Optimal Auction Design

September 11, 2006

Many different kinds of auctions:

e Sealed bid second price — Highest bidder wins, pays second highest bid as price;
e Sealed bid first price — Highest bidders wins, pays bid;
e English — Sequential bidding in the ipen, highest bidder wins, pays bid as price;

e Dutch — Descending auction, first bidder to stop the descend wins ( Adjustable pre-
ferred).

FExamples: Oil development leases, Treasury bills, Natural gas, Art, Securities.

Let there be n potential buyers, so the set of bidders is
N=A{1,2,---,n}.
Seller does not know potential buyer’s valuation. Buyer 7 has valuation
ti € [a;,b;], with — o0 < a; < b; < 00
Density f;(t;) > 0 on support, and f;(e) is continuous. The c.d.f is
F; < la;, b;] — [0,1]

Fi(t;) = /:Z fi(si)ds;

T — [alabl] X [a2762]7' < X [a‘nabn]
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T_i = Xjen jrilaj, by

Independant, private values model:

The independant assumption is important.
fuitte) = 11 f(t)
JEN,j#i

Since potential buyer i’s valuation t¢; is known to him, about is the relevant density.

Seller has personal estimate ty; — public information.

Private value — My estimate ¢; does not change on knowing t;, j # 4

Common value — My estimate ¢; does not change on knowing t;, j # i.

We will focus on private values case.

What is a auction?

A sealed bid auction is a rule which given bids by, bo, - - - , b,,, allocates the object according
to a function A(by, be, -+, by) € {1,2,---,n} at a price P(by, by, ---,by). (Other autions have
more compliacted game structures).

Given this sealed bid auction, each individual picks a bidding rule b} (¢;). This is a func-

tion of his information ;.

REVELATION PRINCIPLE

Lemmal: Suppose (bi(e),---,by(e)) is a Nash equilibrium of the sealed bid auction
(A(by,---,bn), P(b1,---,by)). Then there exists a direct revelation mechanism which has
the same equilibrium outcome as the given equilibrium and in which truthtelling is a Nash
equilibrium.

Proof :

A emphrevelation game \ direct revelation mechanism is one in which :

1. Bidders simutaneously and confidentially announce their value estimates to the seller;

2. The seller then determine who gets the object A(¢y, - - -, ty) and at what price P(t1, - -+, ty).

Notice that the information communicated is the "type” t;.



To continue with the proof, consider the following mechanism.

Allocate the object according to

A

Alty, -+ tn) = A(bi(tr), - -+, b (tn))

P(ty,--- tn) = P(Oi(h), -, U (ta))
Let v(P,t;, A) be the utility to type ¢. Then
E_i[v(P(0Z;(t-), b; (t:), ti, AQVZ; (1), 7)) > E_i[v(POZ;(t-:), bi), ti, A(bZ;(t-0), b:))] Vb,
Thus

v(P(b(t=),bf (t:)), t:) > v(P(b"(t—s), b} (t:)), ;) Vb,

Given others tell the truth, it is Nash for ¢ to tell the truth. The equlibrium outcome

is the same as before
A<t1a e 7tN) = A(bi(h% T b:;(tn))

P(tlv"'>tN> = P(bﬁtl)vab:,(tn))

Q.E.D.

The idea that it suffice to analyse direct revelation mechanism is then follows. This idea
is called the REVELATION PRINCIPLE by Myerson. It was first pointed by Alan Gibbard
in 1973.

Thus for the sealed bid mechanisms, at least, the revelation principle ensures there is no
loss of generality in looking at direct mechanisms. One can prove it for general auction games.
Here O is the strategy space and 0 € Ois the strategy chosen. Then an auction with strategy
space O allocates the object according to functionA(6y,---,6,) and price P(6q,---,6,). It

is easy to prove the revelation principle with this definition.



Direct Revelation Mechanism

Let t = (t1,---,t,) be the announced value estimates. A direct revelation mechanism is
a pair (p, 7)
p:T — R"
T — R"

pi(t) = probability of ¢ getting the object

z;(t) = expected price paid. (We allow for payment even if the object is not won)
This definition allows for randomized schemes.

