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Abstract

We consider mechanism design problems with Knightian uncertainty formalized using
incomplete preferences, as in Bewley (1986). Without completeness, decision making depends
on a set of beliefs, and an action is preferred to another if and only if it has larger expected
utility for all beliefs in this set. We consider two natural notions of incentive compatibility
in this setting: maximal incentive compatibility requires that no strategy has larger expected
utility than reporting truthfully for all beliefs, while optimal incentive compatibility requires
that reporting truthfully has larger expected utility than all other strategies for all beliefs. In a
model with a continuum of types, we show that optimal incentive compatibility is equivalent
to ex-post incentive compatibility under fairly general conditions on beliefs. In a model
with a discrete type space, we characterize full extraction of rents generated from private
information. We show that full extraction is generically possible with maximal incentive
compatible mechanisms, but requires sufficient disagreement across types, which neither holds
nor fails generically, with optimal incentive compatible mechanisms.
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1 Introduction

In his classic work, Knight (1921) suggests a distinction between uncertainty and risk, arguing that
while risky events have known probabilities, the likelihood of uncertain events is more qualitative
in nature and cannot be computed precisely. Ellsberg (1961) advances a more precise definition
of uncertainty, in which an event is uncertain or ambiguous if it has unknown probability. Choice
behavior reflecting this difference is inconsistent with the standard expected utility model, an
observation that has inspired a significant amount of recent research in economics and decision
theory. The extent to which Knightian uncertainty affects economic institutions rests on whether
the ambiguity individuals perceive about the environment translates into equilibrium effects. We
develop a simple extension of the standard mechanism design framework, and use this framework
to study if and how Knightian uncertainty influences economic outcomes in settings with private
information.

Following Harsanyi (1967), we assume that an agent’s type encodes beliefs regarding the
environment in which she acts. We depart from the standard model by assuming these beliefs are
described by a set of probability distributions to reflect the presence of Knightian uncertainty.!
Our model is in the spirit of the decision theory developed by Bewley (1986), in which agents’
preferences may be incomplete. Without completeness, a state-contingent consumption bundle is
preferred to another if and only if it yields larger expected utility for all probability distributions
in some set of probabilities. When Knightian uncertainty is ruled out, this set becomes a singleton
and the model reduces to standard expected utility.

We consider a mechanism design setup with a single agent whose utility depends on her type,
the realized state of the world, and the outcome of the mechanism; the mechanism is itself a
function of the realized state and the report of the agent.? As usual, we focus on conditions
such that the mechanism induces the agent to reveal her private information, represented by
her type. Without Knightian uncertainty, interim incentive compatibility requires that reporting
one’s type truthfully yields expected utility at least as large as any other strategy. With Knightian
uncertainty, the beliefs of each type are described by a set of probability distributions, and a
strategy has no unique expected utility value associated with it. Thus, there are two natural
and distinct notions of incentive compatibility. A weak notion requires that no strategy yields
higher expected utility than truthful reporting for all of the agent’s beliefs; we call this maximal
incentive compatibility. In a maximal incentive compatible mechanism, reporting truthfully might
not be comparable to misreporting. A stronger notion of interim incentive compatibility requires
instead that truth-telling yields expected utility at least as large as any other strategy for all
possible beliefs; we call this optimal incentive compatibility. In an optimal incentive compatible
mechanism, reporting truthfully is preferred to misreporting. In this sense, optimal incentive
compatible mechanisms are robust to the presence of Knightian uncertainty.?

! Ahn (2007) develops a theory of interactive beliefs allowing for agents to hold a compact set of beliefs at any
level, and constructs a corresponding universal type space.

2Since the state can include the types of other players, this framework can be extended to mechanisms with
many players.

3Optimal incentive compatibility is formally equivalent to incentive compatibility in a setup in which there is
no Knightian uncertainty, but the designer has more limited information than in the usual model: he only knows



Our main theorem provides conditions under which optimal incentive compatibility is equiva-
lent to ex post incentive compatibility. These conditions include standard regularity assumptions
often invoked in mechanism design, such as a continuum of types and smoothness of the utility
function. They also include novel restrictions regarding the richness of the agent’s beliefs. In
particular, these conditions are satisfied if the correspondence mapping types into beliefs is lower
hemi-continuous and has non-empty relative interior. Loosely speaking, this controls the way in
which beliefs change as types change and requires that there is Knightian uncertainty about every
state of the world. In the standard framework, when only risk is allowed, interim and ex-post
incentive compatible mechanisms are in general very different. Knightian uncertainty, instead,
can result in sharp restrictions on feasible mechanisms, even when this uncertainty is arbitrar-
ily small. It generates a significant discontinuity with respect to standard Bayesian mechanism
design and therfore it influences equilibrium outcomes.

The second part of the paper focuses on information rents. While the seminal work of Akerlof
(1970) shows that asymmetric information can have welfare consequences, recent papers sug-
gest that appropriately constructed mechanisms can extract all rents agents derive from private
information. Crémer and McLean (1985), Crémer and McLean (1988), and McAfee and Reny
(1992) show that in the standard Harsanyi framework, correlation in beliefs across types allows
the designer to extract all of the surplus in a wide array of settings. Since beliefs are generically
correlated, these results suggest that private information typically has no value.?

We provide necessary and sufficient conditions for full extraction of rents when Knightian
uncertainty is allowed. We focus on settings with a discrete type space since with a continuum
of types our main theorem shows that optimal incentive compatibility is often equivalent to ex
post incentive compatibility, and well-known results imply that full extraction is not possible in
that case. In contrast, with a discrete type space, full extraction may still be possible. We show
that with a maximal incentive compatible mechanism, full extraction follows from the familiar
condition of correlation in beliefs across types, applied to some selection from the agent’s sets
of beliefs. In contrast, full extraction with an optimal incentive compatible mechanism requires
that this correlation condition holds uniformly across all beliefs. When uncertainty is sufficiently
large, full extraction under optimal incentive constraints becomes impossible since belief sets must
eventually intersect. As a consequence of these results, we show that with Knightian uncertainty
full extraction is neither generically possible nor generically impossible.

Our paper is related to different strands of literature in mechanism design and game theory.
First, our theorem on the equivalence between ex post and interim incentive compatibility under
Knightian uncertainty is related to the recent body of work on “detail-free” mechanisms and
robustness in mechanism design. Much of this work is motivated by relaxing aspects of standard
mechanism design assumptions like common knowledge and restrictions on higher order beliefs.
For example, Bergemann and Morris (2005) model robustness to higher order beliefs by requiring
implementation in the universal type space, and show that this is equivalent to ex post implemen-
tation in many settings. This result can be viewed as a generalization of earlier work in Ledyard
(1978) and Ledyard (1979) using the modern language of the universal type space. In these

that the agent’s beliefs belong to some set, but does not know which element of this set represents them.
*Neeman (2004) and Heifetz and Neeman (2006) argue that correlation can also be thought of as restrictive.



papers, valuations are fixed as beliefs vary from type to type. By taking the resulting union over
all possible beliefs, this setup has the flavor of our model when mechanisms must satisfy optimal
incentive compatibility for the special case in which each type’s beliefs display an extreme form
of Knightian uncertainty: belief sets contain all probability measures. In contrast, our main the-
orem applies even for arbitrarily small belief sets, and shows that in many common mechanism
design settings, robustness to subtle and arbitrarily small variation in beliefs nonetheless requires
ex post incentive compatible mechanisms.

A second strand of related literature deals with mechanism design with Knightian uncertainty
and complete preferences. Chung and Ely (2007) consider robustness of auction mechanisms with
respect to the designer’s beliefs about the agents’ types. Focusing on optimal mechanisms as the
designer’s beliefs vary, Chung and Ely (2007) show that there exists at least one belief for which
ex-post incentive compatible mechanisms are optimal. Bose, Ozdenoren, and Pape (2006) study
optimal auction design when the bidders and the seller may be ambiguity averse in the sense
of Gilboa and Schmeidler (1989) and Schmeidler (1989).° Their main result shows that for an
ambiguity neutral seller, the optimal auction must provide full insurance to all types of all bidders
provided the bidders’ belief sets contain the seller’s (unique) belief. In contrast, we do not model
the designer’s beliefs explicitly, and focus instead on robustness to models of individual agents’
beliefs.

