a*, f; is convex in n;.

Proof : See Online Appendix D. |

Quantity a* is a common threshold for within-country transmission probability a;; for all
countries ¢. In Online Appendix E, we provide sufficient conditions for a country to be willing
to give up its drugs. The “bang-bang” structure of the optimal response is rather surprising.
It greatly simplifies the action profile that we need to consider when studying equilibria of the

game.

3.2 Supermodular Game and Nash Equilibrium

Theorem 1 indicates that the best strategy for country i such that a;; > a* is degenerate with
n; = K;. In other words, country ¢ has no incentive to give up drugs to another country where
the disease transmission probabilities are sufficiently low. On the other hand, when a;; < a*,
there exist reasonable model parameters under which a country gives up all its drugs to country
0 (Online Appendix E). Hence, the drug allocation game is not degenerate and is only played

by countries in which the disease transmission probability is lower than a certain threshold.
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The following theorem constitutes our main result and states the existence of a unique Nash

equilibrium that is Pareto optimal among all Nash equilibria.

Theorem 2 For small enough between-country transmission probabilities ay;, k # 1, the game
is supermodular among countries with a; < a*, in which o* is defined in Eq. (17) of Theorem
1. Further, a unique Nash FEquilibrium exists that is Pareto optimal among all existing Nash
equilibria. This equilibrium is such that the number of countries giving up drugs to country 0 is

the highest among all existing equilibria.

The proof depends on the supermodular structure of the game. The complete proof is in
Online Appendix F. In what follows, we refer to the unique Nash Equilibrium that is Pareto
optimal among all existing Nash equilibria as the “Pareto optimal Nash Equilibrium.”

According to Theorem 1, an equilibrium is characterized by a partition SU S = [1,...,m]
such that ¢ € S if and only if country 7 keeps all its drug, i.e. n; = K;. From Theorem 2, a
Pareto optimal equilibrium exists and is characterized by the set S with the highest cardinality.

It is worth pointing out that the existence of a Pareto optimal Nash Equilibrium does not
automatically guarantee it will be the outcome of the game. As pointed out in the experimental
economics literature (see, for instance, VanHuyck et al. 1990, 1991), even the Pareto dominant
equilibrium that “should” be chosen according to risk dominance (Harsanyi and Selten 1988)
may not occur in practice. A more recent literature on the so-called “global games” (Carlsson
and Van Damme 1993) attempts to address the equilibrium selection issue by first relaxing
the implicit common knowledge assumption of complete information games so that payoffs are
observed with a small amount of noise. Under certain conditions, there is a unique equilibrium in
the game with noise, which serves as a prediction for the underlying complete information game
that contains multiple equilibria. Frankel et al. (2003), which studies supermodular games in
this framework, is probably the most relevant global games literature to our problem. However,

the results in Frankel et al. (2003) do not appear to directly apply to our setting.

3.3 Central Planner

Consider now a central planner, such as the WHO, whose objective is to allocate the total world
drug inventory K = ), K; in order to maximize the average number susceptibles at the end of
period 2 in the world regardless of the country of residence. Let n; be the amount of drugs the
central planner allocates to country ¢ = 0,...,m, with ng = K — . n;, and define n = {n;};>0

to be the corresponding drug allocation policy.
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The central planner’s optimization problem is, therefore,

max  f(n):=E

n>0, e n=0

Z X? + X7 ’ {N; =nj 5 nitise ] (11)

1=0

and from Proposition 1 we obtain,

Fm) =By [(No =¥ = K+ 3 m )G+ (K =Y m )G+ > (N = m)Gl +miGh | (12)
k k i=1
where,
0 (1- aoo)y No—Y-K K— Ni—n.: )
G = I (1= Agg) MY TR (1 = £Bg) KR T[(1 = Ajo)™ (1= €Bjo)
1 — Ago i20
0 _ (1 - 6a00)Y _ No—Y—-K+Y, np(1 _ K=Y, ng _ AN —njq Y
GQ = (1 6A00) k (1 UBOQ) k H (1 (514]0) (1 O'BJ())
1-— O'BOO 40

When between-country infection rates are low, the central planner always supplies country

0 as much as possible.

Proposition 3 For small enough between-country trasmission rates ay;, k # 1, the optimal

allocation policy uses all existing drugs for country 0, i.e. ng = K and n; =0, i > 0.

Proof : See Online Appendix G. |

Allocating all existing drugs to country 0 maximizes the number of susceptibles at the end of
period 2 in the world but might hurt some countries that could save more of their inhabitants if
they acted selfishly and kept their drugs. The following results provide conditions under which
supplying country 0 with all available drugs constitutes a Pareto improvement over the previous
optimal decentralized equilibrium. In this case, all countries would benefit from letting the

central planner to decide.

Proposition 4 For {a }rx small enough, consider the decentralized equilibrium characterized
by the set S of countries that do not give up their drugs (i.e. i € S < n; = K;). For eachi € S,
there is a population size threshold N; such that supplying country 0 with all existing drugs (i.e.

Z;.":l n; = K) is a Pareto improvement over the decentralized equilibrium if for all i € S,

N1'>Ni and K; <p; K*ZKJ
jes
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where Nj is independent of Nj, j >0, and

Proof : See Online Appendix H. |

(A cumbersome analytical expression exists for the population threshold N; and can be found
in equation (22) in Online Appendix H.)

In other words, if countries in S are large enough and have relatively small drug inventories,
giving up all existing drugs to country 0 improves the average number of non-infected suscepti-
bles in all countries. A central planner could then try to have all countries in S agree on this
policy. Without monetary enforcement, however, the centralized optimal solution may never
be an equilibrium. On the other hand, the WHO may serve as a correlation center in a corre-
lated equilibrium solution concept (Myerson 1991), which provides a coordination mechanism
that potentially improves upon a Nash equilibrium in a full information game. Unfortunately
correlated equilibria do not constitutes such an improvement in our settings.*

The second condition K; < p(K — ). 5 K;) is actually always satisfied if p > 1, which is

jeS
reasonable when the epidemics spread sufficiently faster in country 0 than in the rest of the
world. Hence, Proposition 4 implies that when all countries are large enough and the epidemic

spreads sufficiently fast in country 0, allocating all existing drugs to country 0 constitutes a

Pareto improvement over any decentralized equilibrium.

4. Alternative objective: Probability of No Infection

Existing epidemiological studies (see for instance Ferguson et al. 2005) have focused their perfor-
mance analysis on the probability of epidemic extinction in a given world area. In this section,
we consider the perspective of countries with drug stockpiles that decide to maximize the prob-
ability of no infection from the country where the epidemic has started. Note that this objective
is neither risk seeking nor risk averse and is not well justified from a theoretical perspective.
On the other hand, maximizing the probability of no infection might more accurately represent
actual responses to an outbreak, given the psychological reactions and panic that most likely
would occur (see for instance Lau et al. 2006).

In order to keep the model tractable, we approximate the binomial distribution of Y;! by a
Poisson distribution with arrival rate \; = aOZ-XiO. This approximation is accurate when XZQ is

large and ag; is very small. Similarly, we assume that Y;! follows a Poisson distribution with
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parameter \; = dag; X{. Country i may then maximize the likelihood of no infection, which,

after some algebraic simplifications, is approximately equal to

Ey [P (X2 =X N X2= XD | {X2,X%},)] ~

Ey{(l — a()i)YX?(l — 5aOi)YX? exp { Z [(1 — (1 — aoj)y) ((1 - aji)X? + (1 - §aj7;)X? - 2)XJO
j#i

+(1 — (1 — 5a0j)Y) ((1 - faji)X? + (1 - oaji)Xi - Q)XJO] }} .
Country ¢’s optimization problem becomes, following Eq. (4),
max fl(n) = Ey{(l — aOi)Y(N'i_ni)(l — 6a0i)yni

nt: niZO,Zj n3=KZ

exp { Y [(N; —ny)(1~ (1 —ap)") <(1 —azi)N T 4 (1= Say)™ — 2) (13)

i
+1; (1= (1= 8agy)" ) (1 = €az0)N ™™ + (1 = 0a;0)™ - 2)] }} :

where n; = 7" n¥ is the total number of drugs that country j receives.
It turns out that the structure of the drug allocation game is very similar to the expected

value case as shown by the following result,
Theorem 3 For between-country transmission probabilities aor, (k > 0) small enough,

1. Country i never gives drugs to country j # 0.

2. Country i’s optimal decision given all other countries’ actions is always “bang-bang”: ei-

ther give up everything to country 0 or give nothing.

