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Abstract

This paper presents a principal-agent model in which the agent has imprecise beliefs. We
model this situation formally by assuming the agent’s preferences are incomplete as in Bewley
(1986). In this setting, incentives must be robust to Knightian uncertainty. We study whether
robustness leads to simplicity of the resulting optimal contracts. Under mild conditions, we show
that optimal contracts have a two-wage structure. That is, all output levels are divided into two
groups, and the optimal wage contract pays the same amount for all output levels in each group.
This can be interpreted as a flat payment plus bonus contract.
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1 Introduction

In this paper, we study a principal-agent model in which the agent has imprecise beliefs. Our model is
motivated by situations in which the agent is less familiar with the details of the production process
than the principal. For example, the agent is entering a new environment and cannot evaluate
precisely the consequences of his effort because output depends on his effort as well as variables
beyond his control like other workers’s input, pure luck, and so on, while the principal owns the
production technology and can evaluate the relation between effort and output more precisely. In
these cases, the agent may not be able to assess precisely the stochastic relation between effort
and output. The standard literature neglects this possibility by assuming that both principal and
agent evaluate state-contingent contracts using expected utility, and hence can precisely evaluate
the stochastic consequences of the agent’s action. This contrast is easily modeled using the model of
Knightian uncertainty developed in Bewley (1986), however, which provides foundations for a model
in which beliefs are given by a set of probability distributions over output. Thus both the possibility
of imprecise beliefs and a ranking in which the agent’s beliefs are less precise than the principal’s
can be formalized in this framework.

Our main result shows that in an otherwise standard principal-agent model with Knightian
uncertainty, optimal contracts are simple under relatively mild conditions. In particular, we show
that a contract can be optimal only if it takes two values across all states. The optimal incentive
scheme divides all possible output levels into two groups, and pays a fixed wage within each group.
This result is striking because the standard moral hazard model typically generates complex incentive
structures. Optimal contracts often involve as many different payments as there are possible levels
of output. Casual empiricism, on the other hand, suggests that many contracts are quite simple. For
example, many labor contracts have a simple two-wage structure: a flat payment plus an “incentive
bonus” at the end of the year.

Some authors have speculated that contracts are simple because they need to be robust. Hart and
Holmstrom (1987), for example, argue that real world incentives need to perform well across a wider
range of circumstances. Once this need for robustness is considered, simple optimal schemes might
obtain. We introduce a particular form of robustness: Knightian uncertainty. Thus, an incentive
scheme must be robust to the agent’s multiple beliefs. We show that, under mild conditions, the
optimal scheme must have a two-valued structure. In this sense, Knightian uncertainty generates
simple contracts. Furthermore, these contracts have a shape we commonly observe in practice.!

In the spirit of Bewley (1986), the agent’s preferences are not necessarily complete; he may be
unable to rank all pairs of alternatives offered to him. As in the model axiomatized in Bewley (1986),
we assume that these preferences are represented by a utility function and a set of probability distri-
butions, and that the agent prefers one contract to another if the former has higher expected utility
for every probability distribution in this set. Bewley (1986) argues that this approach formalizes the
distinction between risk and uncertainty introduced in Knight (1921). In this framework a unique

'"Holmstrom and Milgrom (1987) provide conditions under which linear incentive schemes are optimal. These
conditions include constant relative risk aversion and a specific dynamic property of stochastic output. Neither of
these requirements is related to the idea of robustness considered here. We allow the agent to consider many stochastic
structures of output. We also adopt a different notion of simplicity. A two-wage scheme is simple because it can be
thought of as contingent on only two events; a linear contract is simple because it is contingent on an intercept and a
slope for all events.



probability is appropriate only when the decision maker regards all events as risky; the decision
maker uses a set of distributions when he regards some events as uncertain.

With incomplete preference, choices may be indeterminate and incentive constraints hard to
satisfy.2 Bewley (1986) proposes a behavioral assumption, inertia, that sometimes alleviates this
problem. The inertia assumption states that, when faced with incomparable options, an individual
chooses a status quo or reference point, often interpreted as his current behavior, unless there is an
alternative that is strictly preferred. In abstract settings, identifying a plausible status quo element
can be hard. In the standard moral hazard setting, however, there is a natural candidate for the
status quo: the agent’s outside option or reservation utility. We consider two corresponding notions
of implementation, depending on whether inertia is incorporated. Without inertia, an incentive
scheme implements a particular action if the agent prefers that action to his reservation utility
and to all other actions. With inertia, an incentive scheme implements an action if this action is
preferred to the reservation utility and is preferred to all other actions that are comparable to the
reservation utility. With inertia, implementing an action is easier because the desired action may be
incomparable to some actions. We show that optimal contracts must take two values under either
notion of implementation. Thus while inertia might change the cost of implementing an action, it
does not change our main result that optimal contracts must be simple.

Our moral hazard model has standard features: the principal cannot observe the agent’s action
and looks for contracts that implement each action at the lowest possible expected cost; each action
has a different disutility to the agent; each action induces different beliefs over output outcomes.
We assume that principal and agent have linear utility functions over money. The agent perceives
Knightian uncertainty, and has beliefs described by sets of probability distributions, one set for each
action, while the principal’s beliefs are a unique element of the relative interior of those sets. Thus
multiplicity of the agent’s beliefs is the only formal difference between our model and a linear utility
version of Grossman and Hart (1983). It is important to realize, however, that with Knightian
uncertainty linear utility does not imply risk neutrality. In the expected utility model, linear utility
rules out preference for mixing and is equivalent to risk neutrality. With Knightian uncertainty and
linear utility, on the other hand, one sees the preference for mixing that is usually associated with
risk aversion.