Our results on the existence of information rents and the potential for full extraction are
related to recent work emphasizing robustness. Neeman (2004) points out that the possibility of
full extraction hinges critically on the assumption that types with different values have different
beliefs. Heifetz and Neeman (2006) argue that this assumption is not satisfied generically in
appropriate type spaces allowing for richer higher order beliefs. Our approach instead considers
robustness to the introduction of Knightian uncertainty in simple type spaces. Our results show
that the presence of Knightian uncertainty provides an alternative justification for the impossi-
bility of full rent extraction in private information settings.

The paper proceeds as follows. Section 2 describes the decision-theoretic framework that
motivates our model. Section 3 introduces the setup. Section 4 develops the equivalence between
optimal and ex-post incentive compatibility. In Section 5 we study the problem of full extraction
of information rents in Knightian mechanisms. Section 6 concludes.

2 Preliminaries: Incomplete Preferences and Uncertainty

In this section we briefly illustrate the Knightian decision theory presented in Bewley (1986),
as it provides the foundation for our analysis.® The main result in Bewley (1986) shows that
a strict preference relation that is not necessarily complete, but satisfies all other axioms of
the standard Anscombe-Aumann framework, can be represented by a utility index and a set of
probability distributions. Incompleteness is thus reflected in multiplicity of beliefs: the unique

’See also Chen, Katuscak, and Ozdenoren (2007) and Levin and Ozdenoren (2004) for other work on auctions
with ambiguity averse bidders.
fBewley’s original paper has been published recently as Bewley (2002).



subjective probability distribution of the standard expected utility framework is replaced by a
set of probability distributions.

Let x = (z1,...,25) and y = (y1,...,ys) denote state-contingent payoff vectors in Ri.
Bewley (1986) gives axioms under which a preference relation >~ that is not necessarily complete
can be represented by a closed, convex set II of probability distributions on S and a continuous,
concave function u : R4 — R, unique up to positive affine transformations, such that

S S
x -y if and only if Zﬂsu (xs) > Zﬂsu (ys) for all € II.

s=1 s=1

Abusing notation slightly, we rewrite this as

T -y if and only if  E;[u(z)] > Ex [u(y)] for all 7 € I,

where E,[] denotes the expectation with respect to the probability distribution 7 = (7q,...,7g).”

If > is complete, the set II reduces to a singleton and the usual expected utility representation
obtains.® Without completeness, comparisons between alternatives are carried out one probability
distribution at a time: one bundle is strictly preferred to another if and only if its expected utility
is larger under every probability distribution in the set I1.°

Bewley (1986) suggests that the above representation captures the Knightian distinction be-
tween risk and uncertainty, where an event is risky if its probability is known, and uncertain
otherwise. The decision maker perceives only risk when II is a singleton, and uncertainty oth-
erwise. Thus incompleteness and uncertainty are two sides of the same phenomenon; both the
amount of uncertainty that the decision maker perceives and the degree of incompleteness of her
preference order > are measured by the size of the set I1.1°

A picture may help to clarify this representation. In Figure 1, the axes measure utility levels
in each of two possible states. A single probability distribution from the set II determines the
slope of an indifference set through the fixed bundle x associated with the corresponding expected
utility function for that distribution; since the axes measure utility levels, these indifference sets
are straight lines. Selecting different elements of the set II generates a family of indifference sets
through x, each corresponding to a different probability distribution. The thick lines represent
the extreme elements of this family, while the thin ones represent other elements.

"Incompleteness in decision making in a von Neumann Morgenstern setting was first studied by Aumann (1962)
and Aumann (1964). Recently, this work has been extended and clarified by Dubra, Maccheroni, and Ok (2004), Ok
(2002) and Shapley and Baucells (2008). Preferences of this kind have also been studied by Ghirardato, Maccheroni,
Marinacci, and Siniscalchi (2003), Gilboa, Maccheroni, Marinacci, and Schmeidler (2008), and axiomatized by
Girotto and Holzer (2005) in an infinite state space.

*We say = is complete if for all z € R, cl {y e R} :x =y or y = x} = R,

9The natural notion of indifference defines two bundles to be indifferent if they have the same expected utility
for each probability distribution in II.

""For precise results along these lines, see Ghirardato, Maccheroni, and Marinacci (2004) or Rigotti and Shannon
(2005).
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Figure 1: Incomplete Preferences

A bundle like y is preferred to x since it lies above all indifference lines through z. Similarly,
x is preferred to w since w lies below all indifference lines through x. Finally, z is not comparable
to x since it lies above some indifference lines through = and below others. Thus each bundle
x generates three regions: bundles better than x, worse than x, and incomparable to . This
last set is empty only if there is a unique probability distribution over the two states (i.e. the
preferences are complete).

Usual revealed preference arguments may not apply when preferences are incomplete. If y
is chosen when z is available, we cannot say y is revealed preferred to z; we can only say x is
not revealed preferred to y. Choice among incomparable alternatives cannot be linked directly
to preferences. This observation will have important implications for modeling implementation
in mechanism design problems since it bears directly on the idea of incentive compatibility.

Bewley (1986) proposes a behavioral assumption, inertia, to deal with some choices among
incomparable alternatives. The inertia assumption comprises two distinct assumptions: first,
the existence of a distinguished alternative that can be considered the status quo, and second,
that this status quo alternative is chosen as long as no feasible alternative is strictly preferred
to it. Notice that this assumption is independent from the model of incomplete preferences
described above. Indeed, we will make no assumptions regarding either the existence of a status
quo alternative or inertia, in part because our focus is on robustness to agents’ multiple priors.
One difficulty with such an inertia assumption is identifying a plausible candidate for the role
of status quo. In a mechanism design framework, a natural candidate for a status quo is the
outside option. In this case, inertia could used to refine the notion of individual rationality. This
would not affect the meaning of incentive compatibility, however, since the status quo plays no
role there.



3 The Setup

In this section, we describe a simple mechanism design framework with Knightian uncertainty,
and introduce two notions of incentive compatibility. Our setup is entirely standard, except for
the possibility that agents’ perceptions of the state space reflect Knightian uncertainty. We focus
on a framework with a single agent so that we can strip away issues pertaining to higher order
beliefs and strategic uncertainty.

Let S be the set of states and O be the set of outcomes. We assume that S is a compact
metric space. We let A(E) denote the set of all countably additive probability measures on a
set F/, and endow A(FE) with the weak* topology. There is a single agent with privately known
type t € T. We restrict attention to direct mechanisms.!! Any such mechanism is a function
¢ : T'x S — O that specifies an outcome ¢ (6, s) € O for any reported type § € T and any realized
state s € S. The agent’s payoff function is

u:0xT xS — R.

If the agent reports 6 while her true type is t, her ex post utility when the realized state is s is

u(o(8,s),t,s).

This framework can be modified to allow for many agents, by specifying that the type spaces of
other agents be part of each agent’s state space.

Each type t € T has a closed, convex set of beliefs I1(¢) C A (S). We follow the standard
assumption that the designer does not know the type of the agent, but does know the beliefs
associated to each type. If the agent reports 6 while her true type is ¢, we denote her expected
payoff according to m € I1 (t) by

Er [u(¢(0,5),t, 5)] .

In the standard Bayesian setup, II(¢) is a singleton for each ¢t € T, and this expected value
corresponds to the agent’s interim expected utility. This case corresponds to the absence of
Knightian uncertainty in our model.'? We will refer to the opposite extreme where the set of
beliefs of each type is the entire simplex, that is, IT (t) = A (S) for all t € T, as “full ignorance”.

A mized strategy is a function o : T' — A (T') specifying a probability distribution o (¢) € A (T)
for each t € T.'3 The expected payoff generated by o(t) € A (T) is denoted

Ea(t) [u (¢ (9’ 5) it 5)] )

"Tn the appendix we verify that the revelation principle holds in our setting: for any equilibrium outcome of any
(indirect) mechanism there exists a direct mechanism in which truth-telling is an equilibrium inducing the same
outcome.