3. The game is supermodular; a unique Nash Equilibrium ezists that is Pareto optimal among

all existing equilibria, and has the highest number of countries giving drugs to country 0.

Proof : See Online Appendix I.

Note also that when N; is large enough, country ¢ gives all its drugs to country 0 (see
Proposition 6 in Online Appendix I). Hence, although the probability of no infection constitutes
a rather different objective function compared to the expected value, our main results and

insights hold.

5. Numerical Study

In this section we numerically explore the present results from a computational perspective.

First, in section 5.1, we numerically examine the parameter settings under which having every
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m 1 4 7
No 10° 10° 107
N; 10° 106 107
K /Ny 10% 50% 90%
ano 13/N0 2/N0 25/N0 3/N0
aj; apo aoo/5  apo/10
;5 Ay CL“/E) a“/lo a“/100

Table 1: Model parameters.

country give up their drugs to country 0 constitutes either the Pareto optimal Nash equilibrium
or a Pareto improvement from an equilibrium. Then, section 5.2 is devoted to a simulation
study of the case when countries’ objectives are the expected total number of infectives in the
entire time horizon of the epidemic.

In the computational study presented in this section, we fix the drug effectiveness parameters
0 = 0.7 and £ = 0.4 (Ferguson et al. 2003, Yang et al. 2006). For simplicity, we also fix the

number of initial infectives Y = 1.

5.1 To give or not to give?

In this section we numerically study whether having every country give up its drugs to country
0 constitutes either a Pareto equilibrium or a Pareto improvement from an equiblirium. To that
end we conduct an extensive computational study with varied model parameters as indicated in
Table 1.

Specifically, we vary the number of drug possessing countries, m, to be 1, 4 and 7. We also
vary each country’s population, positing the values 10°, 108 or 107, assuming all drug possessing
countries’ populations are the same. The world’s total drug stockpiles, K, is assumed to be
10%, 50%, or 90% of country 0’s population, and evenly distributed among all drug possessing
countries. Country 0’s disease transmission probability agy takes four different values, 1.3/Ny,
2/Ny, 2.5/Ng and 3/Ny. If we consider country 0 being isolated from the rest of the world,
appNo may be perceived as the basic reproductive ratio Ry in the corresponding Reed-Frost
model. The above choices of agg reflects, roughly speaking, Ry taking values 1.3, 2, 2.5 and 3.
The within-country infection rates, a;;, ¢ > 0, are chosen to be agg, ago/5 or ago/10. Finally a;;
takes the values 1, 1/5,1/10 or 1/100 of a;;.

In total, we vary 7 model parameters. There are altogether 3,888 possible combinations
of model parameters. Among the 3,888 cases, some contradict our model assumptions. For

example, when Ny = 107 and N; = 10°, the per country stockpile, K; = K/m, will always
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Qi

No agj agp  @oo/5  ago/10
aii | 0% 81.48% 99.07%
10° | ai/5 | 0% 97.22%  100%
ai;/10 | 0% 97.22%  100%
a;i;/100 | 0% 99.07%  100%
aii | 0% 59.09% 80.68%
108 | ay/5 | 0% 78.41% 81.82%
ai;/10 | 0% 78.41% 81.82%
ai;/100 | 0% 76.14% 81.82%
ai | 0% 25.00% 55.77%
107 | ai/5 | 0% 48.08% 69.23%
aii/10 | 0% 51.92% 57.69%
ai;/100 | 0% 51.92% 36.54%

Table 2: Percentage of “giving up” equilibria.

be greater than N;. We therefore ignore such infeasible model parameters, which leaves 2,976
feasible combinations of model parameters. Of these, 1,586 (53.29%) of the cases are such that
having all countries give their drugs to country O is the Pareto optimal Nash equilibrium. Of
the remaining 1,390 cases where the Pareto optimal Nash equilibrium has all drug-possessing
countries keep their drugs for themselves, 606 (43.60% of the 1390 cases) are such that having
all countries give their drugs to country 0 constitutes a Pareto improvement over the equilib-
rium. Another point worth mentioning is that in the 606 cases of Pareto improvement, the
model parameters of 600 cases (99.01%), when we ignore the positive a;;’s, satisfy the sufficient

conditions in Proposition 4. That is,

ais(00 = 1) + (1= 8) [1+ No[L = gy (1 = ago)l /By [Y] = (1 = 0)( £y Kja* + Kiaii ) |

Ni> )
a*(l — 0')(K — ZjeS‘Kj)/Ki —a“‘(2 — 0 —5)
and
a*(1—o)
Ki<———— _|K-Y K,
<a“‘(2—0—5) Z J

jeSs

In other words, our numerical study suggests that in roughly half of the cases, countries’
selfish interests lead to the same drug allocation that a central planner would make. For 25%
of the cases, countries playing the game will not supply country 0 with drugs, but negotiations
before hand could yield the optimal centralized decision which consists a Pareto improvement.
For the remaining 25% cases however, country 0 will not receive drugs.

Table 2 illustrates how the model parameters affect the Pareto optimal Nash equilibrium.
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Each cell in Table 2 indicates the percentage of cases among the feasible combinations of
parameter choices, when Ny, a; and a;; are fixed, for which having country i > 0 give up
its drugs to country 0 is the Pareto optimal Nash equilibrium. For example, when Ny = 105,
ai; = apo/10 and a;; = a;;/10, there are a total of 108 feasible combinations of N;, K and ag, out
of which 108 cases are such that having country ¢ > 0 give up its drugs to country 0 is the Pareto
optimal Nash equilibrium. Therefore, the corresponding cell in Table 2 is 100%(= 108/108). It
is clear from Table 2 that country 7 is more likely to give up its drugs in the Pareto optimal
Nash equilibrium when the country’s a;; is smaller than agg, a;; is smaller than a;;, and Ny is
small.

We also compute the optimal solutions of the centralized planner’s problem (11). In 1366 out
of the 1390 cases where the Pareto optimal Nash equilibrium has all drug-possessing countries
keep their drugs for themselves, the centralized optimal solution corresponds to allocating all
existing drugs to country 0. In the remaining 24 cases, it is optimal for the central planner
to allocate drugs according to their initial endowment (i.e. each countries uses the drugs they
have). We further compare results from the Pareto optimal Nash equilibrium with the centralized
optimal solution. To that end, we measure the ratio of the total expected number of infectives
in the world for the decentralize case over that of the centralized solution. The geometric mean
of the 1390 ratios is 1.134. That is, on average, the Pareto optimal Nash equilibrium is 13.4%
worse than the centralized optimal solution. The worst 20 out of the 1390 cases have ratios
above 2 (i.e. the decentralized allocation of drugs can lead to more than doubling the number
of infectives compared to the central planner decision).

In short, our numerical study suggests that the decentralized equilibrium often leads to the
optimal drug allocation of the central planner (in about half of the tested cases). When this is
not the case, however, decentralized decision making seems to have a significant negative impact

on the control of the pandemic.