Mukerji (1998a) and Ghirardato (1994) present moral hazard models similar in motivation to
the one presented here. They use a different model of ambiguity, and in contrast show that incentive
schemes are similar to those in a standard model. In both cases, the principal and the agent are
Choquet expected utility maximizers (see Schmeidler (1989)). Optimal incentive schemes need not
be simple in those settings. Neither examines the role of asymmetric confidence, as in each model
the principal and the agent share the same belief set. On the other hand, Mukerji (1998b) uses this
framework to relate uncertainty to contract incompleteness.

The paper is organized as follows. The next section briefly describes the model of decision makers
with incomplete preferences. Section 3 presents the basic framework and discusses the implemen-
tation rules. Section 4 shows that optimal incentive schemes are simple. Section 5 introduces a
primitive model and establishes versions of our main results in this setting.

’In a related paper, Lopomo, Rigotti, and Shannon (2009), we study general mechanism design problems. We show
that in many standard mechanism design settings interim incentive compatibility is equivalent to ex post incentive
compatibility.



2 Incomplete Preferences and Inertia

Von Neumann and Morgenstern were the first to observe that completeness is not a satisfactory axiom
for choice under uncertainty.® This idea was pursued by Aumann (1962) who proposes a preference
representation theorem for incomplete preferences and objective probabilities.* In a series of papers,
Bewley (1986), (1987), and (1989) develops Knightian decision theory, a model which allows for
subjective probabilities and incompleteness.’?

2.1 Preference Representation without Completeness

Under completeness, any pair of alternatives can be ranked. If preferences are not complete, some
alternatives are incomparable. Bewley (1986) axiomatizes a model allowing for incompleteness with
subjective probabilities. To formalize this discussion, let the state space N be finite, and index the
states by i = 1,...,N. AN) := {r € RN : m; > 0 Vi,> ;7 = 1} denotes the set of probability
distributions over N, and z,y € X~ are random monetary payoffs where X C R is finite. In an
Anscombe-Aumann setting, Bewley (1986) characterizes incomplete preference relations represented
by a unique nonempty, closed, convex set of probability distributions II and a continuous, strictly
increasing, concave function u : X — R, unique up to positive affine transformations, such that

N N
x>y  if and only if Zmu (x;) > Zmu (y;) for all = € II.
i=1 i=1

With a small abuse of notation, we can rewrite this as
x>y ifandonlyif  E;[u(z)] > Ex[u(y)] for all m € II

where E; [/] denotes the expected value with respect to the probability distribution =, and wu(z)
denotes the vector (u(x1),...,u(zy)).5

The set of probabilities II reduces to a singleton whenever the preference ordering is complete,
in which case the usual expected utility representation obtains. Without completeness, compar-
isons between alternatives are carried out “one probability distribution at a time”, with one bundle
preferred to another if and only if it is preferred under every probability distribution considered
by the agent.” Bewley (1986) suggests this approach formalizes the distinction between risk and

3They write:

“It is conceivable - and may even in a way be more realistic - to allow for cases where the individual
is neither able to state which of two alternatives he prefers nor that they are equally desirable...How
real this possibility is, both for individuals and for organizations, seems to be an extremely interesting
question...It certainly deserves further study.” von Neumann and Morgenstern (1953), Section 3.3.4, pg.
19.

* Aumann’s work has been extended and clarified by ? and Shapley and Baucells (1998).

"Bewley (1986) has been published recently as Bewley (2002).

This representation has been extended by Ghirardato, Maccheroni, Marinacci, and Siniscalchi (2003) in a Savage
setting.

"The natural notion of indifference in this setting says two bundles are indifferent whenever they have the same
expected utility for each probability distribution in II.



uncertainty originating in Knight (1921). Informally, the size of II measures how much uncertainty
the individual perceives, and can be thought of as reflecting confidence in beliefs.

Figure 1 illustrates Bewley’s representation for the special case in which u is linear. The axes
measure utility (or money) in each of the two possible states. Given a probability distribution,
a line through the bundle x represents all the bundles that have the same expected value as x
according to this distribution. As the probability distribution changes, we obtain a family of these
indifference curves representing different expected utilities according to different probabilities. The
thick curves represent the most extreme elements of this family, while thin curves represent other
possible elements.

Utility instate1

\

Alternative

Utility instate2

Figure 1: Incomplete Preferences

In Figure 1, y is preferred to x since it lies above all of the indifference curves corresponding to
some expected utility of z. Also, z is preferred to w since w lies below all of the indifference curves
through x. Finally, z is not comparable to x since it lies above some indifference curves through z
and below others. Incompleteness induces three regions: bundles preferred to y, dominated by v,
and incomparable to y. This last area is empty only if there is a unique probability distribution over
the two states and the preferences are complete.

For any bundle x, the better-than-x set has a kink at x. This kink is a direct consequence of
the multiplicity of probability distributions in II, and vanishes only when II is a singleton. As a
consequence, the assumption of linear utility generates different behavior with multiple probabilities
than in the standard expected utility model. There, linear utility implies a constant marginal rate of
substitution and no preference for mixing. Neither of these features follows when there is Knightian
uncertainty. In particular, the preference for mixing that is usually associated with risk aversion is



exhibited. This can easily be seen in Figure 1, where convex combination of bundles that are not
comparable to x can give rise to a bundle which is strictly preferred to z.

2.2 The Inertia Assumption

Revealed preference arguments must take incompleteness into account. If x is chosen when y is
available, one cannot conclude that = is revealed preferred to y, but only that y is not revealed
preferred to x. The concepts of status quo and inertia introduced in Bewley (1986) can sharpen
revealed preference inferences when preferences are incomplete. Bewley’s inertia assumption posits
the existence of planned behavior that is taken as a reference point, and assumes that this “status
quo” is abandoned only for alternatives preferred to it. In Figure 1, for example, if z is the status quo
and the inertia assumption holds, alternatives like z will not be chosen since they are incomparable
to x.