12The terms “ex post” and “interim” are in accordance with standard mechanism design terminology: interim
refers to the stage at which the agent knows her type but has not observed the state, while ex post refers to the
stage at which there is no uncertainty about the realized state.

3Since o(t) specifies a unique distribution for each type, the agent views the randomness induced by his use of
a mixed strategy as risk rather than uncertainty.




and the interim expected utility of o(¢) according to any 7 € II (¢) is
Ex [Ea(t) [u(¢(97 S)a t, S)H :

In this framework, there are several plausible definitions of incentive compatibility. The first
is the standard notion of ex post incentive compatibility. Because it is an ex post concept, beliefs
are irrelevant: truthtelling must be preferred to any misreport in each state.

Definition 1 A mechanism ¢ : T x S — O is ex post incentive compatible for type t if for each
seSs
u(o(t,s),t,s) > u(e0,s),t,s) Ve € T.

Matters are less straightforward at the interim stage. In settings without Knightian uncer-
tainty, preferences are complete and there is no incentive to misreport if and only if reporting
truthfully is (weakly) preferred to not doing so. In this case, interim incentive compatibility
requires that truth telling yields (weakly) higher expected utility than any other strategy. This
requirement is ambiguous when the agent’s beliefs set is not a singleton. In particular, prefer-
ences are not complete and a mechanism may offer no incentive to misreport even if reporting
truthfully is not preferred to misreporting: the two choices can be incomparable.

Two notions of interim incentive compatibility arise naturally in this context. The first
notion requires that no strategy yields higher expected utility than truth-telling for all beliefs in
the agent’s belief set.

Definition 2 A mechanism ¢ : T x S — O is maximal incentive compatible for type t if there
exists no o(t) € A(T) such that

Er [Eyqy [u(¢(0,5),t,5)]] > Ex[u((t,s),t,s)] Vrell(t).

The second notion of interim incentive compatibility requires that truth-telling yields (weakly)
higher expected utility than misreporting for all beliefs in the agent’s belief set.

Definition 3 A mechanism ¢ : T x S — O is optimal incentive compatible for type t if for all
o(t) e A(T)

Er [U ((b (ta S) )4 3)] > Er [Ea(t) [u (Cb (97 S) 4 S)H vrell (t) :
We say that a mechanism is ex post, mazimal, or optimal incentive compatible if it is ex post,

maximal, or optimal incentive compatible for all £+ € T.* We focus on incentive compatibility,
and disregard individual rationality, only to highlight that our main result does not depend on it.

4Note that to verify optimal incentive compatibility, it suffices to check for deviations in pure strategies, while
for maximal incentive compatibility deviations in mixed strategies must also be checked.



On the other hand, following the same reasoning above, one would have two notions of individual
rationality: maximal individual rationality, in which the outside option is not preferred to truth
telling, and optimal individual rationality, in which truth telling is preferred to the outside option.

An optimal incentive compatible mechanism is also maximal incentive compatible while the
converse does not necessarily hold. One can easily construct maximal incentive compatible mech-
anisms in which there exists a report that is not comparable to truthful reporting for some type.

The relationship between maximal and optimal incentive compatibility differs from the famil-
iar relationship between best-response and strict best-response in the standard Bayesian frame-
work because of the difference between incomparability and indifference.'® In particular, when
preferences are strictly monotone, small changes in payoffs can always break ties due to indiffer-
ence, but cannot in general eliminate incomparable alternatives.

The type space is T={t,0}, the state space is S={s,s’}, &(*) is a direct mechanism, and the agent’s true type is t

A A
utility in state s utility in state s

t ismaximal (but not optimal) t is optimal (and also maximal)

N
~ | —_
u(8(t9) L) : TR
U(6(0.9).tS) u@O.).ts

N

u(e(ts)ts) — u(e(8,s),ts) utifity in state s u(¢(e,;'),t,5') u§(¢(t,5'),t,5')

Figure 2: Maximal and Optimal Incentive Compatible Mechanism

Definitions 2 and 3 are illustrated by Figure 2. The axes display utility levels in an environ-
ment with only two states and two types. Given a direct mechanism ¢, the point ¢ represents the
utility the agent gets from reporting truthfully while the point 6 represents what she gets from
misreporting. The graph on the left is a maximal mechanism: the agent’s expected utility from
telling the truth is sometimes larger and sometimes smaller than the expected utility from lying.
The graph on the right is an optimal mechanism: the agent’s expected utility from telling the
truth is always larger than the expected utility from lying. Figure 2 also helps to illustrate that
the interim incentive constraints become more restrictive as the amount of Knightian uncertainty
perceived by the agent increases. As II(¢) becomes larger, the maximal incentive constraints
become less demanding while the optimal incentive constraints become tighter.

Another way to appreciate the distinction between maximal and optimal incentive compat-
ibility comes from considering an agent’s behavior in mechanisms that satisfy maximal or op-

Y For example, indifference is transitive while incomparability need not be.

v



timal incentive compatibility. In the maximal case, it is difficult to conclude that the agent
will report truthfully since, as in Figure 2, misreporting and truthtelling can be incomparable
alternatives. Unlike indifference, this issue cannot be resolved by arbitrarily small payments or
increases in utility. In contrast, if the mechanism makes truthtelling an optimal choice for the
agent, then misreporting has (at least weakly) lower expected utility than truthtelling for any
prior and for any possible misreport. A misreport can also be optimal in this case only if it
yields the same expected utility as truthtelling for every prior. If beliefs are sufficiently rich,
the only such misreports are those that are indifferent to truthtelling ex post, that is, such that
u(P(t, s),t,s) = Eq[u(é(0,s),t, s)] for every state s. Similarly, a misreport that is not optimal can
be maximal in this case only if it yields the same expected utility as truthtelling for some priors,
and strictly lower expected utility for all other priors. In either case, just as with misreports
that are indifferent to truthtelling in a standard Bayesian mechanism, truthtelling can be made
strictly preferred by arbitrarily small payments or utility increases. Any other misreport must
yield strictly lower expected utility for every prior. In this sense, optimal incentive compatibility
reflects the requirement that the mechanism be robust to the presence of Knightian uncertainty.

Optimal incentive compatibility can also be viewed as reflecting robustness to the agent’s
attitude toward uncertainty. In this interpretation, rather than assuming that the agent has
incomplete preferences represented as above and that this is known by the designer, the designer
may identify a set of possible beliefs for the agent, but does not know the agent’s attitude toward
uncertainty. Many different models of ambiguity are consistent with this framework, inlcud-
ing maxmin expected utility, Choquet expected utility, the smooth ambiguity model and other
models of second-order priors. This argument is similar to the separation between beliefs and
ambiguity attitudes in Ghirardato, Maccheroni, and Marinacci (2004) and in Rigotti, Shannon,
and Strzalecki (2008). Optimal incentive compatibility then corresponds to the requirement that
the mechanism be robust to lack of detailed knowledge regarding how ambiguity is perceived by
the agent.

Another view of our results takes a further step away from the interpretation of Knightian
uncertainty, and instead follows the work on robustness to higher order beliefs in mechanism
design, as a version of addressing the “Wilson critique”. In an influential paper, Bergemann and
Morris (2005) argue that mechanisms should be robust to relaxing common knowledge assump-
tions among the planner and agents. They ask when ex post implementation is equivalent to
interim implementation for every type space. This is interpreted as a reflection of robustness
to the planner’s lack of knowledge of agents’ beliefs or higher order beliefs about other agents’
types. In the face of this potential lack of knowledge, interim implementation is required for
every possible specification of agents’ beliefs over types. More specifically, they fix a payoff envi-
ronment, which specifies the set of outcomes, the payoff type and utility function over outcomes
and type profiles for each agent, and a social choice correspondence mapping payoff type pro-
files to sets of outcomes. Using an implicit representation of higher order beliefs as in Harsanyi
(1967) and Mertens and Zamir (1985), types encode beliefs and the infinite hierarchy of higher
order beliefs in their model. Thus fixing the payoff environment while varying agents’ beliefs over
types generates different type spaces corresponding to the same underlying payoff types. Interim

16 A similar reasoning applies if one considers individual rationality. Maximal individual rationality does not
guararantee that the agent will participate in the mechanism while optimal individual rationality does (weakly) .



implementation for every type space then requires the mechanism to provide correct incentives
for any possible specification of beliefs over types. Bergemann and Morris (2005) show that in-
terim implementation implies ex post implementation provided the problem is separable, notably
including quasilinear environments and problems in which the social choice correspondence is a
function.