The expected utility of a buyer is

Ulpot) = [ (a(tput) = @) f-i(t)de

—1

where dt_z = dtl s dti_ldti_H s dtn

The seller’s expected utility is

Ualp.2) = [ (051 = 3 py(0) + X () F (1)

JEN JEN
where dt_; = dt; - - - dt,,.
[A] Probability Constraints :

> pi(t) <1 and pi(t) >0, Vie N,VieT.

JEN

[B] Individual Rationality :
U(p,,t;)) =20 i=1,---. N 1; € |a;, b

Truthtelling is equilibrium of revelation game

[C] Incentive Compatibility :

Ui(p, . t;) > T_,(Vi(t)pi(t—m i) — xi(t_i,55)) foi(t—i)dt_;
1= 1, et .ZV7 Vtz € [az,bl], \V/Si S [a,,bz]
A feasible auction mechanism satifies [A], [B], [C].
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Analysis : Given (p,x), we define

Qi(p.ti) = /T_ipz‘(t)fi(t—i)dt—i

@; is the conditional probability that bidder ¢ will get the object given ;.

Lemma?2 :
(p,x) is feasible <= s; <t; then Q;(p,s;) < Qi(p,t;);

1= 177N7 vsiati S [ai7bi]
t;
Ui(p,z,t;) = Ui(p, v, a;) +/ Qi(p, si)ds; Yie N; Vit € [a;,b]
> pi(t) <1 andpi(t) >0 Vie N
JEN
Proof :
In the independant values case v;(t;) = t;

Hence, Incentive Compatibility (IC)
— U’L(p7 x, tz) = zpz t—7,7 z xi(t—iv tz))f—z(t—z)dtz

lp’z t*l? Sl - xl(tla Sl))fl(t’)dtfl

- (sipi(t—i, si) — it 8:0)) fi(t)dt—; + (t; — 5:)Qi(p, 54)-

= Ui(p,z,8;) + (ti — 5)Qi(p, 5i).

q\

—1

v
\

T—1

I
\

Let s; < t;. Then

Ui(p,z,t;) > Ui(p,z,s;) + (ti — s:)Qi(p, si)

and Ui(pwr? Si) 2 Ul(p7 xatz) + (Si - tl)@l(pa tl)

= 0> (t; — 5:)Qi(p, si) + (si — 1:)Qi(p; ti)

= Qi(p, ti) > Qi(p, 5:)



Also,
Ui(p, z,t;) — Ui(p, z, 84) = (t;i — 54)Qi(p, 5:) [D]

Uz<p7x7tl) - Ui(p7x7si)

t; > 8 — r— > Qi(p, si)
Let t; — s, M Qi(p, s:)

dSi
t < 5 = Uilp, x’t;) — Uilp, ) < Qi(p,si)

i Si
dU’L y Ly 99

Let t; — s;, M Qi(p, s:)

dSZ'
— W < Qilpssi)

Now U;(p, x,t;) is monotone in ¢; by [D].

Monotone functions are a.s. differentiable. So the derivative a.s exits and

t;
Uilp2.t) = Ui(p,w.a0) = [ Qulpssi)ds,

Q.E.D.

The only thing to show is Individual Rationality. The rest follow.

But if tz Z a;,

t;
Ul(p7$7tl) = Ui(p7x>ai)+ Ql(pa‘sl)dsl

v

t;
Uipv,a) + [ Qulp.s)ds:

2 Ul(p7 xz, ai)

I.R. follows.

What is the optimal auction? The optimal auction satisfies
Maz Uy(p,z) s.t.[A],[B],[C].

This is characterized in the next theorem.



Lemma3 : Suppose that p: T — R" maximizes

[ 1;53” ~ to)pi (1)) (1)

=
st s <t = Qi(p,s;) < Qi(p,t;) and ij ) <1, pi(t) >0, Vi
Also
zi(t) = pi()t: — /t pi(t—i, si)ds;
Then (p, z) reprensts an optimal auction.