In many economic contexts, there may not be a natural status quo. In the moral hazard model
that follows, however, an obvious candidate for the status quo is the action yielding the agent’s
reservation utility. This corresponds to the payoff the agent receives if he rejects the contract offered
by the principal.

3 The Moral Hazard Setup

The main features of our model are standard and follow the parametrized distribution approach:
the principal owns resources that yield output, but needs the agent’s input for production to take
place; principal and agent observe realized output, but the principal does not observe the agent’s
action; each action imposes a cost on the agent and generates beliefs about output; these beliefs are
common knowledge. The main innovation is that beliefs reflect Knightian uncertainty about output
levels. The crucial assumption is that the agent perceives more uncertainty than the principal, and
we simplify matters by assuming that the principal perceives no Knightian uncertainty:.

Output is an N-vector y = (y1,...,yn), with states labeled so that yny > --- > y; (throughout,
we use subscripts to denote states). A contract is an N-vector w = (wi,...,wy), where w; is
the payment from the principal to the agent in state j. The agent’s reservation utility is w; we
will interpret it as the status quo when we impose the inertia assumption. The agent chooses an
action a from the finite set A := {1,2,..., M}. The principal’s beliefs are described by a function
7P . A — A, while the agent’s beliefs are described by a correspondence II : A — 22, where TI(a)
is nonempty, closed and convex for each a. In the parametrized distribution formulation of the

principal-agent problem pioneered by Holmstrom (1987) II is a function and is identical to P8

Our main assumption is that beliefs are consistent, but reflect different degrees of precision.
Formally, we assume that for each a in A, 77(a) € II(a). Uniqueness of the principal’s beliefs is
assumed for analytical tractability. Most of the analysis carries over if 7 is also a set, as long as
asymmetric confidence holds (i.e. 77 (a) is a proper subset of II(a) for each a).

The agent’s disutility of action a is denoted c¢(a). Actions are ordered such that whenever a > o/,

8We discuss in section 5 some undesirable effects of this formulation with Knightian uncertainty.



c(a) > c(a) and SN 7P (a)y; > SN 7P (a’)yi. As usual, costlier actions increase the expected
value of output to the principal.

Principal and agent have linear utility over money. The agent evaluates the difference between
the expected value of the contract and the cost of his action for each probability distribution. For
each a and each 7 € II(a), this difference is given by

N
Eq[w] —c(a) = ijwj —c(a).
j=1

Given a contract, the agent chooses an action by computing many expected values (one for each
element of each belief set).

The principal evaluates the expected value of output minus the expected cost of the contract.
For each a, the principal’s expected utility is

N N
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In the standard model, the principal is risk-neutral while the agent is risk-averse. Both parties
have the same beliefs, and the same attitude toward uncertainty, but they evaluate risk in different
ways. In our model, both parties have consistent beliefs and evaluate risk in the same way, but
have different attitudes toward uncertainty. Notice that even though the agent’s utility function
is linear, the agent displays preference for mixing, a feature usually interpreted as a fundamental
trait of risk-aversion. Therefore, comparing our results to the standard model in which the agent is
risk-averse seems more appropriate than comparing to the risk-neutral case.

If the agent’s action is observable (and/or verifiable), the contract can depend on it. In keeping
with standard terminology, we denote the cost of this contract by Ct5(a), where FB stands for
first-best. One can immediately see that C¥2(a) = W + c(a) for each action a. In other words, the
principal can implement a with a contract that pays C*5(a) in every state if action a is taken and
—oo otherwise. A Pareto efficient contract must be constant across states: contracts that do not
fully insure the agent are dominated by “flatter” contracts that do not make the agent worse off and
lower the principal’s expected costs.”

The principal and the agent do not value the firm equally. Therefore, one cannot appeal to the
standard way of dealing with moral hazard when the parties have linear utility, which would have
the principal sell the firm to the agent. For a given action, the highest price the agent is willing to
pay for the firm is the lowest expected value of output minus the cost of taking that action. The
highest price the agent is willing to pay is thus lower than what the firm is worth to the principal.

3.1 Two Implementation Rules

A contract implements an action a* if it induces the agent to participate and choose that action.
The contract must provide incentives that leave no doubt the agent’s choice is a* among all possible

9Rigotti and Shannon (2005) give a general characterization of Pareto optimal allocations with incomplete prefer-
ences.



actions.'® How this is done depends on whether or not the inertia assumption holds.

3.1.1 Implementing without inertia

Without inertia, a contract must satisfy the standard participation and incentive compatibility
conditions, modified to allow for Knightian uncertainty. Participation requires that a* is preferred
to the reservation utility, while incentive compatibility requires that a* is preferred to all other
actions.

Definition 1. An incentive scheme w implements a* if:
N
Y milaw; —c(a*) =@ Vr(a®) € II(a”) (P)
j=1

and for each a € A with a # a*

N N
Zﬂj(a*)wj —c(a*) > ij(a)wj —c(a) Vr(a*) € II(a*) and Vr(a) € I(a) (1I0)
j=1 j=1

For any probability distribution induced by a*, the expected utility of the contract must be weakly
higher than the reservation utility, and weakly higher than the expected utility calculated according
to all probability distributions induced by any other action. Definition 1 can be very restrictive, and
in Section 5 we show that there are situations in which few actions can be implemented.

3.1.2 Implementing with inertia

Under the inertia assumption, an alternative is chosen only if it is preferred to the status quo. Hence,
actions not comparable to the reservation utility are not chosen. If a* and a’ are not comparable,
but a* is preferred to the status quo while a’ is not comparable to it, then the inertia assumption
implies a’ is not chosen. Therefore, with inertia a contract does not need to make a* preferred to all
other actions, but just to those that are comparable to the status quo.