Formally, we consider a closely related notion of robustness, although our motivation is quite
distinct. We also examine mechanisms that must provide correct incentives in a fixed payoff
environment for a range of beliefs over states of nature, which we can take to include types of
other agents in a multi-agent setting. By appealing to an implicit type space representation, our
results could similarly be interpreted in terms of robustness to higher order beliefs. In contrast,
our underlying foundation of uncertainty and incomplete preferences provides an equilibrium
behavioral justification for the robustness notion we consider, as well as providing theoretical
guidance for restricting the set of beliefs considered.

We restrict attention to social choice functions, rather than more general social choice corre-
spondences. As Bergemann and Morris (2005) note, in this case considering direct mechanisms
that use only information on payoff types is without loss of generality, and their main results
hold with no further restrictions on the environment. In this case, their results can be viewed as
embedding earlier results of Ledyard (1978) in the modern framework of type spaces. Allowing
for extreme beliefs drives their conclusions: among all possible beliefs over types or states are
those that are degenerate, assigning probability one to a given type profile or state. Interim
implementation for the type space corresponding to these degenerate beliefs requires that the
outcome of the mechanism is an equilibrium when this type profile or state is fixed, and since
every degenerate belief is possible, interim implementation for all type spaces requires ex post
implementation.!” For reference and comparison we give a version of this argument below for
our general setting, in Lemma 1; see also Ledyard (1978). Our main results, however, are quite
distinct. Instead we show that, surprisingly, in many common mechanism design settings, ro-
bustness to subtle and arbitrarily small variation in beliefs nonetheless requires ex post incentive
compatible mechanisms. We discuss these points in more detail below following Theorem 1.

When II(¢) is a singleton, maximal and optimal incentive compatibility collapse to the stan-
dard notion of interim incentive compatibility. At the other extreme case of full ignorance, in
which the agent’s belief set is the entire simplex, optimal incentive compatibility is equivalent
to ex post incentive compatibility, while maximal incentive compatibility is equivalent to the
property that truthtelling is not strictly dominated.'® We record these observations as Lemma
1.

'"Bergemann and Morris (2005) also consider the restriction to full support beliefs. They show that their results
carry over to interim implementation for all possible full support beliefs in the quasilinear case, or more generally,
under compactness conditions, using a limiting argument as full support beliefs arbitrarily approximate degenerate
distributions.

"8 Truth-telling is not strictly dominated for type t when there is no o (t) € A (T) such that

Eswy[u(o(0,s),t,5)] >u(o(t,s),t,s) Vs e S.

10



Lemma 1 IfII(t) = A(S5), then

(i) a mechanism is optimal incentive compatible for type t if and only if it is ex post incentive
compatible for type t;

(i) a mechanism is maximal incentive compatible for type t if and only if truth-telling is not
strictly dominated for type t.

Proof (i) Ex post incentive compatibility always implies optimal incentive compatibility, so we
need to prove only the other direction. Suppose that ¢ is optimal incentive compatible for type
t but not ex post incentive compatible for that type. Then, there exists a state s and a report 6
such that

u(o(t, s),t,s) <u(p(d,s),t,s).

Let 7* denote the measure assigning probability one to s. Since 7% € II () = A (5), truth-telling
cannot be optimal incentive compatible.

(ii) Clearly if truth-telling is not strictly dominated, maximal incentive compatibility holds.
For the converse, suppose that ¢ is maximal incentive compatible for type ¢t. Then, there exists
no o(t) € A(T) such that

E:lu(o(t,s),t s)] < Ex [Ea(t) [u(o(0,s),t, s)]] Vre A(S).

Let 7* denote the measure assigning probability one to some state s. Clearly, 7° € II(t) = A (S)
for each state s € S. For these measures, the above inequality becomes

u ((b <t7 S) .2 S) < Ea(t) [u (¢ (97 5) it S)] :

Since this applies to any s € S, truth-telling is not strictly dominated. ]

Lemma 1 is related to some early work on implementation when the designer may not know the
agents’ beliefs in a standard Bayesian setting. Ledyard (1978, 1979) shows that a mechanism that
is incentive compatible for any belief of the agent is equivalent to an ex post incentive compatible
mechanism. As we discussed above, this framework is isomorphic to imposing optimal incentive
compatibility under full ignorance. Lemma 1 translates in our framework a well known result in
the mechanism design literature, thus is not surprising. In the next section, our main result shows
that the equivalence between ex post incentive compatibility and optimal incentive compatibility
goes beyond this simple case. Surprisingly, this equivalence can hold even when the agent’s belief
set is arbitrarily small.

4 Optimal and Ex Post Incentive Compatibility

In this section, we provide conditions under which optimal and ex post incentive compatibility are
equivalent. Since ex post incentive compatibility always implies optimal incentive compatibility,
we concentrate on establishing the reverse implication.

11



We begin by imposing regularity conditions on the payoff function that enable us to use the
envelope theorem. These conditions are fairly common in the mechanism design literature.

Assumption 1  (a) The type space is T = [0, 1];

(b) The payoff function u: O x T x S — R is differentiable with respect to t, and ug := % is
non-negative and bounded.

Given the differentiability assumption, the non-negativity of uy is without additional loss of
generality, since types can always be reordered. Assumption 1 does not rule out the possibility
that us equals zero on some interval. Therefore, two distinct types ¢ and ¢ can have the same
payoff function wu(-,¢,-) = u(-,t',-) even if their belief sets are different.

We next provide a useful characterization of mechanisms that satisfy ex post incentive com-
patibility. Under Assumption 1, ex post incentive compatibility can be characterized in terms of
an envelope condition and a cyclical monotonicity condition.

Definition 4 A mechanism ¢ : T x S — O satisfies the ex post envelope condition if for each
ses

WOt 5), 1, 8) — u(d(t, 5), 1, 5) = / " wa(é(r.8) syl Vet €T,
t

Definition 5 A mechanism ¢ : T x S — O is ex post cyclically monotone if for all finite cycles
to,t1, .. tN+1 =10

N
> [ (6 (thr 8) s trrs 8) — w (6 (b, 8) sty 8)] < 0

k=0
for each s € S.

Rochet (1987) shows that in a quasilinear environment, cyclical monotonicity and ex post
incentive compatibility are equivalent. This result is extended by Bikhchandani, Chatterji, Lavi,
Mu’alem, Nisan, and Sen (2006), in which cyclical monotonicity is replaced by the less stringent
weak monotonicity, and a richness condition is imposed on the type space. Since our environment
is not quasilinear, we cannot appeal directly to these results. The next lemma thus extends
Rochet’s result to our setting. Notice that cyclical monotonicity and weak monotonicity reduce
to the more familiar ex post monotonicity in the standard auction setting (see, for example,
Krishna (2002)).

Lemma 2 Suppose Assumption 1 holds. Then a mechanism is ex post incentive compatible if
and only if it satisfies ex post cyclical monotonicity and the ex post envelope condition.

Proof Fix s € S, and set w (0,t) := u(4(6,s),t,s). Using this notation, the ex post envelope
condition, ex post monotonicity, and ex post incentive compatibility can be rewritten as follows:

t/
w(t' ') — wit,t) = / wo(r,T)dr  VLE €T, (EPEC)
t
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N
Z [w (g, ter1) — w (tr, t)] <0 for all finite cycles tg,t1,...,tn+1 = to (EPCM)
k=0

and
w(t,t) > w(b,t) Vt,0 eT. (EPIC)

where ws(+) denotes the derivative with respect to the second argument.
First we show that EPEC and EPCM imply EPIC. To that end, take ¢y € [0,1] to be arbitrary,
and define the function V' (¢) by

N
V()= sup Z [w (e, tot1) — w (L i)
{all chains tg to tyy1=t}
By definition, V' (tp) = 0, and
V(to) > V(t) +w(t, to) — w(t,t)
which implies that V'(¢) is finite for all ¢ € [0, 1]. Then as in Rochet (1987), cyclical monotonicity
implies
V() > V() +w(t' ) —wl' t) Vit eT. (1)

This can be rewritten as
vV (t) - V(t/) 2 w(tlv t) - w(t/a t/)

Switching the arguments above yields
V() —=V(t) >wtt) —w(tt).
Combining the two previous inequalities yields
w(t,t) —w(t,t) >V )=V () >w ' t) —w,t).