Proof:
U(p,2) = [ vlto) ()it + 3 / PO)i(t) = vo(0) (1)t

1EN

+§V/ 2i(t) — pi(t)vs(1)) f ()t
L0 - nounsoie = = [ U f
:_/ Us(p, , a) fi(1; dt—// i(p, si)ds:) fi(t:) dt;
= —Upaa) = [ [ Q. st ds,
= ~Upna) - [0 FE)Q.s)ds
= ~Ulp.wa) = [ (L= Bttt

Also Vl(t) — Vo(t) = tz — to

Substituting this mess,

1 — F(t;
Uo(p, ) = / (Z(tz - 7( ) —to)pi(t)) f(t)dt +/ vo(t) f(t)dt — Z Ui(p, @, a;)
T jen fl(tl) T ieN
Notice that x appears only in the last term, hence, given p, choose x s.t. the last term is

equal to zero.

Now the IC constrain is

ti
U’L(pvx7t2) = Ui(p7xvai) + Q’L(p7 Si)dsi [*}
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IR is
Ui(pvraai) Z O

And recall
Ulp,at) = [ (uat)pi(t) = i(®) f-i(t-)dt

—1i

Qulp.t) = [ p0filt-de,

[*] - /T_Z(VZ(tl)pZ(t) — /:Z pi(tfi, Si)dsi — .Tz(t))ffl(tfl)dt,l = U(p’ x, ai) > ()

7

Set U(p, z,a;) =0 i.e.

ti
pilt—i, si)ds;

wilt) = pi(ti(t) — [

ag

REVELATION EQUILIBRIUM THEOREM:
The seller’s Expected utility from a feasible auction mechanism is completely determined
by the function p and the number U;(p, z, a;).

Suppose :

1. the seller goes to the bidder with highest estimate t;, i.e., A(t;,---,t,) = maz t; (my

notation);
2. Ui(p,x,a;) = 0;
3. bidders are symmetric ;
4. a; =0;

then the English, Dutch, First Price Dealed Bid and Second Price Sealed Bid all yield the
same revenue. ( This result for First and Second Price was proved by Vickery in 1961)

However, the First or Second Price auction need not be optimal.



A Detour :

Let us take a detour from Myerson’s general paper and study some examples :
ti  ~ uniform[0,t] Vi

Second Price Sealed Bid

Let the other N — 1 bidders bid according to b*(t;).
If b > max;z; b*(t;) ¢ wins, pays mazx;z b*(t;);

If b < mazxjyz; b*(t;) i gets nothing.

V(b, ti) = A . l{meaxj# b*(tj)}(ti — max#i b*(tj))f(t_i)dt_i

Lemma :
It is a dominant strategy fo the second price auction to tell the truth. i.e. set b =1¢ (A
dominant strategy is one which is optimal to carry out irresponsive of what others do).
Proof :
If b < t;, increasing b; increases the probability of winning but does affect the price;

If b = t;, increasing b; has no effect on the price but you may win the item and pay > t;
= Optimal to set b; =t;
Formally, if b; > t;

V(b, ti) = - 1{ti2maxj;£i b*(tj)}(ti — ma:p#i b* (tj))f(t_i)dt_i

+ /T . 1{b>max b*(tj)>ti}<ti — max b*(tj))f(t—z)dt—z

The second term is negative = set b =1t;

Thus, in the Second Price auction one tells the truth. The seller gets the second higher
bid.

Denote this by ¢* i.e. t* = second highest bid.



To computer E[t*], we need to know its density.

{t* <r} <= {atleast n — 1 of the t; are < r}

<~ {th'"atn—latngr} U {tla"'vtn—lgratn>r}

U {tla"'atn—Qatn Sratn—l >T}

@) {t27"',tn§’/’,t1>7“}

= [y =t =0y nln )Gy =y ar
= [HE) = 1) = n(n - 1))}
_ (n—=1r" n(n—1) "

ol n+1 t"
o n(n—1)r
_ rt (n—l)(n—l—l)f—n(n—l)r}

" (n+1)

_ (n—=1)m _
= I DF ((n+ 1)t —nr)
o on—1_
 on+1

Last equality obtained by setting r = ¢

First Price Sealed Bid
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Now truth telling is not optimal.