Definition 2. An incentive scheme w implements a* with inertia in A if
N
ij(a*)wj —c(a*)>w Vr(a*) € II(a™) (P)
j=1

and for each a € A with a # o*, either

N N
ij(a*)wj — c(a*) > ij(a)wj —cla)  Vr(a*) €T(a*) and ¥r(a) € (a)  (IC)

""Tn Lopomo, Rigotti, and Shannon (2009) we distinguish two notions of incentive compatibility in a general mecha-
nism design framework: optimal and maximal. A mechanism is optimal incentive compatible if truth telling is preferred
to all other reports. A mechanism is maximal incentive compatible if no report is preferred to truth telling. The notion
of incentive compatibility we consider here corresponds to what we call optimal incentive compatibility in Lopomo,
Rigotti, and Shannon (2009).



or
N

Z mji(a)w; — c(a) <@ for some w(a) € l(a) (NC)
j=1

NC' is a non-comparability constraint. It says there exists at least one probability distribution
induced by a such that the corresponding expected utility of the contract is weakly lower than the
reservation utility. Inertia weakens the incentive constraints since actions that are not comparable
to the outside option are not chosen. Obviously, contracts that satisfy Definition 1 also satisfy
Definition 2.

3.2 The principal’s problem

Given an action, the principal looks for the cheapest contract that implements it. She then decides
which action to implement. As usual, we focus only on the first of these problems. For a given
action a, let H(a) be the (possibly empty) set of incentive schemes that implement a, and H!(a) be
the (also possibly empty) set of incentive schemes that implement a with inertia. We say @w(a) is an
optimal incentive scheme to implement a if it is a solution to

min 7 (a)w; (1)

Let W(a) denote the set of solutions to (1). Similarly, we say that @w(a) is an optimal incentive
scheme to implement a with inertia if it is a solution to
N
min ™ (a)w; (2)

I J
weHI (a) =

Let W/ (a) denote the set of solutions to (2).

3.3 Some characteristics of the optimal incentive scheme

Although the agent’s behavior depends on all the probability distributions in his belief set, some
are particularly relevant because they determine whether incentive and participation constraints are
satisfied.

For any action a and contract w, let

N
II(a;w) := arg min mi(a)w;
(e w) = arg_ min 30 (a)u,
7=1
Given w, any « € II(a;w) is a probability distribution yielding the minimum expected value for the
agent when he chooses action a. A contract w satisfies the participation constraint for action a if
and only if E [w] — ¢(a) > w for every 7 € II(a;w). Similarly, given a contract w, action a satisfies



the non-comparability constraint if and only if E;[w] — c¢(a) < w for some 7 € I(a;w). For any
fixed action a and contract w, let

Then 7 € II(a;w) is a probability yielding the maximum expected value of the contract w for the
agent when he chooses action a. A contract w satisfies the incentive compatibility constraint for
action a versus o if and only if E;[w]—c(a) > Ez[w] —c(a’) for all w € II(a; w) and all 7 € II(a’; w).

The following proposition extends some standard results about optimal contracts (all proofs are
in the appendix).

Proposition 1. Let a be the action to be implemented.

(i) For any w in /W(a) or W1 (a), the participation constraint binds when computed according to
x(a) € Il(a; @); formally,

N
> mi(a)d; — c(a) =W
Jj=1

for any w € W(a) U Wl(a) and m(a) € O(a; w).

(it) If a is the least costly action, the scheme that pays W + c(1) in all states implements a (with
inertia); that is, W+ c(1) € W(1).

(i17) If w € Wl(a) and a is not the least costly action, then there exists an action less costly than a
such that either (IC) or (NC) binds for this action; formally, if a > 1 there exists an a’ < a
such that either

N N )
. mj(a)W; — c(a) = Zﬁj(a')@j —c(a) Vr(a) € l(a; @) and V7(a') € TI(a'; @)
or N
sz(a’)wj —eld)=w  Vr(d) € L(d; D)

for any w € W[(a).

Similarly, if W € W(a) and a is not the least costly action, then there exists an action less
costly than a such that (IC) binds for this action.

4 Optimal Incentive Schemes Are Simple

Our main result shows that a contract can be optimal only if it is two-valued: it divides the states
into two groups, and pays the same amount in all states belonging to the each group. Notice that



when the optimal contract is monotone, which follows from standard assumptions, it is not only
simple but also very commonly observed: the optional contract consists of a fixed payment plus a
bonus if output exceeds a given amount.

Our results suggest Knightian uncertainty is a possible reason for the emergence of simple con-
tracts. Without it, our setup reduces to the standard principal agent model with linear utilities.
In that case, both parties are risk neutral and a continuum of contracts is optimal. These include
our two-valued contract and many complicated ones. The simplest in this class is the contract that
corresponds to selling the firm to the agent, hence avoiding incentive problems altogether. In con-
strast, our main result shows that a two-tier contract is the unique optimal contract with Knightian
uncertainty. Therefore, adding Knightian uncertainty to the standard model selects a unique, simple
contract. In this sense, Knightian uncertainty can explain why optimal contracts must be simple.
Moreover, it is not clear that the appropriate standard benchmark for our model is the expected
utility model with risk neutrality. As we argued in Section 2, the agent’s better-than sets are not
half-spaces but proper cones, since the preferences have a “kink” at the bundle being evaluated.
Calling the agent risk neutral in this case is misleading, as he exhibits the preference for mixing that
in a standard setting is the definition of risk aversion.

In this section, we first consider the case of two actions. Then we generalize the result to many
actions.

The main result depends on two properties of beliefs.

Assumption A-1: For each action a in A, II(a) is the core of a convex capacity v® on N.!' That
is,

II(a) ={r € AN) : 7(E) > v*(E) for each E C N'} (3)

Geometrically, IT(a) must be a polyhedron whose boundaries are determined by the linear inequalities
in (3).12 Figure 2 displays some examples with three states: II and II? are cores of convex capacities
while II¢ is not.