Taking t > ¢ and dividing by ¢ — ¢’ yields

'lU(t,t) —U)(t,t/) > V<t) _V(t/) > w(tlat) _w(t/7t/)
t—t = t—t = t—t ’

Taking the limit as ¢’ goes to t, we conclude
we (t,t) = V' (t) vt € (0,1).

Together with EPEC this implies
V(t)=w(tt)+k

for some constant k. Hence, equation 1 can be rewritten
w(t,t) >w () +w(t,t)—w,¢) VLt eT;

or
w(t,t) >w (', ¢) vt t' €T,

13



which is EPIC.

For the converse, suppose that EPIC holds. Using Assumption 1, EPEC follows immediately
from the envelope theorem as in Theorem 2 in Milgrom and Segal (2002). Now consider any
finite cycle tg,t1,...,tnN+1 = to. Incentive compatibility implies

Vk=0,...,N, w (tg, ter1) — w (tg, tx) < 0.

Summing all these inequalities yields

N
[w (ks th1) — w (e, t)] <0,
k=0
or
N
> w (s, k) — w (b t)] <0,
k=0
which implies EPCM. ]

The second set of assumptions needed for the main result pertain to the agent’s beliefs.
Roughly, beliefs are required to be sufficiently rich and locally overlapping as types vary. We
formalize these ideas as follows.

Definition 6 A set I C A(S) has full dimension if, given any continuous function g : S — R,

/g(s)dW:O vVrell implies g = 0.
S

Definition 7 The agent’s beliefs are fully overlapping if for each t € T there exists a neighbor-

hood N(t) C T such that () IL(t') has full dimension.
#EN(1)

At the end of this section, we elaborate on how this assumption can be interpreted as a
consequence of a form of continuity of the mapping of types into belief sets. We now turn to the
main result.

Theorem 1 Suppose that Assumption 1 holds and that the agent’s beliefs are fully overlapping.
Then any mechanism that is optimal incentive compatible and ex post cyclically monotone is also
ex post incentive compatible.

Proof Lemma 2 has established that ex post cyclical monotonicity is necessary for ex post
incentive compatibility. The main step in the proof below then consists in using the envelope
theorem in integral form (Milgrom and Segal (2002)) and the assumption of fully overlapping
beliefs to arrive at the ex post envelope condition. The result then follows immediately from
Lemma 2.

14



Let ¢ be a mechanism that satisfies optimal incentive compatibility. By definition, for all

t,0eT,
/u(qb(t, s),t,s)dm — / u(e(0,s),t,s)dr >0 Ve II(t).
S S

Fix tp € T and, using fully overlapping beliefs, choose a neighborhood N(t9) C T of tp such
that 1TV (tg) := Npen(,)(t) has full dimension. For each m € II"(tg) and each ¢’ € N(to),
the inequalities above together with an envelope theorem (see Theorem 2 in Milgrom and Segal
(2002)) ensure that

Léu@@mﬁﬁm@mriéuWGﬂﬁjﬂﬁWﬁzAm(éuﬂ¢hﬁ%ﬂ@&0d7 @)

or equivalently

.L{Mdm”%mﬁ)—M¢waﬂﬁ)_/

t/

to

uz(o(T,s), T, S)dT:| dr =0 VeIV ().

Since IV (¢y) has full dimension, for each ¢’ € N(ty),

to

u(P(to, s),to, s) — u(P(t', s),t',s) = / ug(p(T,s),7,8)dr Vs € S. (3)

t/
This in turn implies that for almost all ¢’ € N(tp),
0

—u
ot

Since tg was arbitrary, we conclude that equation (3) holds for all ¢,#' € T'. Thus ¢ satisfies the

ex post envelope condition. By assumption, ¢ is also ex post monotone, so Lemma 2 yields the
desired conclusion that ¢ is ex post incentive compatible. [ |

((ﬁ(t/v 5)7 tla 3) = u2(¢(t/7 3)7 t/, S) Vs e S.

Assumption 1 is indispensable for this equivalence result. In particular, if 7" is finite, even
if all types have the same belief set of full dimension, a large class of mechanisms will be ex
post cyclically monotone and optimal incentive compatible but not ex post incentive compatible.
Intuitively, this is because with a finite type space there is ‘slackness’ in the incentive compatibility
constraints. The following example shows that the fully overlapping beliefs condition is also
critical.

Example 1 Let S = {1,2}, and assume the agent has quasilinear utility with value t € [0,1] for
a given object. An outcome is determined by the pair (q,m), where q denotes the probability that
the agent is awarded the object and m denotes her payment. A mechanism specifies an outcome
q(0,s), m(0,s), for any pair (8,s) € [0,1] x{1,2}. The agent’s payoff function is u(¢(0,s),t,s) =
tq(0,s) —m(6,s). A probability m € A(S) is identified by the number 71 := Pr[s = 1], while a
belief set I1(t) corresponds to an interval [r(t),71(t)] C [0,1]. Let e € (0,3], and

~ [5-255 ¢, 0<t<3;
[, (), 71 (1)) =
[2+¢,2 +2¢], F<t<l
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Consider the mechanism (q,m), where q(0,s) =1 for all (0,s), g > 0, and

%g, if9>%ands:1;

m(6,s) =< —g, if 0> % and s = 2;
: 1
O, ’Lf9§§

Since w(t — 39) + (L —m)(t + g) =t + g(1 — 37), the interim expected utility function

t+g(l—3m) ifo>1,
U((0,s),t) =
t if 0 < 3,

s mazimized by any 0 > % ifm < %, and by any 6 < % ifm > % Since m < % for all m € TI(t)
when t < %, and ™ > % for all m € TI(t) when t > %, the mechanism satisfies optimal incentive
compatibility. However is it easy to see that ¢ is not ex post incentive compatible: since g > 0

any type t > % prefers to report 6 < % when s = 2.

Lemma 2 and Theorem 1 can be generalized to multi-dimensional type spaces. For example,
suppose that (i) the outcome space consists of all probability distribution over a finite set, i.e. O =
A ({1,...,k}), so that any mechanism can be represented by ¢ (6,s) = (¢, (6,5),...,¢5(0,5)),
where ¢; (0,s) denotes the probability of choosing outcome j; (ii) 7" is a smoothly connected
subset of R¥, i.e. for any two points ¢, € T there exists a differentiable function f : [0,1] — T
such that f(0) =t and f (1) = t'; and (iii) u (4 (0,s),s,t) = Z?Zl tjd; (6, ). In this case, the
function u (j,s,t) = f(tj(s)) satisfies Assumption 1, and the proof of Theorem 1 follows, with
the requisite change that the integrals in equations (2) and (3) are interpreted as path integrals
along any path connecting ¢ and t'.

Theorem 1 shows that the presence of Knightian uncertainty, when taken together with the
particular notion of robustness imposed by optimal incentive compatibility, can severely limit
the set of feasible mechanisms. In particular, the designer can only choose among ex post incen-
tive compatible mechanisms. This result is obtained despite maintaining the standard common
knowledge assumptions that make the problem easier to solve for the designer. Nonetheless, this
informational advantage is not sufficient to utilize mechanisms that are not ex post incentive
compatible.