5.2 Entire Time Horizon of the Pandemic

So far we have considered the two first periods of a multidimensional Reed-Frost model. Even
though the main focus of this paper is on deriving analytical results and insights into the drug
allocation problem, we provide preliminary simulation results for the entire time horizon, i.e.
when considering the final sizes of the epidemic in multiple countries. Specifically, “final size”
refers to the total number of infectives during the entire horizon of the epidemic. The main

purpose of the simulation is to study the equilibrium behavior when the objective of each country
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is the final size of the epidemics in the corresponding country. Note however that considering
the entire time horizon of the epidemic is also problematic. Existing mathematical models and
simulations of epidemics assume that transmission probabilities remain constant over the entire
time horizon. However, this ignores important population behaviors such as social distancing
or border closing that would certainly occur in case of a global pandemic.

We consider a world with three countries, {0,1,2}. Each country has a population 106.
We choose the transmission probability parameter agy = 2 x 1076, Similar to before, roughly
speaking, if country 0 is isolated from the rest of the world, its basic reproductive rate is
2. The dynamics of the system is described by equations (2)-(3). If we are given the initial
allocation of the drugs, which will be explained in the next paragraph, we can simulate the
number of susceptibles, infectives and removals in the three countries over time. To speed
up the simulation, we approximate the Binomial distribution with the corresponding Poisson
distribution when the mean of the Binomial distribution is less than 0.02, and with Normal
approximations otherwise. In each simulated trajectory, we stop until y! + g/ = 0 and obtain
the final size of the epidemic z7°. The expected number of susceptibles in each time period ¢

can be estimated by the average z! + z!

across the many trajectories. The expected value of
the total removal is estimated from the average z{° among the simulation trials. For simplicity,
we call the expected value of the susceptible final size as the “final size”.

Assuming countries ¢ = 1,2 are identical, We vary the choices of a;; and K; such that
a;; takes values as agg, 0.9aqg, 0.5aq9, 0.3aq0, 0.1agg, and K; takes values 0.1,0.3 and 0.5 of the
country 0’s population size Ny. We also set the cross country transmission probability a;; =
ap; = ajp = a;;/10 for each case. These parameters describe symmetric network structures.
Online Appendix K considers “chain” network structures in which country 2 and country 0 are
not directly connected. The findings are similar, except that the two period model has less
predictive power if used as an approximation of the entire horizon model.

In total, we tested 18 combinations of model parameters (see Table 3). For each set com-
bination of model parameters, we mutate the amount of drugs that countries 1 and 2 give up
to country O through 0,0.1,...,1 of K; corresponding to a total of 121 cases. We simulate
105 trajectories in order to have an accurate estimate of the mean final size. For each set of
parameters, the simulation takes more than 10 hours on a personal computer. Our numerical
results indicate that a unique Pareto dominant equilibrium exists for every one of the entire
horizon cases in Table 3, consistent with what is predicted by Theorem 2 for the two period

case. Further, in all tested cases but one, the optimal decisions at the equilibrium either give

up or keep all drugs, a result that is reminiscence of the result in Theorem 1.

20



K;

0.5Ny 0.3y 0.1y
Two Entire Two Entire Two Entire
Periods | Horizon Periods | Horizon || Periods | Horizon
aoo Keep Give up Keep Keep Keep Keep
0.9a0o Keep Give up Keep Keep Keep Keep

*

ai; | 0.5agp Keep Give up Keep Give up Keep Keep
0.4agg || Give up | Give up Keep Give up Keep Keep
0.3agp || Give up | Give up || Give up | Give up Keep Give up
0.2aq0 || Give up | Give up || Give up | Give up || Give up | Give up

Table 3: Equilibria: two period versus entire horizon models — Symmetric network structure. (*:
in this equilibrium Countries ¢ = 1,2 give up 0.8K; or 0.4Ny of drugs to Country 0.)

Table 3 compares the Pareto optimal Nash equilibrium for the two period and entire time
horizon cases. In all tested cases, it turns out that Countries 1 and 2 make similar allocation
decisions at the equilibrium. In Table 3, as well as later in the paper, we denote “Keep”
to represent the action profile that both countries keep the drugs for their own use. Similarly,
“Give up” means that both countries give up their drugs to country 0. In particular, the “Keep”
and “Give up” in Table 3 indicate the corresponding action profile in the Pareto optimal Nash
equilibrium.  According to Table 3, when the two period model predicts that countries 1 and
2 give up their drugs to country 0, the same result holds at the equilibrium of the entire time
horizon. On the other hand, countries sometimes keep their drugs with two periods, but give
them up when considering the entire time horizon. This suggests that myopic decision makers
would act more selfishly than they would if they considered the final size of the pandemic.

Finally, we compare in Table 4 the final sizes corresponding to the different drug allocations
at equilibrium as reported in Table 3, for the finite and entire horizon cases. In most cases, the
final sizes are equal since the equilibria from the two models are the same. When drug capacity
K; is very small (0.1Np), or country ¢’s transmission rate a;; is very close to agg, the final sizes
according to different allocation policies are still similar, reflecting the fact that it does not
matter very much where the drugs are used. When a;; is smaller than agg (a;; < 0.5a¢9) and
K; is not too small (K; > 0.3Ny), “Give up” and “Keep” have much more profound impact on
the final size of the epidemic. For example, when a;; = 0.5a¢99 and K; = 0.5Ny, the final size of
“Keep” (dominant equilibrium from the two period model) is almost 30 times the final size of
the allocation where both country give up 0.8K; to country 0 (dominant equilibrium from the
entire horizon model). In this case, a myopic decision makers would act more selfishly, which,

in turn, would dramatically increase the number of infectives in the world.
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K;
0.5Ny 0.3Ng 0.1Ny
Two Entire Two Entire Two Entire
Periods Horizon Periods Horizon Periods Horizon
ago 1,787,423 | 1,001,549 || 2,038,872 | 2,038,872 || 2,240,185 | 2,240,185
0.9agg || 1,628,703 840,109 1,909,971 | 1,909,971 || 2,124,970 | 2,124,970
ai; | 0.5ap0 923,400 32,999 1,059,902 | 428,662 1,253,372 | 1,253,372
0.4ago 8 8 881,695 149, 608 982,405 982,405
0.3ago 3.8 3.8 81,349 81,349 809, 452 632, 086
0.2agg 3.4 3.4 64,863 64,863 545,780 545,780

Table 4: Final sizes according to the dominant equilibria from the two period model versus the
entire horizon model.

6. Conclusions

Recent epidemiological studies have suggested that the prophylactic use of antiviral drugs or
imperfect vaccines could slow the spread of an influenza epidemic. When existing drug stockpiles
are scattered in different countries, this situation gives rise to a game where each country seeks
to protect its own population. More generally, our paper provides the first insights as to how
self-interested countries would actually use their antiviral drugs to cover another population if
an epidemic were to appear in the world.

Existing studies of epidemic containment make extensive use of simulations. In the presence
of strategic players, this approach is very hard to generalize. For our purpose, we resorted to
analytical techniques and developed a tractable multivariate Reed-Frost model where countries
allocate drugs according to their narrow self-interests.

The drug allocation game may evoke a prisoners’ dilemma which would then predict that
all countries keep their drugs for their own population. In fact, giving up drugs to another
country could be extremely difficult to justify to the public. Nevertheless, when considering
epidemic dynamics and related uncertainties, our results suggest that countries might reach
an equilibrium where at least some countries give up all their drug stockpiles to contain the
pandemic. We consider the very beginning of a pandemic, but preliminary simulations suggest
that this insight holds for the entire time horizon, with the difference that countries give up
their drugs in a broader range of situations (i.e. for more sets of parameters) than for the
two period case. Further, when countries have large populations and when the disease spreads
quickly, implementing the optimal drug allocation of a central planner can reduce the number
of infectives compared to the decentralized equilibrium in each country. In other words, an
agreement between the different decision makers could reduce the scale of the epidemic in all

countries. Surprisingly, many of our results hold for different objective functions (expected value
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and probability of no infection), suggesting that our findings are relatively robust to varied model
assumptions.