(=2l

B

£
X\, 3 2

¢ 3. 5/ 8/ 7§,

Figure 2: Agent’s Beliefs with 3 Output States

1A convex capacity on N is a function v : 2V — [0,1] such that (i) »(9) = 0, (i) v(N) = 1, (iii) VE, E' C N,
E C E' implies v(FE) < v(E'), and (iv) VE,E' C S, v(EUE') > v(E)+ v(E') —v(ENE").

2In the literature on Choquet expected utility (see Schmeidler (1989)), convexity is assumed in almost all applica-
tions. For example, both Mukerji (1998a)and Ghirardato (1994) assume the beliefs of both parties involved in a moral
hazard model are represented by convex capacities.

10



Assumption A-2: For each action a € A, 7 (a) is an element of the relative interior of II(a).'?

This requires that the agent perceives sufficiently rich uncertainty so that II(a) has a non empty
relative interior for each action a.

4.1 Simplicity with two actions

Assume there are only two actions, H and L, with ¢(H) > ¢(L). We interpret these as high and low
effort respectively. By Proposition 1, the principal can implement low effort at the first best cost
with a constant contract. Our main result shows that a contract implementing high effort can be
optimal only if it takes two values.

Proposition 2. Suppose Assumptions A-1 and A-2 hold, and the high action H is implementable
(implementable with inertia). Then, the unique optimal incentive scheme to implement H (with
inertia) divides the N states into two subsets and is constant on each subset.

The inertia assumption plays no role in this result. We provide the details of the proof for the
inertia case because the other case can be proved very similarly. Intuitively, this result follows from
a simple consequence of assumption A-2. For any state, there is at least one belief of the agent
that assigns lower probability than the principal to that state. Therefore, for any state there is a
belief that makes the principal more optimistic about the likelihood of that state. Because all beliefs
matter in this model, the optimal contract must “accommodate” this probability and doing so is
costly to the principal. Since this is true for all states, the principal can always benefit by using a
“flatter” contract. Eventually, this process must stop because a contract must have enough variation
to provide incentives.

4.2 Simplicity with many actions

We now provide conditions to extend the previous results to many actions. Simple reasoning shows
that the main result is easily extended to more actions without additional restrictions; it implies
that an optimal contract takes as many values as there are actions. The proof of Proposition 2
shows that reducing the number of states on which a contract depends is profitable for the principal.
Clearly, this becomes impossible when all constraints are binding. In the case of two actions, this
implies the contract has two values. If there are M possible actions, there will be at most M binding
constraints, and the optimal contract must be at most M-valued.

Under additional restrictions, we can show that the optimal contract must be two-valued even
when there are many actions. These conditions must reduce the many-action case to the two-action
case. The exercise parallels what is done to obtain monotonicity (in output) of the optimal contract
in the standard model, and uses analogous assumptions.

Assumption A-3: For each action a, every selection in

{m¢: A — A(N)|7°(a) is an extreme point of II(a) for each a}

"Here we mean interior relative to A(N), that is, the points = € II(a) such that there exists an open set O C RN
with m € ONAW) C II(a).

11



satisfies the monotone likelihood ratio property and concavity of the distribution function. That is,
if 7¢: A — A(N) is a selection such that 7¢(a) is an extreme point of II(a) for each a, then

mila! is decreasing in 1
¢ (a) g

—

(i) (MLR) for any two actions d’,a, ¢(a) > ¢(a’) implies that

(i) (CDFC) for any three actions a”,a’, a such that c¢(a) = Ac(a’) +(1—X)c(a”) for some A € [0, 1],
S _imi(a) < AY T wE(a) + (1= X)) X1, m5(a”) for all j.

Proposition 3. Suppose Assumptions A-1, A-2 and A-8 hold. Then for any action a* > 1, the
optimal contract to implement a* (with inertia) has a two-wage structure.

Interestingly, a sufficient condition to reduce the multi-action case to the two-action case is a
generalized version of the requirement one needs in the standard model to obtain monotonicity in
output of the optimal contract. Notice that, a fortiori, this same condition would induce monotonicity
of the contract in our model.

5 A Primitive Model

Without the inertia assumption, an incentive scheme implements a particular action if the agent
prefers that action to his reservation utility and to all other actions. Using the parametrized dis-
tribution approach, this implies a costlier action cannot be implemented if its belief set intersects
any of the belief sets corresponding to cheaper actions. In many interesting situations, however,
the agent’s beliefs intersect. For example, if the agent chooses the lowest effort action, his beliefs
may be extremely imprecise but the harder the agent works, the more precisely he evaluates his
influence on the production process. In this case, all agent’s belief sets intersect and no action can
be implemented.

This observation means that it is important to understand the connection between the para-
meterized distribution model and a primitive model in which actions and states determine output
jointly, while the probability distribution over states is given. In the expected utility framework,
the primitive model and its parameterized distribution version can be connected easily, and the
former is just a shortcut for the latter. Under Knightian uncertainty, this connection is less clear.
In particular, establishing that our main assumptions about beliefs have a corresponding meaning
in the primitive world is important, as is understanding how action-based beliefs over outcomes are
derived from a fixed set of beliefs over states. This is what we do next.

Output is determined by a production function which depends on the agent’s effort and on
stochastic factors. Let S be the state space, with elements s = 1,...,S. For each action a € A,
y(a) : S — R denotes the stochastic output that results from the action a. For each action a,d’,
we assume supp y(a) = supp y(a') :={y1,...,yn} (different output levels across different actions
correspond to different permutations of the state space), so that observing a particular output level
does not reveal the agent’s action.