Our results are complementary to recent work on robust mechanism design, as we discussed
above. Bergemann and Morris (2005) consider the problem of implementing a given social choice
correspondence. In their setting, agent ¢ has payoff function u; : Y x ©; — R, where Y denotes
the set of feasible outcomes and ©; denotes the set of all possible “payoff types”. The agent’s
privately known type t; € T; determines both her payoff type 6;, via a function 8; : T; — ©;, and
her belief about the other agents’ types 7; (-[t;) € A (T-;). A type space in this environment is a
collection (73, 6;, %i)i]:l. A payoff type space is a type space in which for each i, T; = ©; and 0; is
the identity map. Our setup can be interpreted as a payoff type space where the state s includes
the type profile of other agents whose behavior is not modeled explicitly.
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Bergemann and Morris (2005) show that, with quasi-linear payoff functions and unrestricted
payments, ex post incentive compatibility is equivalent to interim incentive compatibility in
all payoff type spaces in which the agents’ beliefs are consistent with a common prior. The
key observation, which can be viewed as embedding earlier results of Ledyard (1978) in the
modern framework of type spaces, is the following. If a mechanism ¢ satisfies interim incentive
compatibility for all distributions, then it must also satisfy interim incentive compatibility in the
type space where all agents but 7 have a fixed payoff type profile 6_;. Since this is true for any
profile 0_; € ©_;, the mechanism ¢ must be ex post incentive compatible. This reasoning does
not rely on the cardinality of the type space and can be used without essential alterations to
establish the equivalence between optimal and ex post incentive compatibility in our setting for
the case in which IT(¢) = A (S) for all t € T. We have applied a similar reasoning in the proof
of Lemma 1. In contrast, Theorem 1 shows that with a continuum of types, the equivalence
between optimal incentive compatibility and ex post incentive compatibility may hold even when
the belief sets of all types are significantly restricted.

We close this section by examining the assumption that beliefs are fully overlapping. A
sufficient condition for this assumption to be satisfied is that the correspondence mapping types
into belief sets is in some sense continuous. As the following example makes clear, this restriction
can be satisfied by sets of beliefs that are small relative to the simplex. The latter observation is
important when interpreting our result in light of the recent literature on robustness in mechanism
design.

A sufficient condition for the belief set to have full dimension comes from the observation that
a convex set II C A(S) has full dimension whenever its algebraic interior in A(S) is non-empty,
where the algebraic interior of II is given by

alg-int IT := {r € I1 : V& € A(S) there exists § € (0,1] such that (1 — d)7 + o7 € I1}.

A stronger sufficient condition, equivalent when S is finite, is that Il has non-empty relative
interior. Using this observation, a simple example of such a set with full dimension arises from
the common e-contamination model of ambiguity, in which for fixed € € (0,1) and @ € A(S), the
belief set is given by

I :={mr € A(S) : m = (1 — )T + &7 for some 7 € A(S)}.
The set II. has full dimension for any ¢ € (0, 1).

Beliefs are fully overlapping under a mild form of continuity of the correspondence describing
the agent’s beliefs as her type varies. This point is formalized by the following result.

Theorem 2 If the correspondence I1 : T — 22 s lower hemi-continuous and IL(t) has non-
empty relative interior for each t € T, then the beliefs {I1(t) : t € T'} are fully overlapping.

Proof For each t, let rintlI(¢) denote the relative interior of II(¢), which is non-empty by
assumption. The correspondence ¢ — rintII(¢) is lower hemi-continuous, so has a continuous
selection 7(t) € rintIl(¢) for each ¢. Fix ¢, and choose € > 0 and a neighborhood N (t) such
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that Be(m(t')) C rintIl(¥') for each ¢ € N(¢). Next, using the continuity of ¢ — (t), choose a
neighborhood N () C N(t) such that for all ' € N(t), 7(t') € B/o(n(t)). Then by construction,
B, ja(m(t)) C Be(m(t')) C rintII(t') for each ¢ € N (t), hence B jo(n(t)) C ﬁt,eN(t)rintH(t’). [

Returning to the e-contamination model for an example, if ¢t — (7(t),e(t)) € A(S) x (0,1)
is continuous, where {7(t) : t € T’} are mutually absolutely continuous, and II(t) := IL (7 (%)),
then beliefs are fully overlapping. Notice that as € goes to zero this model converges to the
standard model in which Knightian uncertainty is ruled out. In that case, we know that the class
of interim incentive compatible mechanisms is much larger than the class of ex post incentive
compatible mechanisms. Yet under arbitrarily small amount of Knightian uncertainty, optimal
incentive compatibility and ex post incentive compatibility can coincide.

5 Full Extraction in Knightian Mechanisms

In this section we examine the extent to which private information can generate rents in the
presence of Knightian uncertainty. The answer to this question depends on the notion of incen-
tive compatibility used and on how information rents are defined in the presence of Knightian
uncertainty. We already know from Theorem 1 that, with a continuum of types, optimal in-
centive compatibility is equivalent to ex post incentive compatibility under some conditions on
beliefs. Whenever this result applies, full extraction with ex post incentive compatible and ex
post individually rational mechanisms is not feasible. For this reason we focus on the case with
finitely many types.

We adopt a single agent setup similar to McAfee and Reny (1992). The agent can participate
in a game that will leave her with ex post rents. These rents depend on her private information,
summarized by a set of types T, and on publicly observed information, summarized by a set of
states S. We focus on the case where both the type space T and the state space S are finite and,
with slight abuse of notation, we use S and T to denote both the sets and their cardinality. The
precise nature of the game (an auction, a bargaining game, etc.) is irrelevant for our purposes.
We take the agent’s payoff function r : T'x S — R as a primitive, with r(¢) : § — R denoting
the rents for type t as function of the publicly observed state s.

The designer (a seller, a mediator, etc.) can charge the agent for participating in the game,
while the agent can choose whether or not to participate; if she does not participate her payoff is
zero. Since the realization of s is publicly observable, the designer can charge a participation fee
contingent on each realized state. Let z € RS denote a participation fee schedule. The designer
can offer a finite menu Z C R® of participation fee schedules from which the agent selects one.

Since the agent perceives Knightian uncertainty about the state space S, we assume that for
each t € T there is a closed and convex set I1(¢) C A(S) describing the beliefs of type ¢. The
extent to which the designer can construct the menu Z to extract the agent’s rent depends on
the properties of the agent’s belief sets and on the notion of incentive compatibility invoked. We
explore characterizations of rent extraction in this setup, first under maximal incentive compati-
bility and then under the more restrictive notion of optimal incentive compatibility. In the last
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subsection we discuss the robustness of the necessary and sufficient conditions for full extraction.

5.1 Swurplus extraction with maximal choices

We begin by thinking of incentive compatibility in terms of maximal choices. For a given menu
7, this means that the agent’s choice from Z should be “minimal” in terms of expected payments:
there is no alternative which has lower expected cost for all beliefs.

Definition 8 A participation fee schedule 2™ € Z is minimal for type ¢ in a menu Z if there is
no mized strategy o € A (Z) such that

Zaz[w‘z]<7r-zm Vo ell(t).
2€Z

When the agent’s choices are minimal, the corresponding notion of surplus for type t € T,
relative to a given menu 7, is
S™(t) := {m - [r(t) — 2] : z is minimal for type ¢t in Z, = € II(¢)}.

Note that S™ also depends on the rent function r and the menu Z, although we have suppressed
this dependence.

Corresponding to the notion of minimal choices, we have the following definition of full rent
extraction.

Definition 9 A menu of participation fee schedules Z achieves maximal full extraction of the
rent function r if for each t € T there exists z(t) € Z that is minimal for type t in Z and for
which

- [r(t) — 2(t)] = 0 for some w € II(¢).

The designer can achieve maximal full extraction if for every r € RiXT there exists a menu
Z that achieves maximal full extraction of r.

Using the notation defined above, maximal rent extraction of a given rent function r can also
be described as finding a menu Z for which 0 € S™ (t) for each ¢t € T'.

Under maximal incentive compatibility, as Knightian uncertainty increases (the set II(¢) be-
comes larger) the incentive constraints become weaker. Maximal full rent extraction is achievable
if there exists a selection from the correspondence {Il(¢) : t € T'} that satisfies the correlation
condition familiar from the work of Crémer and McLean (1985).