Suppose the other N — 1 bidders bid a monotone function of their information b*(¢;).

Then
If b > max;z; b*(t;) i wins, pays b;

If b < mazjz; b*(t;) i gets nothing.
Ubt) = [ Lo, — D)
= (t; — b) Problb > max;jz b*(t;)]
Now
> mazjz b (t5)

b>0b"(t;) Vj#i
Vb)) >t V£

re1-

b*_l(b) Z Maxj+; tj

In our uniform example, let t* = max;,; b*(t;)

Probjt® < k| = Problt; <k Vj#i

= U(b,t;) = (t;— b)(b*_t(b))n_l

The FOC w.r.t. bis

b*1(b)
t

—( )" (i = D) (n — 1)( =0

b*‘l(b))n_z d(b*~(b))
t db

Notice that if all others do not shade their bids, i.e. b*(t;) = t;, we have

—(

b 1) =0

IS

P (= B = D) =0

<~
—

IS

= (ti =b)(n—1)
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So, truthtelling is not a Nash equilibrium.

Going back to the FOC

b (b) (b1 (b))
—T%—(ti—b)(n—l)T—O
We are searching for a symmetric Nash equlibrium
So
b*—l(b*) — tz
and
d(b*1(b)) 1
db i,
t; . 1
L V) (=) g = 0
dt;

t; db*(t;)
t—bt)n—1) = =
t=v(Em-1) = 2=

b*(t; _ db*(t;)
1-— -t =
(1= =D -1i = =

Try a solution of the form  b*(t;) = at; + ctf + constant, k #0

db;gZ) = a+keth™!
= a+ zctf
= a+t—i(b*(ti) — at;)
= (1—k)a+ kb*t(‘ti)
Matching coefficients
k= —(n—1t <0
(l—ka = n—1F — a= 11”(;?1#



So

(n—1)t (1)
b)) = —— Lt +ct t.
(t:) 1+ (n—1) Tt +cons
b*(t;)  (n—1)t L€
ti 1+ (n—1)F 4D
t; B (e A e
db*(t;) (n—1)t (n—1)tc )
il RS A= (it works!)
Also
c<0toensure%t(_t")>0
b*(0) =0=  constant =0
¢ indeterministic = More than one solutions ?
The seller receives
E[ max; b*(t;)]
k'ﬂ
kn—l

E[ max; b*(t;)]

T tn_l t kn—l
= / atant+/ n—x kct™tdt
0 t 0 t

_an 74 ken 1
 on+1 2n — 1

Something seems to be wrong here. Crosscheck it!
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The Optimal Auction In The Regular Case

1 — Fi(t;)

¢; increases strictly in ¢; Vi, i.e.

si <ty == ci(8) < ci(ty)

Consider an auction where :
If to > maz;en c¢;(t;), the seller keeps the good;

If to S max;eN Ci(ti), hlghest Cz(tz> gets it.
pl(t> >0= Cl(tl) = MaxjeN Cj(tj) > o
For all t € T', this mechanism maximizes the sum

> (cilts) —to)pi(t)

iEN

sit. > pi(t) <1 and p;i(t) <0 Vi
jEN

It is optimal except we need to check that

Qi(p,si) < Qi(p,t;) for s; <t

But
s, <t — Ci(Si) < Cz(tl)

= pi(t_i,s) <pi(ti ti) Vi,

= Qi(p,s:) <Qilp,t;) Vt;
Finally

t;
z;(t) = pi(t)t; —/ pi(t_;, si)ds;

Let

Zi(t-i) = inf{slci(s;) = tokeci(si) = ¢;(t;) Vj#i
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i.e. Z;(t_;) is the highest of all other bids.

Then

1 if s> Zi(ty);
pilti; si) = { 0 if s; < Zi(t_y).

b = Zi(t) it > Zi(t-);
/a. pilti; si)ds; = { 0 if t; < Zi(t_y).

3

1;

= 2;(t) = { Zi(t=) if pi(?)

This is an modified second price auction!

1.e.

Zi(t_) = mazx {c;'(ty), maz;z t;}

The modification is in the reservation price ¢; ().

Rest of Myerson has to do with correlated values.
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