If the output is y, the principal’s payoff is y — w. The agent’s payoff is w — ¢(a), where as above
¢ : A — R denotes the agent’s disutility of effort. The wage depends on output alone and not on
the state. Since the agent knows which action he has taken, he also knows which state has occurred.
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The principal, on the other hand, does not know the realized state of the world since he can only
observe realized output. We assume that the agent’s beliefs over S are given by a closed and convex
set IT C A(S), and that the principal’s belief is 78 € A(S).

Our notions of implementation can be reformulated as follows.

Definition 3. An incentive scheme w implements a* if:

S
Zwsw(ys(a*)) —c(a*)>w VYrell (P)
s=1

and for each a € A with a # a*

S S

S waw(ys(a®)) = c(a*) =Y mav(ys(a)) —c(a)  Vr el (IC)

s=1 s=1

Definition 4. An incentive scheme w implements a* with inertia in A if

S
Zwsw(ys(a*)) —c(a*)>w VYrell (P)
s=1

and for each a € A with a # o*, either

S S
S mw(ye((a) — ofa®) = S mw(ys(a) — (@) Vrell (10)
or <
Zﬂsw(ys(a)) —c(a) <w for some w € Il (NC)
s=1

To relate this model to the parameterized distribution model, given © € Il and a € A, define

7(a) € A(N) by
mi(a) = Z T

{s€Sys(a)=y;}

For each a, set Il(a) := {# € A(N) : # = w(a) for some 7w € II}. Notice that II(a) is closed and
convex for each a. This means assumptions about the set II can easily be translated into assumptions
about II(a). In particular, we show that Assumptions A-1 and A-2 can be derived from analogous
assumptions on II (the beliefs over the primitive state space).

For each £ C {1,...,N} and each a, let E(a) :== {s € S : ys(a) € E}. Then notice that
7 € Il(a) <= 3 € Il such that 7#(F) = n(E(a)) for each E C {1,...,N}.

Proposition 4. Let v : 25 — [0,1] be a convex capacity on S and let II be the core of v. For each
a € A define v* : 2N — [0,1] by v*(E) = v(E(a)) for each E C {1,...,N}. Then for each a € A,
v® is a convex capacity on {1,..., N} with core II(a).
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We say that a subset B C S is unambiguous if w(B) = 7/(B) for all w, " € II. While the empty
set and the entire state space S are always unambiguous, every non empty, proper subset of S is
ambiguous under the assumption that IT has non empty relative interior. Here we assume that 11
has non empty relative interior, and that the principal’s unique prior 77 € A(S) is an element of
rel int II. Under these assumptions, together with the assumption that the support of stochastic
output y(a) is the same for all actions a, no action eliminates ambiguity. That is, II(a) also has a
non empty relative interior, and 7% (a) € rel int II(a) for each action a.

Proposition 5. If ¥ € rel int 11, then 7 (a) € rel int II(a) for each action a.

These two results allow us to identify assumptions in this primitive model that will suffice to
ensure that optimal contracts robust to uncertainty will be simple, as in the previous section.

Assumption A-4: II is the core of a convex capacity v on S.
Assumption A-5: 7% is an element of the relative interior of II.
Proposition 6. Suppose Assumptions A-4 and A-5 hold, and the high action H is implementable

(implementable with inertia) in {L, H}. Then, the unique optimal incentive scheme to implement
H (with inertia) divides the S states into two subsets and is constant on each subset.

Appendix

Proof of Proposition 1

We prove each statement separately.

Proof of (i): Suppose not. Then w(a) is optimal and Zjvzl m;(a)Wj(a) — c(a) > w. Reduce the
payment in each state by ¢ > 0; that is, for all j, let w; = {D? —¢. For € small enough, w;
implements a according to both definitions because it satisfies (P), (IC), and (NC). Furthermore,

Z;VZI Wf(a)ﬁj < Z;\le Trf(a)@j(a) — ¢, contradicting the optimality of w(a).
Proof of (ii): Because 7F(1) € II(1), for any payment scheme w and any z(1) € II(1;w), by

definition Z;VZI mi(Dw; < Zjvzl ﬂf(l)wj. The constant contract @; = w + ¢! for all j is feasible:

it satisfies (P), and it satisfies (IC) because alternative actions are more costly for the agent. It is a
solution to (1) because W + ¢! = Zévzl mi(Dw;(1) = Z;VZI wf(l)@j(l).
Proof of (iii): Suppose the claim does not hold. That is, w(a) is optimal and for each o’ < a, either

N N
) 1j();(a) — cla) > Z 7j(a")W;(a) — c(a’)

for all m(a) € H(a; @) and 7(a’) € (a’; @), or

for some 7(a’) € II(a’). The latter inequality implies Zjvzl m;(a")wj(a) — c(a’) <@ for any m(a’) €
II(a’; w). Because none of the respective constraints binds, w(a) is a solution for a problem like (1)

14



where all actions like @’ have been dropped from the constraints. In this new problem, a is the least
costly action and a contract that pays W + c(a) in all states is optimal. That is, w; = W + c(a)
for each j. Thus, W + c(a) = Z;Vﬂ mj(a)w;(a) = Zjvzl mj(a)wj(a) = Zjvzl m;(a’)wj(a). Hence
c(a’) > ¢(a), contradicting o’ < a.

Proofs for Section 4

We will use the following results adapted from Chateauneuf and Jaffray (1989).

Lemma 1. Let v be a convex capacity on S with core 11, and let 11¢ be the set of extreme points of
II. Then, for any N-vector z such that z1 < z9 < --- < zn,

N
min TiZi
well 4 77
J=1

is attained at m € II¢ such that Zé\;] Ty = Zé\;] v({s}) for each j = 2,...,N. In particular, if z
and z' are two N-vectors such that z1 < --- < zy and z{ < --- < zly, then

The first result follows from Chateauneuf and Jaffray (1989), Propositions 10 and 13. The second
follows from the first, which shows that the set of minimizing distributions depends only on the order
of the elements of z and not on the values of the components.