Our model simultaneously captures three critical sources of uncertainty: the number of ini-
tial infections, the spread of the disease, and drug efficacy. Future work could analyze more
refined versions of the model. For instance, a fourth source of uncertainty comprises the num-
ber of initial infectives that receive treatment when drugs are distributed (at time ¢t = 0). We
assume for simplicity that none of these initially infected individuals are treated, although our
results hold when this number is deterministic. An extension of our work could instead consider
treating this number as a random variable. More general research directions include explicitly
describing the distribution of drugs within and between countries (with lead times, for instance)
that also consider logistic constraints. These extensions constitute important research opportu-
nities, although thus far we have found these problems to be analytically demanding. Another
extension is to model a longer time horizon and multi-period decision processes. Without closed
form expressions, even a three period model is very hard to evaluate, considering the high di-
mensionality of the problem (e.g., each decision maker needs to consider X}, X!, Y and Y}! for
all countries ¢ > 0, that is, 2(m + 1) dimensions, at each time epoch.) In our ongoing work, the
framework and findings of this paper help us derive approximations for a multi-period dynamic
game that generalizes the model. These heuristics should help us numerically test and refine
the insights of this paper for richer models.

So far we have focused on modelling the onset of an epidemic. We consider the first two
periods only to mimic the epidemics exponential growth in its early stage, while keeping the
model tractable. When the whole course of the pandemic is considered, and with the assumption
that the transmission parameters remain constant over time, a pertinent objective for each
country is to minimize total expected number of infected people. This would, however, require
the assumption that population’s behaviors do not change significantly and that countries do
not close their borders during the pandemic. Nonetheless, our numerical studies suggest that
our findings for two periods hold, in general, when considering the entire time horizon. On the
other hand, such a game is in most cases intractable for analytical results, especially when we
consider different sources of uncertainty as in our current model. However, for deterministic
SIR models, each country’s response curve could be inferred from the solution of a system of
equations similar to Equation (2.4.7) in Daley and Gani (2001). In our view this constitutes the
most promising research direction.

Our results also raise the intriguing question of how imperfect information affects the drug

allocation game. Countries may not disclose their drug stockpiles or their actions. Country 0
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may even not reveal the existence of a first infective. These extensions would help evaluate the
value of sharing information in case of a pandemic. Furthermore, we assume that the model
parameters (especially transmission probabilities a;;) are common knowledge, which is neces-
sary for analytical tractability. In practice, these parameters may be estimated, and may also
constitute private information held by each country. It would then be interesting to determine
mechanisms that give countries incentives to truthfully report their a;;’s. Also, for political
reasons, countries might have a privately known propensity to keep drugs for themselves. This
situation has been studied in the arm race and negotiation literature (see Baliga and Sjostrom
2004) and constitutes a valuable research direction for the drug allocation game we study in
this paper.

Finally, our paper is the first to study the decentralized allocation of resources to control
a pandemic. This framework appears very relevant for the containment of epidemics in other
contexts. For example in a recent working paper, Chick et al. (2009) study coordination contracts
for a game between governments that purchase vaccines in order to achieve an efficient cost-

benefit tradeoff in their respective countries.

End Notes

1. The H5N1 influenza A virus is the virus that is the subject of greatest concern for a pandemic
at present.

2. These simulations allow great precision in modeling the spatiotemporal evolution of the
epidemic as well as different drug or vaccine distribution policies (e.g., ring policies or vaccination
of children). The resulting estimates of the epidemic size and the probability of extinction are
therefore fairly accurate. On the other hand, such detailed dynamics are analytically intractable,
making structural results hard to obtain. In addition, simulations are inadequate to analyze
equilibria resulting from drug distributions made by strategic players, which is the main focus
of this paper. Thus, This paper focuses on deriving insights and structural results based on
simplified models.

3. Given this particular structure of the game, our problem becomes similar to the seminal
model proposed by Bergstrom et al. (1986) on the private provision of public goods. Our model,
however, violates important assumptions made in Bergstrom et al. (1986). As a result, the
analysis of Bergstrom et al. (1986) does not apply to our analysis.

4. Generally speaking the set of Nash equilibria is a subset of correlated equilibria, and the

“best” correlated equilibrium may improve upon Nash. Unfortunately, the set of Nash and
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correlated equilibria have the same bounds for supermodular games as indicated by Milgrom

and Roberts (1990). This means that correlated equilibria do not improve in our problem.
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Online Appendix

A. Between-country transmission probabilities close to zero

The drug allocation game studied in this paper is in general intractable. However, our analytical
result suggests that for a small enough between-country infection probability, countries’ response
curves are increasing or convex and the drug allocation game is supermodular. In the following
we demonstrate that these findings hold for reasonable choices of parameters.

For simplicity we present results from a computational study involving three countries, 0,
1 and 2. We test the convexity and supermodularity of f;(n) (defined in (6)). We fix the
population sizes of each country to be Ny = N; = Ny = 10°.

In Table 5, we vary the model parameters K; = K5 to take values 10, 2 x 10* and 4 x 10%.
We also vary choices of agp such that if country 0 is isolated from the rest of the world and
no drug is used, the proportion of uninfected people in that country at the end of the two
periods takes values 99%,90%,70% and 50%, respectively. (This corresponds to ago taking
values 3.1 x 1074, 0.001, 0.0019 and 0.0026, respectively.) The disease transmission probability
that we are interested in modelling arguably falls in this range, i.e., at least half of country 0’s
population (in expectation) are not infected in the first two periods of the disease.

For each combination of K; and agg, we vary the within-country transmission probability
a11 = agz from 0 up to agg, and we vary the between-country transmission probability a;; from
0 up to as. In Table 5, we report the proportion of all such choices of parameters a; and a;;
so that the function f;(n) is both convex and supermodular.?

It is clear from Table 5 that function f;(n) is convex and supermodular in almost all pa-
rameter settings tested (98.87% of all cases tested for Table 5). Although there do exist cases
such that f;(n) is not convex and supermodular (the numbers below 100% in Table 5), when
agp is reasonably small (below 0.0019 in our case, corresponding to more than 70% survival
rate during the first two periods), function f; is always convex and supermodular. This exercise
demonstrates that our main analytical results are robust with respect to reasonable choices of
transmission probability parameters.

When agp = 0.0026 and K; = 10,000, corresponding to only a 50% survival rate in country

"Were it otherwise, the severity of the disease transmission naturally would motivate societies to react in a way
that reduces the transmission probability aoo-

2Due to extensive computation time, we checked the second order derivatives of the function fi(n) at points
n; = 0,100,200, ..., K; for its convexity and supermodularity. A more accurate check on n; = 0,1,2,..., K; would
take months on a personal computer.



K;
aoo X2/Noy | 10,000 20,000 40,000
3.1x107*  99% 100%  100%  100%
0.001 90% 100%  100%  100%
0.0019 70% 100%  100%  100%
0.0026 50% | 93.66% 94.63% 97.07%

Table 5: Percentage of convex and supermodular f;(n)’s.

x 107 (a) convexity

0 0.5 1 15 2 25
g x 10
x 107 (b) supermodularity

Figure 1: Choice of parameters that guarantees convexity and supermodularity of fi.

0, we further investigate the choices of a;; and ajg; that make the functions f; convex and
supermodular. The black area in Figure 1(a) indicates the set of parameters a;; and ag; for
which the corresponding functions f;(n) are convex in n;. The gray area corresponds to choices
of a;; and ag; such that f; is not convex. The message is the same regarding supermodularity
in Figure 1(b).

It is noticeable from Figure 1 that non-convexity or non-supermodularity only occur when a;;
and a;; are relatively large. Such choices of parameters inevitably lead to low survival rates in
country ¢ during the first two time periods. This, combined with an already low (50%) survival
rate in country 0, corresponds to less realistic situations. Therefore, for reasonable choices
of model parameters, function f; is indeed convex and supermodular, implying that our main

results are not constrained by the “small between-country probability of infection” assumption.