Theorem 3 The designer can achieve maximal full rent extraction if there exists a selection
{m(t) : w(t) € II(t) for each t € T} such that

VieT: m(t) & co {{m(t) }y2e} (MFE)

where co A denotes the convex hull of the set A.
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Proof Fix a rent function r € RJTrXS . Suppose that (MFE) holds, and choose a selection
{m(t) : w(t) € II(¢) for each ¢t € T'} such that

VteT: m(t) & co {{m(t) }rzs}-

For each ¢, using the Separating Hyperplane Theorem, choose Z; € R such that

m(t)- -z = 0

Ttz > 0 V' #t,
and define

¢y :=7(t) - r(t)
By construction, for every a > 0,
w(t)-r(t)—c—an(t)- 2 =0
Then choose scaling factors a; > 0 for each ¢ so that Vt' # t,
w(t)-r(t) —cg —oum(t) - 2 > w(t) - r(t) — cy — apm(t) - Zp

Because 7(t) - Z¢ > 0 while 7(¢) - Z: = 0, such a collection {ay }er exists.

Also, for each t, set
2t = cC + thgt

and define the menu Z := {2, : t € T'}. For all t € T we have
T(t) - [r(t) — 2] > 7w(t) - [r(t) —20] VU #t,

which guarantees that z; is minimal for type ¢ in the menu Z. (Note that it suffices to consider pure
strategies because all comparisons are made with the same distribution 7 (¢)); and by construction,
foreacht € T

w(t) - [r(t) — 2] =0 € S™(t)

Thus the menu Z achieves maximal full rent extraction of the rent function r. [ ]

5.2 Surplus extraction with optimal choices

When incentive compatibility is defined in terms of optimal choices, the presence of ambiguity
strengthens the incentive constraints, and full rent extraction becomes more demanding. In this
case, we require the agent’s choice from the proposed menu of participation fee schedules Z to
be “pessimal” with respect to expected payments: all alternatives have higher expected cost for
all beliefs.

Definition 10 A participation fee schedule zP is pessimal for type t in a menu Z if for all mized
strategies o € A (Z)

7r-zp§Zoz[7r-z] Vr e Il(t).
z€Z
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In analogy with the case of minimal choices, we define the corresponding measure of surplus
SO(t) :={m-[r(t) — z] : z is pessimal for type t in Z, 7 € II(t)}
and the corresponding notion of full rent extraction.

Definition 11 The menu Z achieves optimal full rent extraction of the rent function r if for
eacht € T':

- [r(t) — z(t)] > 0 for all z(t) pessimal for t in the menu Z and for all m € 11(t)

with equality for at least one such z(t) and m € II(t).

The designer can achieve optimal full rent extraction if for every rent function r € RiXT
there exists a menu Z that achieves optimal full rent extraction of r.

Optimal full rent extraction of a given rent function r can alternatively be characterized via
the surplus measure for each ¢ € T as the requirement:

0€S°t) C[0,a(t)], where a(t) >0

Next we provide necessary and sufficient conditions for optimal full rent extraction. The
sufficient condition is a uniform version of the selection condition that ensures maximal full
extraction, and requires that beliefs be sufficiently different across types. The necessary condition
we give is weaker; it requires that beliefs not be too similar across types.'” We formalize this
below.

Theorem 4 The designer can achieve optimal full rent extraction if
VteT: I(t) Nco {Uppdl(t')} =0 (OFE)
Moreover, the designer can achieve optimal full rent extraction only if
VteT: II(t) 7 co {UppII(t')} (NOFE)
Proof First, we claim that the condition (OFE) is sufficient for optimal full rent extraction.

To see this, fix r € RJSFXT, and suppose that (OFE) holds. For each ¢, using the Separating
Hyperplane Theorem, choose Z; € R® such that

m(t)-% < 0 Vr(t) e I(t)
)z > 0 Vat)ell(t),Vt #t

19The gap between the necessary and sufficient conditions arises due to the slack in the incentive compatibility
constraints for some beliefs.
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Adjusting Z; if necessary, Z; can be chosen such that in addition

t)-z=0
By O

For each t, set

c = 7r(;f)neilril(t)w(t) cr(t) st w(t)-Z =0

By construction, for every a > 0,

w(t)-r(t)—a—an(t)-z2z > 0  Vr(t) € II(¢)
w(t)-r(t)—ca—an(t) -z = 0 for some 7 (t) € II(t)

Then for each ¢, choose scaling factors oy > 0 so that Vt' # ¢,
w(t) - r(t) —ct —aum(t) - Ze > 7(t) - r(t) — cp — apm(t) - Zp Vr(t) € II(¢t)

Because 7(t) - Z¢ > 0 Vr(t) € II(¢) while 7(¢t) - Z: < 0 Vm(t) € II(t), this is possible.

For each ¢, set
2t = C + thgt

and define the menu Z := {z; : t € T'}. For each ¢t € T":
me[r(t) —z) >0 v e II(t)
with equality for some 7(¢) € II(¢). Thus the menu Z achieves optimal full rent extraction of r.

To see that (NOFE) is necessary for optimal full rent extraction, fix to € 7" and consider the
rent function r(t) = (t —t9)2. Suppose Z is a menu that achieves optimal extraction of the rents
given by r.

For each t # ty, choose z(t) € Z pessimal for ¢ in Z and 7(¢) € II(¢) such that

(t) - [r(t) = 2()] = 0
Similarly, let z(tg) € Z be pessimal for to in Z.
Suppose there exists € A(T \ {to}) such that

7(ty) := Z pem(t) € Tl(tg)
tto
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Then

0=m(to) - r(to)

\Y]

m(to) - 2(to)
= Y m(t) - 2(to)

t#to

> wm(t) - =(t)

tto
= > () ()

t#to

= Z pu(t —to)?

t#to

Vv

But this is impossible. [ |

5.3 Genericity of optimal full extraction

We conclude this section with results investigating the robustness of the necessary and sufficient
conditions for full extraction identified above. The work of Crémer and McLean and others
uncovered the connection between correlated beliefs and full extraction in standard Bayesian
mechanism design. Perhaps the most powerful and negative aspect of this work was showing that
these conditions are generic in an appropriate sense. Related work showed that these generic
conditions lead to full extraction in a wide array of settings with private information. We seek a
similar measure of the extent of full rent extraction and the existence of information rents in the
presence of Knightian uncertainty.

To formalize this discussion, suppose |T'| > | S|, so there are at least as many types as states.
Recall that in the standard Bayesian setting, each type t € T is associated with a unique condi-
tional distribution 7 (¢) € A(S), and full rent extraction is possible if and only if the correlation
condition (MFE) holds for the collection {7 (t) : t € T'}. It is straightforward to see that the
subset of A(S)T on which this condition is satisfied is an open set of full Lebesgue measure. In
a setting with Knightian uncertainty, each type ¢ holds a set of distributions II(¢) drawn from

C:={Il c A(S) : I is closed and convex}

and full extraction is characterized in terms of conditions on the collection {II(t) : t € T} € CT.
To gauge how widespread the absence of information rents is in this setting, we seek to measure
the size of the subset of CT corresponding to the various conditions we have identified above.

To make this precise, we endow C with the Hausdorff topology, and C* with the product
topology. Let M denote the subset of CT satisfying (MFE), O denote the subset of CT satisfying
(OFE), and N denote the subset of C* violating (NOFE). Thus M is a set on which maximal
full extraction is always possible. Similarly, O is a set of beliefs for which optimal full extraction
is always possible, and N\ is a set for which optimal full extraction is never possible.
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The set CT is infinite-dimensional, which means the issue of measuring the sizes of these sets
is no longer straightforward due to the absence of a natural analogue of Lebesgue measure in
infinite-dimensional spaces. Genericity in these cases is typically defined either using topological
notions, such as open and dense or residual, or using measure-theoretic notions such as prevalence.
Prevalence and its complement, shyness, developed by Christensen (1974) and Hunt, Sauer,
and Yorke (1992), and made relative by Anderson and Zame (2001), are analogues of Lebesgue
measure 0 and full Lebesgue measure that more closely mimic properties of Lebesgue measure in
many problems.?’ We first give formal definitions, and then discuss some important properties
shared by these notions of genericity.