When Assumption A-1 holds, the lemma provides a characterization of the probability distri-
butions that, among a set, yield the smallest and largest expected values of a fixed contract. In
particular, this lemma can be used to show that for each action a, the smallest expected value for
a given z is attained at an extreme point of II(a) such that mx(a) < 7k (a) and 71(a) > 7¥(a),
where K is an index at which the maximum value of z; is attained. Moreover, when two incentive
schemes are “ordered” in the same way, their minimum or maximum expectations are attained using
the same distributions.

Proof of Proposition 2

The main step is to show, by contradiction, than an optimal contract cannot be contingent on more
than two subsets of output levels. Define a partition of the state space such that each element in
this partition corresponds to different payments in the optimal contract w. Let k be an element
of this partition; we say k is an event. Any probability distribution over the original space defines
a probability distribution over this partition. Label events so that K corresponds to the largest
Wy, K — 1 to the second largest, and so on until event 1 corresponds to the smallest value of
Wyg. By construction, K is the number of events the optimal contract is contingent upon, and
W < Wo < -+ < Wg. We need to show K equals 2.
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By Proposition 1, @ must satisfy

™=
2

H)dy, =0 + c(H) (4)
k=1

for any m(H) € II(H; w). We claim @ must also satisfy

for any m(L) € II(L; w). Suppose not. Then, Zszl (L)W, < W+ ¢(L). Let

@ = (@1 _EZx) o Gk O —i—e)
El(H)

where ¢ is positive and small enough so that the ranking of the payments for w and @ is the same.
By Lemma 1, (H) and x(L) minimize the expected value of w for the agent. For any distribution
m, the expected values of w and w are related by the following:

K K

m = m(H) implies the right hand side of (6) is equal to 0; thus, w satisfies (4). For some ¢ close
enough to zero and m = (L) the right hand side of (6) is very small; thus w satisfies (NC) because
@ satisfies it strictly. By Lemma 1 and Assumption A-1, mx(H) < 7L (H) and =, (H) > 7 (H);
thus, the right hand side of (6) is negative when 7 = 7 (H). Summarizing, w is feasible and cheaper
than w, contradicting the optimality of w. Hence (5) must hold for @ to be an optimum.

We claim K must be strictly larger than 1. Suppose not, i.e., K = 1. If this is the case, all
payments are the same, and the left hand sides of equations (4) and (5) are the same. Thus, we
have W + ¢(L) = w + ¢(H), contradicting ¢(H) > ¢(L).

We claim K is not larger than 2. Suppose not. Then @ is optimal, so satisfies equations (4) and
(5), and K > 2. Equations (4) and (5) constitute a system of two equations which can be solved for
W and some Wy, yielding:

G = Tw(L) (@ + c(H)) — @y (H) (@ + (L) mp (H)mp (L) — mp (H)mp (L)
T (L)mg (H) — g (L)my (H) ket KK T (L)mg (H) — 7 (L)my (H)

oy _og(H)@+ce(L)) —xg(L) (@ ax (L)my(H) — g (H)my (L) o
v = e = e O %k mo (Diere () — 2 Dz ()Y
These are well defined unless
(L) () ~ m (L (H) = 0 for all K K )
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In that case:

K—-1 K—1
0 = mg(L) Y mp(H) —zx(H) Y mp(L)
k=1 k=1
= EK(L) (1- EK(H)) - EK(H) (1 - EK(L))
= EK(L) —EK(H)

Using this result in (9):
mg(H) (mp (H) — (L)) = 0

Thus, either wp(H) = g (L) =0, or mp(H) = m (L) for all &' # K. M wp(H) = mg(L) = 0, @

cannot be optimal because it makes the largest payment in a state that does not affect the constraints

and, by Assumption A-2; has positive probability for the principal. If 7, (H) = /(L) for all &' # K,
K

K
then w(L) = m(H). In this case, Y m,(H)wy = > m, (L)W and c(H) = ¢(L), a contradiction.
k=1 k=1

Using equations (7) and (8), we can write the expected cost of the optimal incentive scheme as

follows:
K

ZWkP(H)fU\k =a-+ Z B, Wy
k=1 kA k!
where
o mr(E)my (L) = (H)x (L) + o (H)x g (H) = m (H)mp (H)
Wk’(L)EK(H) — WK(L)Ek/ (H)
mi (H)myp (L) — nﬁ(H)EK(L)C
e Dm0 — 2 Dmy (1)
+W5(H)EK(H)—WK(H)£k,(H) L
T (L)ag(H) — mpe(L)myy (H)
and

i (H)mp (L) — miy ()@ pe (L) iy (H)m g (H) — mje (H)my (H)

B, =nk -7 IS - —
B = mie (H) =l = O ) — 20 (D) (D) oy (L)ag (H) = mx(L)mp (H)

(10)

We claim that Bk// #+ 0 for some k" # K,k'. Suppose not. Then, Bk = 0 for each k # K, K.
Using equation (10),

. (H) (my (L) (H) = 2 (Dmp (H)) = mp(H) (wie(H)mp (L) — m (H )z (L))
+m (L) (o (H) e (H) — i (H )z (H))

Summing over k, rearranging, and solving for 7r,§,(H ):
Cmp(Dag(H) —ag(Dmy (H) + 7 (H) (@ (H) — m (L))

P _
T (H) = g (L) — g (H)
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This implies:

T (H)mp (L) — mp (H)rg (L) _ m(L) — mi(H)

mp(L)og(H) —oxg (D)o (H) 1 (L) — xx(H)
and
T (H)mp (H) = nig(H)mp (H) — wie(H) — mg(H)
mp(L)mk

(H) — my(L)myp (H) B nx(L) —mk(H)
)

T (L)—ml (H s
We know that my (H) < 75 (H). Thus, % < 1 and % > (0. Hence:

K
d mi(H)oy = a=w+c(H)+
k=1

a contradiction.