B. Proof of Proposition 1

Proposition 1 For countryi=0,1,...,m,
BIX2 | {X0,X0}50, ¥] = xoll—to) ﬁ — €B;;)%7
Aii =0
BIX? | (X0, X0}iz0, V] = X 11*_5;092” ’j N (1 0By
Proof : We have
BIXE[{X0, X0}iz0, Y] = E[X(1 =0 (1= €)™ [T = )" (1 = €a50)™ |

J#i
(X?E[(l - au)yﬂ ~E[Y}(1- ai,-)Yf]) x

(1= ai) T [[ B[ = ;)5 ] T] B[ — a;0)7 ]

J#i JFi
_ ol — aOi)Y S X0 X0
= X; 1A, Ho(l — Aji)" (1= EByi)™
]:

where the second equality comes from the independence of le and le, j > 0 and equation (1)
with (V' | Y) ~ B (X]Q ,1—(1—bag;)" ) and (V' |Y) ~ B (X']Q ,1—(1—0ag;)¥ ). The last

equality follows from Equations (23) and (25) of Lemma 4 (in Appendix J). Similarly,

E[X? [{X0 X0}is0, Y] = E[X)(1—0a:)" (1 - 0ai)™ [(1 - 0a;0)" (1 - 0a;0)"|
J#i

= (X?E[(l —aam‘ﬁ ~B[Y'(1 - 0a:)"]) x

[(1 = 6a) ] [T E[(1 - 8a;0)¥7 JE[(1 - 0a;:) 7 ]

J#i
_o(1=68ap)Y _
= Xgi(k:jy). [T -64,) 0 -0B;)< =
11 ]=0

C. Proof of Proposition 2

Proposition 2 For small enough between-country trasmission rates ag, k # 1, country i never
gives drugs to another country j # 0.

Proof : The first order derivative with respect to n; for j # i of country i’s the objective



function is equal to, from (5)

, when j >0 (14)
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Eq. (26) in Lemma 5 (in Appendix J) implies that for i # j,
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According to the KKT conditions, at optimality n**, we have
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in which v is the Lagrangian multiplier associated with the constraint j ”3 = K;.
Since K < Ny, we always have n§ < No—>_, 4i nf, and therefore 0 f; /Ond| i+ < v. Following

Eq. (16), we have 8fi/8n§- ni* < v, implying né* =0 for all j # 0,1. |

D. Proof of Theorem 1

Theorem 1 For small enough between-country transmission probabilities ay, k # 1, country
i’s optimal decision given all other countries’ actions is always “bang-bang”: either give up

everything to country O or give nothing. Furthermore, there is a quantity a* defined as

. 1—&—oy[l—ag] + Epy[1 — dago]
“ = (1-0)Ey[Y] ’ an

such that

1. When a;; > a*, f; is monotonically increasing in n; and country i keeps all its drugs for

itself;

2. When a;; < a*, f; is convex in n;.



Proof : For 1., the derivatives of f; with respect to n; is equal to, from (6)

(1 —=£Bii)(1 — Agi)
(1= Ai)(1 = €Boi)

(]. — (TB”)(l — 51402)
(1 — 6141%)(1 — O'B()i)
(18)
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Consider 0f;/0n; as a function of {ax }r;. We take the directional derivative of 0f;/dn;
with respect to {a }r- along the directional positive vector d. Each component of vector d
corresponds to a pair of countries (k, ), and the corresponding transmission probability {ax;}.
We have, following (9),

d()i 1-do

‘{am}k#l:o = WEY{Y[I + (Ni —(I—o)n; — 17_5)@“} (1—6)+

(1 75)[(N0 foKJanj)[l — (1 —ao)¥]+

V4 Ey [G) — GY]

S(K = )1 = (1= dage)"]] } > 0.

And we have the following two expressions,

(1 —-¢By)(1 — Ags)
(1 —Ai)(1 - €Boi)

VaEy [Gll In H(ago, ai;) , and

} = VaBy {m (1= &Bi)(1 Am)] _ do

(1= Ay;)(1—&Bo) d|

— O’Bii)(l — (SAoz)
—04;;)(1 — oBo;)

. 1
V4Ey {G’Q In (1 0H(ago, aii) ,

( meh“w%m%MW_%

(1-0Au)(1—0Bo)| ||
where

H(aoo, ais) = EY{ [1—(1—ag)"] —&[1—(1—6ag)"] — (1 - U)aiiy} ;

which is positive when a;; < a*.

Given that Vq0f;/On; is a continuous function of {ax;}r» in the domain D := [0, 1[mm=1),
there is a neighborhood N C D of the origin such that df;/0n; is positive and f; is increasing
in n; for all {ax }r € N.

For 2., the second-order derivative is equal to

21,
on?

K2

(1 — O'B”)(l — 51402)

_ i1 G (1 —&Bui)(1 — Aoi)
= 2Ey [GQI Gil (1= 40 —fBOi)] (19)
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The second expectation is non-negative. Following an approach similar to 1., we conclude from
Eq. (28) in Lemma 6 (in Appendix J) that the first term is also non-negative for {a; }r small

enough. The theorem follows directly from 1. and 2. |



E. Condition for giving up everything to country 0

We first consider the condition in the expected value model and provide some numerical results.
Then we present the corresponding result for the probability of no infection model.
We first provide the proof of Proposition 5 and some numerical results about the expected

value model. Then we present the corresponding result for the probability of no infection model.

Proposition 5 In the expected value model described in Section 3, for ax; small enough, k # 1,
and given all other countries’ actions, country i gives up all its drugs to country 0 when agy and

N; are large enough compared to a;; and Ny, respectively.

Proof : For the sake of clarity, we show the result for the case where n; = K; for all j # i.
The results hold for the more general case following a similar approach. From Theorem 1 we

need only to compare country i’s objective function f; at n; = 0 and n; = K;:

filni=o = filni=r, = By [Ni(G} = GI) + K (GI - Gf°)

where
K; _ (1— a0i>y No N;—K; K;
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. 1—da i Y K. .
Gy = ( 1— 0103’,). (1= 6A0)™ JT(1 = 64,055 (1 — 0B;;)
" #0
0 (1_a0i)y A \No—Ki(q _ K A AN—Kj(1 NK (1A AN
Gy = i (1 AOZ) (1 EBOz) H (1 Ajl) (1 fB]z) (1 Au)

J#0,i
For small ay;, consider the directional derivative of f;|n,—0 — fi|n,=k; as a function of ay,;’s along

the direction d = {d; }rzi-

vd(fi ni=0 " fi ”i:Ki) {ari}21=0
— %KiEY{Ni [(1 - (1- aoo)Y) —&1-(1- 5aoo)Y) —a;i(2—0— (5)Y] +ai;(1—00)Y

~(1=0)[Y + No(L = (1 - aw)") — Ki(1 — 0)asY |}

doi
> ”((;H KiEY{Ni [(1 -(1- aOO)Y) —&(1-(1- 5aoo)y) —a;i(2—0— 5)Y] _
No(1 = 8)(1 = (1 - ae0)) = (1= 9)Y }.
It follows then that f;|,,—0 — filn,=x, > 0 when agg >> a;; and N; >> No. m

We also conducted several numerical tests to demonstrate the existence of parameters that
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Figure 2: Whether country ¢ gives up.

would make country i willing to give up drugs. In Figure 2, we fix N; = 10°, K; = 104,
ago = 0.01, ag; = agp/30 and § = £ = 0.5. By varying Ny and a;;, we see that there are
reasonable choices of parameters such that the difference, f;(0) — f;(K;) is positive. (We also
checked that the function f; is convex for all the choices of parameters that generate Figure 2.)

It is worth noting that Proposition 5 should be interpreted in a single decision maker setting.
In a game equilibrium, country ¢ may still have the motivation to give up its drug stockpile to
country 0 even if N; & Ny, as is evident in the computational study of Section 5.2 (Table 3).
Roughly speaking, the effect of other countries giving up drugs to country 0 is similar to reducing
Ny, which may motivate country ¢ to give up to country 0 as well.