Because Bk// # 0 for some k" # K, k', we find a feasible contract which is cheaper than w. Let
w be defined as follows:

Wy, = Wi, when &k # K, k' K’
= g () (D) =m () (1)
WK = WK + wkkE(LL)) ; ((g)) ﬂ;élg))ﬂkf(g))
Wkt = Wk + D)t ()~ Dy (1)

{Bk" = ”L/[)k// + E
where
|5| < min {'{l)k// - ’{U\k//_l, 'l/l;k”+1 - 'l/l)k;//, '(//3[( - '&/\Kfl, 'a/\k/ - '(/ljk/_l, 'Uj\k/+1 - '(/Bk;l}

By construction, the payments in w and @ are ranked in the same order. Lemma 1 applies, and
n(H) and ©r(L) yield the minimum expected values of w under actions H and L. Moreover,

- Ek'(H)Ek"(L)—Wk"(H)Ek'(L) _ _K(L)Ek"(H)—EK(H)Ek"(L) Ton
0 = 2l D)~z Dze () O e D) — 2 Dy (i) =)
D)~ mp (D) | meDm ()~ m (D)
O D) mcOme ) Y D)~ Dz T

Hence, w is feasible because w is. The expected cost of w is given by

K
domk(H)yme = G+ Y By
k=1 k#K.K'
= &—i— Z Bk@]f‘i‘ﬂk//&“

k£K k'

Thus, we can choose € > 0 whenever Bk// < 0 and € < 0 whenever Bku > 0. In either case, w is
feasible and cheaper than w, contradicting the optimality of w. Summarizing, if an optimal contract
is contingent on K > 2 events, we can find a feasible contract which is cheaper. Therefore, because
we already proved K < 2 is impossible, a contract can be optimal only if K = 2.
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Proof of Proposition 3

Again we prove the result for the case of implementation with inertia; the other case is analogous.
Let w be an optimal contract that implements a* with inertia. Without loss of generality, label
payments so that wy corresponds to the highest, wy_1 the second highest, and so on. We claim
there exists only one action a’ # a* for which the incentive compatibility constraint binds, and
a’ < a*. Suppose not. Then, there exist two actions @’ and a” different from a* such that

m(a")d; — c(a”) = mi(a); — c(a)) = Y x;(a)W; — c(a®) =T

Jj=1 j=1 j=1

for any 7(a*) € II(a*; w),x(a') € H(a';w), and x(a”) € I(a”; w). By construction x(a*), z(a’), and
m(a”) can be taken to be extreme pomts of the corresponding belief sets. From here on, following
the argument in Grossman and Hart (1983) establishes the claim.

If only the constraint relative to one action a’* binds, @ must also be optimal in a problem where
all other actions a # a’* are dropped from the constraints. Therefore, Proposition 2 applies to that
problem and the optimal contract has a two-wage structure.

Proofs for Section 5

Proof of Proposition 4
Fixae A. Let E,F C {1,...,N}. Then

vY(E)+vY(F) = v(E(a))+v(F(a))

E(a) N F(a)) +v(E(a) U F(a))
NF)(a)) +v((EU F)(a)
NF)+v*(EUF)

= vV

IN
<
R~~~
PN

FE
= vY(F

Thus v* is a convex capacity. Moreover, if 7 € II(a), then 7 = 7(a) for some 7 € II. For each
7 €ll(a), 7(E) =7(E(a)) > v(E(a)) = v*(E). Thus II(a) is a subset of the core of v®. Since II(a)
is closed and convex, it suffices to show that II(a) contains all of the “marginal contribution” vectors
for v, that is, any vector 7 of the form m; = v*({o(1),...,0(5)}) —v*({c(1),...,0(j — 1)}) where
o is a permutation on {1,..., N}. Without loss of generality, consider the identity permutation
and corresponding vector 7 in which m; = v*({1,...,5}) — v*({1,...,45 — 1}) for each j. Thus for

each j, m; = v({y1,...,yj}(a)) — v({y1,...,yj-1}(a)). For each j, set {s{,...,sij} = {y;}(a) =
{y1,...,yjHa) \{y1,...,yj—1}(a). Define @ € A(S) as follows. Set

(s1) = v({s1})
and for each k # 2, ..., kq, set

7_r(Sllc) = I/({S%,. : '7311c}) - V<{S%7 .- '7311c—1})
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For j =2,..., N, similarly define

m(s]) = v({yr,-- -1} @) ULt} — v, - g1} (a)
and for k = 2,...,k;j,

(s1) = v({yn -y} @ U st st ) — vy, yima b (@ U sl sl )

Then 7 is an element of the core of v, since it is the marginal contribution vector corresponding to

the permutation (si,..., 311:1’ ceey S{V, ceey stVN). Thus 7 € II. By construction, for each j,

k]

T({yj}(a v({y1,- -y }@) —v({y, .., yj-1}(a)) = 75

k=1

Thus 7 € II(a), and the claim is established.

Proof of Proposition 5

Fix an action a. For each j =1,..., N, {y;}(a) C S is a non empty and proper subset of S, since
y(a) has support {yi1,...,yn}. Thus for a non empty, proper subset £ C {1,...,N}, E(a) C S
must also be non empty and proper. By assumption,

min 7(E(a)) < 7 (E(a)) < max (E(a))

From this we conclude

i E Pla)(E E
ngql&)”( ) < mj (a)( )<ﬂrg§é)ﬂ( )

Thus the claim is established.
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