Another point worth mentioning is that Proposition 5 only provides an easily described
sufficient condition for country ¢ to give drugs to country 0. In fact, the drug stockpile K; also
plays a role, which is harder to describe, and therefore not included in Proposition 5. Following
the proof in Appendix E, it is clear that the directional derivative of the difference between
giving up and keeping is a concave quadratic function of K;. Therefore, even if agy and N; are
not sufficiently larger than a;; and Ny, there may still exist a continuous interval of K; in which
country ¢ is willing to give up to country 0. Such an interval will naturally depend upon other
model parameters, and therefore can not be given an intuitive description.

Next, we present the corresponding result for the probability of no infection model. Inter-
estingly, there are some similarities to the expected value model, in terms of choice of model

parameters, that makes country ¢ willing to give up drugs.

Proposition 6 In the probability of no infection model described in Section 4, for ax small



enough, k # 1, and given all other countries’ actions, country i gives up all its drugs to country
0 if

N; >> Ny .
Proof : We show the result for the case where n; = Kj for all j # 4. Since country i’s

optimal decision is “bang-bang”, we only compare country i’s objective function f; at n; = 0

and n; = Kz

fi(0) = Ey{ exp {yNZ- In(1 — agy)

+(No — Ki)(1 = (1 = ago)")((1 = agi) ™ — 1) + K (1 — (1 = dago) ) (1 — €api) ™ — 1)
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For small ay, consider the directional derivative of f;(0) and f;(K;) along the direction d =

{dri}rz1-

Vafi(0)l{anrpm=0 = —&EY {le- + (No — K;)(1 — (1 — o)V )N; + K (1 — (1 — 50400)Y)Ni5}

d]l
do;
Vdfi(Ki”{llkl}k#z:O = *ﬁEY [Y(Nl - Kz) + yKlé + No(]. - (1 - Oé()o)y)(Ni — K1 + KZ(S)] .
Therefore
do;
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and the result follows for sufficiently small {a;}r-4 |
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F. Proof of Theorem 2

Theorem 2 For small enough between-country transmission probabilities ag;, k # 1, the game
is supermodular among countries with a;; < a*, in which a* is defined in Eq. (17) of Theorem 1.
Further, a unique Nash Equilibrium exists that s Pareto optimal among all existing equilibria,
and is such that the number of countries giving up drugs to country 0 is the highest among all
existing equilibria.

Proof : We study the supermodularity of f; through its second order derivative.

on;on; By {GQ n (1-04;)(1 — UBSZ») ~Giln (1—A;)(1— ngi)}
. 7 n (1 B §Biz’)(1 - AOi) n (1 - fBji)(l — AOi)
hy [(N’ DM T B M A §Bm)} (20)
+Ey [”iG? n (1—0A,)(1— aBZl-) n (1—064;)(1— JBEZ-)] :

We have Jf;/0n; =0, and for ay; < a*,

‘{akl}k;tlzo

O f?
d 8n18n3

(1 - O’Bji)(l - (5A()i)
(1 — 5A]L)(1 — O'B()i)

iy L= é“sz‘)fl — Aoi)

:VdEy |:G21H _Gl n(l—Aji)( —

{aki}rz=0
where the positive vector d := {d; }x denotes the direction for {a;}rxi, and the inequality
follows from Lemma 6 (see Appendix J). Given the continuity of 0f;/0n;, for aw, k # [, small
enough, we have that function f; is supermodular when a;; < a*. Thus, the game among
countries for which a;; < a* is supermodular. From Theorem 4.2.1 in Topkis (1998), the set of
equilibria forms a lattice and has therefore a smallest equilibrium n*. By definition, n* is the
equilibrium with the highest number of countries that give up their drugs to country 0. Note

then that for ¢ # j

Ofi
3nj

(1 — O'Bji)(l — (SAOi)
(1 - (SAJZ)(]. - O'B()i)

(1 —¢€Bji)(1 = Ao;)
1

+n; G 1
(1— A;)(1—€Bgy) 2™

=Ey |:<Nz — ni> Gzl In <0, (21)
where the inequality comes from Lemma 5 in Appendix J. Hence, country i’s objective function
decreases in all other countries’ allocation decisions n;. It follows that n* is the unique Pareto

optimal equilibrium. [ ]



G. Proof of Proposition 3

Proposition 3 For small enough between-country trasmission rates ag;, k # 1, the optimal
allocation policy uses all existing drugs for country 0, i.e. ng = K and n; =0, ¢ > 0.

Proof : Since G! = 1. Denote the number of drugs country 0

’{akj}k¢j:0 2|{ak~j}k¢j:0

receives to be
nog = K — E ng .
k

For any fixed realization y of Y, define
fo(no) = (No — y — n9) G} (no) + 1G5 (no) ,
where we abuse notation by defining

Gl(n) = (1—ap)?(1— Ag)™ ¥ " (1—£Boo)" ,

G(Q)(n) (1 - (5&00)y(1 — 6A00)N0_y_n(1 _ O_Boo)n_l )

It is sufficient to show that fo(ng) is non-decreasing in ng = 0,1, ..., K, that is, without loss of
generality, fo(n+1) — fo(n) > 0.
We have

fo(n+1)—fo(n) = (No—y—n—1) (G} (n+1)—GY (n)) +n(GY(n+1)—GH(n))+ (G5 (n+1)—-G} (n)) .

It follows that

0 A0 _ _ 1—=Ag\ o
Gn+1)—Gn) = (1 1_§BOO>G1(n+1)>0,
GYn+1)—GYn) = (1 = _UBOO)GQ(H 1)>0, and
Gg('fb + 1) — G?(n) = (]. - 5a00)y(1 — (5A00)N0_y_n_1(1 — UBoo)n

—(1 = ago)?(1 — Ago) MY "1 (1 = £Byo)" > 0,

The result follows from the fact that fo(n + 1) — fo(n) is continuous in ay;. |
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H. Proof of Proposition 4

Proposition 4 For {a }rx small enough, consider the decentralized equilibrium characterized
by the set S of countries that do not give up their drugs (i.e. i € S < n; = K;). For eachi € S,
there is a population size threshold N; such that supplying country 0 with all existing drugs (i.e.

Z;nzl n; = K ) is a Pareto improvement over the decentralized equilibrium if for all i € S,

Ni>N; and K; <p; | K-> K;
jes

where N; is independent of Nj, j > 0, and

a*(1—o)

SCEr R

Proof : The objective function of country i for the decentralized case is equal to,

f =By [NG] + Ki(G3 — G})]

1—(1iY _Yy— _ K - K. K. )
G = (70)_(1—14001\]O Vokses Ki(1-¢By;)mies K [T (1= A4;0) N 9 (1-¢B,:) % T (1-4;)™

- 4a j€s j€s
and
Gd:M(lﬂmo-)m’y’xaeﬁK-f(lfaBO-)Zaes T84, 5 (1-0B;:) % T](1-04;:)"
2 1_UBii ' B ﬂ Ji

jES j€S

Similarly, the average number of survivors in country i when the central planner allocates

all drugs to country 0 is equal to ff = Ey [N;GS] where,

Gc:(lfaoi)y(liA )N()YKl*fBo ﬁ
! 1— Ay 0

Jj=1

Consider the first order directional derivative Vg4 ( fé— along the direction vector

f’LC) ‘{akj}k;éj:o
d = {di; }r=;. Noting that for any given realization y of Y,

VdGﬂ{aM doi [ZH‘(N() y—K)[l—( —aoo) ]+£K[1—(1—6a00) ] (Ni_l)yaii] s

s =0 = ]|
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and

V4Gl ppsm0 = - ||6132i\ [+ (Vo = D" KL= (1= a0)?) + € Y K;[1 = (1~ dago)’]
jes jes
+(Ni = Ki + oK — 1)%‘1@} )
VaBlianussm0 = _(|S|Cclf|i [+ (No = DKL= (1= a00)"] + €3 K1 = (1~ agn)’]
j€s jes
+(Ni = K + o K; — U)au‘y} )
we have,
Va (£ = F) a0
do; K
- HT(;HEY{ - {Ki ((1 —(1—a)") -1 -1~ 5aoo)y)> —a;i(2—0— 5)Y} + a;(do —1)Y
e [Y + (No =D KG)(1 = (1= a00)") + € K;(1 = (1= dago)") = Ki(1 = U)au‘Y} }
jes jes
do i .
||(§H { - Ni {Ea (1-0)—aiy(2—0— 5)]Ey[Y] + a;i(6c — 1)Ey[Y]
+(1-9) [Ey[Y] + No(1 — @y (1 —ago)) — (1 - U)Ey[y](z K;a* + Kia”” }
jes

where K = K — ZjeﬁKj'

It follows that Vaq (f& — ff) < 0if N; > N; and K; < pK, where

|{akj}k#j:0

o @l0g =D+ (- 9)[L No SR — (1 - 0) (X5 Kpa + Kias) | 22)
i %ﬁ?gkya*(l_o—)_a“(2_g_§)

Given (fzd — fic)‘{ak Jessm0 = 0, the results hold for {ax; }r sufficiently small. |
b=

I. Proof of Theorem 3

Theorem 3 For between-country transmission probabilities aor, (k > 0) small enough,
1. Country i never gives drugs to country j # 0.

2. Country i’s optimal decision given all other countries’ actions is always “bang-bang”: ei-

ther give up everything to country O or give nothing.

3. The game is supermodular; a unique Pareto optimal Nash Equilibrium exists and has the

12



highest number of countries giving drugs to country 0.

Proof : The proof of Theorem 3 follows the proofs of Theorems 1 and 2 in Section 3. Similar
to the expected value case, we first show that country i’s action can be reduced to n;, quantity

of drugs that should be kept, with K; — n; the quantity of drugs to be given up to country 0.

Proposition 7 When the between-country transmission probabilities ag;, k # 1, are small

enough, country i will never give up drugs to country j # 0.

Proof : For any fixed realization y of Y, denote function

P () == (1 = agy) !N (1 = Sag;) ™
exp { Z [(N] — Ilj)(]. — (]. — aoj)y) ((1 — aji)Niini + (1 — 5aji)“i — 2)
J#i
+Ilj (1 — (1 — 5a0j)y) ((1 — faji)Niini + (1 — O'(Iji)ni — 2):| } 5

From (13), fi(n) = Ey[fi(y)(n)]. The first order derivatives of fi(y)(n) with respect to n! for

j #i are
ofY N _
o = f() [ = (1= (1= a0;)?) (1 = az) ™7™ + (1 = dazi)™ - 2)
J
—l—(l — (1 — (5a0j)y) ((1 — fajl)Ni’_ni’ + (1 - O’Clji)ni’ — 2)i|, for _j > 0,
ali = f(n) { — (1= (1 = a00)¥) ((1 — ag:)™ ™ + (1 — dag;)™ — 2)
1o
+(1 - (1 - 5a00)y) ((1 — faOi)Niini + (1 - UCLOi)ni - 2)} .
We have " "
Y Y
n B ong, B
{ari}r21=0 {ari}rz21=0

The directional derivatives with respect to the positive direction d at {ax; }x2 = 0 are equal

to,
(v)
d afz = 0,
on;;
{ari}r21=0
afy doi ,
Vd fli 0 ((1 — (1 — aoo)y) — f(l — (1 — (5&00)9)) (Nl — (1 — (5)!11‘) >0

L P 4]l

and since fi(y) is continuously twice differentiable, afi(y)/(“)nj» < afi(y)/ané for {awi }rr suffi-
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ciently small. We also have that

af; o o, ar oy af of; o
aTJ:;. =B [ g%;’. 1 ’ Vdaqu =Py Ve g&; ] ’ aig = [ g&g ] ’ Vdaf:gEY Va 523 ]
The result follows then from the same argument as in the proof of Proposition 2. |
Country 4’s function becomes then Ey [ fi(Y)}, where, for any realization y of Y,
Fm) = (1= ag) "N (1 = Gagy) " exp { (K — s(n)) (1 = (1 = dago)”) (1 — §ar) ¥~ + (1 — oag:)™
+(No —y — K +s(n)) (1 — (1 — ago)¥) (1 — dag;)™ + (1 — ag:)N ™" —2)
+ > [N =) (1= (1= agy)”) (1 = aa) V™ + (1 = baz)™ —2)
J#0,i

+n (1= (1= dagy)?) (1 = €aza) ™™™ + (1 — oay)™ — 2)]} ’

where s(n) := Y " j—1 7. The optimal decision has also a “bang-bang” structure:

Proposition 8 For between-country transmission probabilities agr (k > 0) small enough, f;
is convexr in n; and country i’s optimal decision given all other countries’ actions is always

“bang-bang”: either give up everything to country 0 or keep everything to itself.

Proof : Following the proof of Theorem 1, we consider the derivatives of fi(y) as follows,

(¥)

% = fz(y){y(ln(l — 50,07;) — ln(l — aOi)) + (1 — (1 — aoo)y) ((1 — aOi)Niini + (1 — 5@01')ni — 2)
+(N0 -y — K+ S(l’l)) (1 — (1 — aog)y) ((1 — 50,01')”7; 111(1 — (50,0,') — (1 — aOi)Niini ln(l - am))
+(K - S(l’l)) (1 - (1 - 6a00)y) ((1 — aa(n)"i 111(1 - O'CLOi) — (1 - faOi)Niini ln(l - fa()i))

—(1 — (1 — 5@00)y) ((1 — gaOi)Niini + (1 — O'CLQZ‘)ni — 2)
+ Z — ’I’L] 1 — (1 — aoj)y) ((1 — 5aji)”i hl(l — 5aji) — (1 — aji)Ni_ni ln(l — aji))
J#0,i
+n; (1= (1 = dag;)?) (1 = oaz:)™ In(1 — oagi) — (1 - &ayy)™ ™" In(1 — 5%‘))]}
2 £(y) @) /9n.)?
aa'];lz = (afz f({/)a z) + fl(y){Q(l — (1 — aoo)y) ((1 — 56001‘)”1" ln(l — 6a0i) — (1 — aOi)N"—ni ln(l — aOi))

—2(1 - (1 - (5a00)y) ((1 - O'G,Oi)ni 111(1 - 0'0,01') - (1 - gaoz‘)Ni’_ni 111(1 - §a0i))
+<N0 - Y- K + 8(1’1)) (1 - (1 - aoo)y) ((1 - (5a0i)"i 1112(1 - (5a0i) + (1 - aOi)Nj’_ni 1112(1 - aol‘))
—|—(K — s(n)) (1 —(1- (5a00)y) ((1 —oag;)"™ ln2(1 —oag;) + (1 — faOi)N"_"" 1n2(1 — §a0i))

+ Z 1 — (1 — aO]) ) ((1 — 6aji)"" 1D2(1 — (SCL]Z) + (1 — aji)N"_"" 1112(1 — aji))
Jj#0,i

—l—’l’Lj(l — (1 - 6a0j)y) ((1 — oaji)"'i 1112(1 - aaji) + (1 - faji)Ni_"i 1112(1 — 56@4))]}
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fi is then convex in n; if G(ag;) is positive, where

G(aol‘) = (1 — (1 — aoo)y) ((1 — 5a0i)”i ln(l — 5a0i) — (1 — aOi)Niini 111(1 — 0,01'))

7(1 — (1 — 5a00)y) ((1 — oam)"i 111(1 — O'CLOi) — (1 — SQOi)Niini 111(1 — fCLOi)) .

Note that G(0) = 0 with G(0) = (1 — 6) [(1 — (1= ago)?) —€(1 - (1— 5a00)y)] >0.

We also have that

O’Ey [fi(y)} Lk aZfi(Y)
on? S an2 |
Therefore the result holds for small enough ag;. |

Propositions 7 and 8 show the two first parts of Theorem 3. For the last one, consider the

second order derivative of

82fi(y) () 8f1(y)/8n1 afi(y) /871]
I ,
where
g = (1 — (1 — aoo)y) ((1 — 5a0i)”i ln(l — (5a0¢) — (1 - aOZ—)Ni_"f‘ ln(l - a()i))
(1 — (1 = dago y)( 1—o0ag)" In(1 —oag;) — (1 — §a0i)Ni_”i In(1 — §a0i))
(1 — (1 — agp; U)( (1 —=daj;)" In(1 — day;;) — (1 — aji)Ni_”i In(1 — aji))
-|-(1 — (1 —dao;) ”)( (1—-0a;;)"" In(1 —oaj) — (1 — §aji)N"_"i In(1 — £aji)) , and
a (y)
% = (1= (1= a00)?) (1 = a0)™ ™ + (1 = dag)™ —2)
j

(
— (1= (1= ébago)?)
—(1 = (1= a0)")(

)

+(1— (1 —dag;)¥ 1—§aﬂN M (1—oaj)™ —2)}.

(1 —ap))N™™ + (1 — 0ag;)™ —2)

(¢
(1= a4 (1= Sag)™ — 2)
(¢

Next we verify that
f(y)/an 8f(y)/3n]

J=0G+ £ [T 0
for small enough {aw; }r-4.
First, it is clear that
_ A fom, _ O o,
{aoi,a;; }=0 fi(y) {aoi,a;; }=0 fl(y) {aoi,a;; }=0
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Denote

O:=(1-(1—ap)’) —&(1—(1—3dagp)?) >0.

‘We then have
_ doi.

VaJ = Vag =
d a1 {aoi,a;i3=0  [|d]|

(1-6)0>0.

Therefore we have for small enough {aw; } i,

By [ 1] 1]
67%6?1]' Y 6n18nj > '

The game is, therefore, supermodular for sufficiently small {ax; }r-4.
We also have the following directional derivative expression

o 1" fon, (doi/ 1) (1 = 8)O , ;>0
d—F~ =

77 Haonagy=o (dos/I1d])O . ni =0

Thus the partial derivative 0 fi(y) /On; > 0, which implies the remainder of the theorem. That
is, for sufficiently small {ax;}r-i, country’s i objective function decreases in all other country
decisions and the game has a unique Pareto optimal Nash equilibrium which has the highest

number of countries giving drugs to country O. |

J. Supporting Lemmas and Propositions

Lemma 4 If random variable X follows a binomial distribution with parameters N and o, then

for 0 < 8 <1 we have,

E[1-9%] = (-ap)¥ (23)
E[x(1-8)] = Na(l-8)(1-ap)™ (24)
NE[(1-8)¥| ~E[X(1- 8] = N1-a)1-as)¥"! (25)

Proof : When N = 0, the distribution of X is degenerate such that X = 0 with probability 1
and the result holds. Assume N > 0. Eq. (23) follows easily from the characteristic function of

a binomial distribution. For Eq. (24), we have

/

B[X(1-9¥] =a-)(E[a-5¥]) = - (a-a)") =al-pN(1-aB) .
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where the second equality comes from (23). Eq. (25) follows directly from (23) and (24). |

The following straightforward calculus we show the following two lemmas,

Lemma 5 if the between-country infection rates ag;, k # 1, are small enough, for all i # j and

j #0, then

l—fBﬂ 1—5301‘ and 1—0'Bj' 1_UBOi

. 2
-4, ~1_ A4, 1 o0A; 1 dAy (26)

Proof : We show the first inequality. The second one follows the same argument. Denote

function

h({am}rzr) == (1 = EBoi) (1 — Aji) — (1 = EByi) (1 — Agi) -

We have h({0}) = 0. Fix any realization y of Y, take the directional derivative of h with respect

to {aki }xs along the directional positive vector d, we have

do;
vdh|{akl}k#l=0 = ﬁ((l - (1= aoo)y) - 5(1 -(1- 5aoo)y)> >0

The continuity of the function h implies the result. |

Lemma 6 Define

(1 —0B;i)(1 = 040i) i) (1= EBji)(1 — Aoi)

i ._ i (
Gi({anitiz) =By |Gy In (1—0A;)(1—0By) (1= A;)(1—€Boy) |

where GY and G% are defined in (7) and (8).

Consider the directional derivatives Vdgé({akl} = 0), along the direction vector d = {dj; } 41

We have,
; do; .,
VaGi({aki iz = 0) = HTOH(I —0)Ey {(1 —(1—am)") —€(1-(1 *5000)Y)} >0, i#7j, (27)
_ do
VaG;({ax}rz =0) = ﬁ(l —6)Ey [(1 —(1—ag0)") —&(1— (1 =dago)") — Yau (1 - U)} >0,
(28)
when a; < a*.
Proof : The result follows from direct derivations. |
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K;
0.5Ng 0.3Ng 0.1Ng

Two Entire Two Entire Two Entire
Periods Horizon Periods Horizon Periods Horizon

aoo Keep Give up Keep Give up Keep Keep

0.9agg Keep Give up Keep Give up Keep Keep

0.5a00 Keep Give up* Keep Keep Keep Keep

a;; | 0.4apo Keep Give up Keep Give up Keep Keep
0.3ag0 Keep Give up Keep Give up Keep Give up
0.2aq0 1 2G ggel;)p’ Give up 1 2G gse;p’ Give up 1 2G ggel;)p’ Give up

Table 6: Equilibria: two period versus entire horizon — Chain network structure. (*: in this case
there are three equilibriums. The dominant one has Country 1 give up 0.7K; and Country 2 give

up 0.8K3 to Country 0.)
K;
0.5Ng 0.3Ng 0.1y
Two Entire Two Entire Two Entire
Periods Horizon Periods Horizon Periods Horizon
aoo 1,604,132 | 564,948 || 1,888,778 | 1,306,988 | 2,091,401 | 2,091,401
0.9ago || 1,434,154 | 462,542 || 1,752,548 | 1,178,021 || 1,979,782 | 1,979,782
aq; | 0.5agg 783,691 1,939 878, 480 878,480 1,059,796 | 1,059,796
0.4agg 728, 587 4.8 764,985 96, 126 826,661 826,661
0.3agg 688,416 3.5 703, 669 68,447 721,228 556, 528
0.2aqg 179,311 3.3 415,426 61,203 601, 760 516,789

Table 7: Final sizes according to the dominant equilibria from the two period model versus the
entire horizon model.

K. Entire horizon simulation study of a chain network
structure

In this section we extend the computation study in Section 5.2 by considering a “chain” network
structure. Specifically, the only change from the setup in Section 5.2 is that countries 0 and 2
are not connected to each other (i.e. aga = ago = 0). Parallel to Tables 3 and 4, we obtain
Tables 6 and 7, respectively.

Table 6 indicates that in most cases countries 1 and 2 keep their drugs in the two period
model. This is not surprising since drugs allocated to country 0 do not affect the number of
infectives in country 2 over the first two periods. Therefore country 2 does not have any incentive
to give up its drugs, which further implies that country 1 is more motivated to keep its drugs.
On the other hand, countries are much more willing to give-up drugs to country 0 in the entire
horizon case. This suggests that myopic decision makers would act more selfishly than they

would if they considered the final size of the pandemic, a message similar to the one obtained
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in Section 5.2, Table 3. Note that compared to the symmetric case, when the network structure
is a chain, the two period model has less predictive power as an approximation to the entire
horizon model. As shown in Table 7, there are much fewer cases where the same final sizes are
equal for the two models. On the other hand, when a;; is small compared to agy and K; is
relatively large, the difference between the final sizes according to different allocation policies
can be quite dramatic. This observation is consistent with our study of the symmetric network

structure in Section 5.2.
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