Because we are interested in the relative size of subsets of CT, we use the relative notions of
prevalence and shyness developed by Anderson and Zame (2001) for use in a convex subset which
may be a shy subset of the ambient space. The formal definitions are given below.

Definition 12 Let Z be a topological vector space and let C C Z be a convex Borel subset of Z
which is completely metrizable in the relative topology. Let c € C'. A universally measurable subset
E C Z is shy in C at c if for each § > 0 and each neighborhood W of 0 in Z, there is a reqular
Borel probability measure jn on Z with compact support such that supp p C (0(C'—c)+c)N(W +c)
and w(E + 2) = 0 for every z € Z.?* The set E is shy in C if it is shy at each point ¢ € C.
A (not necessarily universally measurable) subset F' C C is shy in C if it is contained in a shy
universally measurable set. A subset K C C' is prevalent in C if its complement C' \ K is shy in

C.

Like Lebesgue measure 0, relative shyness and prevalence have many properties desirable for
measure-theoretic notions of “smallness” and “largeness”: relative shyness is translation invariant,
preserved under countable unions, and coincides with Lebesgue measure 0 in R™, and no relatively
open set is relatively shy.

We note a simple but important property common to both residual and relative prevalence
as notions of genericity with respect to subsets of C”.

Lemma 3 Let X C CT be universally measurable. If X¢ = CT \ X has a non-empty relative
interior, then X is neither residual nor relatively prevalent in CT.

Proof For relative prevalence the result is immediate from the definitions and the fact that
no relatively open set is relatively shy. To see that X is not residual in C”, note that C” is a
compact metric space, hence a Baire space. The conclusion then follows immediately from the
Baire Category Theorem. [ |

From this simple observation, we conclude that optimal full extraction is neither generically
possible nor generically impossible.

20Well-known problems with interpreting topological notions of genericity are illustrated by simple examples of
open and dense sets in R™ having arbitrarily small Lebesgue measure, and residual sets of Lebesgue measure 0.

2LA set £ C Y is universally measurable if for every Borel measure  on Y, F belongs to the completion with
respect to i of the sigma algebra of Borel sets.
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Theorem 5 Let |T| > |S|. Neither O nor N is residual in CT. Neither O nor N is relatively
prevalent in CT.

Proof Both O and N are Borel sets, hence are universally measurable. By definition, ONN = 0,
so O c N¢ and N C O°. The results will all follow provided both @ and N have non-empty
interior. In both cases, we will establish this by constructing interior points.

First consider O. Choose {n(t) € A :t € T} such that 7(t) & co {n(t') : t # t'} for each ¢,
i.e., such that {{m(¢)} : t € T'} satisfies (OFE). Choose ¢ > 0 such that

VeeT: Ber(t))Nco {UpuBe(r(t'))} =0

that is, such that {Bc(m(t)) : t € T} also satisfies (OFE). Now if IT € C and d(II, {7 (¢)}) < e,
II C Bc(n(t)).?2 Thus any collection {II(t) € C : t € T} such that d(II(¢), {n(¢)}) < € for each t
must satisfy (OFE) as well. From this we conclude that {n(t) € A : ¢ € T} is an interior point
of O.

Next, consider N. Fix ty € T. Choose II(tg) € C such that rintII(tg) # 0. Fix € > 0 and
choose 7(tp) € rintll(¢g) such that B.(7(t9)) C II(tp). Now choose {II(t) C A%(S):t € T\ {to}}
such that

co {UsztoI1(8)} C Beya(@(to))
In particular then, {II(¢) : t € T'} violates (NOFE), so {Il(t) : t € T} € V.

If {II(t) € C : t € T\ {to}} is any collection such that d(II(t),II(t)) < e/4T for each t # to,
then

co {Urzt I(8)} € Beja((t0))
Finally, if Il € C and d(IL II(to)) < €/2, then B.)5(7(to)) C II. Putting these observations
together, any collection {II(t) € C : t € T’} such that d(II(to),I(to)) < €/2 and d(II(¢),II(t)) <
/4T for each t # to will also violate (NOFE) and hence will belong to NV. ]

Taken together, Theorems 4 and 5 show that the conditions for optimal full extraction are
more stringent in a world with Knightian uncertainty than the generic conditions for full rent
extraction in Bayesian mechanisms. As argued above, optimality makes incentive constraints
harder to satisfy when Knightian uncertainty is introduced, so it is natural that full extraction
would correspondingly become more difficult. These results also suggest that concerns about the
possibility of full extraction and the existence of information rents translate naturally to a choice
between methods of resolving incentive compatibility with Knightian uncertainty.

*Here d(A, B) denotes the Hausdorff distance between A, B € C, defined by

d(A, B) = max {sup dist(z, B), sup dist(y, A)} .

TEA yeEB
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6 Conclusion

We have developed a framework for mechanism design in the presence of Knightian uncertainty.
In this setting, the distinction between maximal and optimal incentive compatibility is crucial.
Under maximal incentive compatibility, the introduction of Knightian uncertainty weakens in-
centive constraints, resulting in predictions that closely resemble standard Bayesian mechanism
design. Things are very different under optimal incentive compatibility, as the introduction of
Knightian uncertainty imposes more stringent incentive constraints. Without uncertainty, the
mechanisms that satisfy interim and ex-post incentive compatibility are significantly different. In
contrast, the introduction of a (possibly small amount) of uncertainty implies that only ex-post
incentive compatible mechanisms may be robust to small perturbations in standard models.

Similarly, with Knightian uncertainty, full extraction of information rents in optimal incen-
tive compatible mechanisms requires sufficient heterogeneity of beliefs across types, while in the
absence of Knightian uncertainty, full extraction of these rents is possible even when beliefs are
arbitrarily close.

These results contrast with recent work in the robust mechanism design literature while
reaching qualitatively similar conclusions. We maintain standard assumptions regarding common
knowledge for all participants, while allowing for Knightian uncertainty. In contrast, following
Wilson (1987), much recent work has taken up the charge of the oft-quoted “Wilson doctrine” to
consider robustness to weakening common knowledge assumptions. Our results indicate that even
maintaining standard assumptions regarding common knowledge, simple ex-post mechanisms may
emerge as the only feasible mechanisms robust to Knightian uncertainty.
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Appendix: Direct Mechanisms and the Revelation Principle

In this appendix, we define the general class of mechanisms and verify that the revelation principle
holds for both maximal and optimal strategies so that our focus on direct mechanisms is justified.

For simplicity we focus on the single agent case. The notation and basic setup are as in
Section 3. The outcome space is O, the state space is S, the type space is T, and the agent has
type-dependent ex post payoff

u:0xTx8S—R.

A mechanism in this environment consists of a message space B and a function g : Bx.S — O.
If the agent chooses to participate in the mechanism, she chooses a message b € B, and the
mechanism specifies a state-dependent outcome g (b,s). Moral hazard is ruled out: the agent
always obeys the mechanism. A mixed strategy is a function o : T'— A (B). For each type t € T
there is a closed, convex set of beliefs I (¢) C A (S) such that

o(t) =¢ o'(t) if and only if E, [Ea(t) [u(g(b,s),t, s)]] > FE, [Eaz(t) [u(g (b,s),t, s)]] for all m € I1(¢) .

We consider two notions of best response: a maximal strategy corresponds to the requirement
that no alternative does better, while an optimal strategy must be better than any other feasible
strategy.23

Definition 13 A strategy o is maximal if there is no other strategy o' : T — A (B) such that

E, [Eo-l(t) [u(g (b,s),t,9)]] > Ex [Ea(t) [u(g(b,s),t,9)]] for all m € I1(t).

Definition 14 A strategy o is optimal if for each o’ : T — A (B):

Ex [Ea(t) [’LL (g (b’ S) ) L, S)H > Er [EU’(t) [u (g (b7 5) ) L, S)H fO’/“ all m e 1l (t) .
A social choice function ¢ : T' x S — O specifies a feasible outcome for any pair (¢, s).

Definition 15 A mechanism g implements the social choice function 1 in maximal (optimal)
strategies if there exists a mazimal (optimal) pure strategy 5 : T — B such that g (B (t),s) =
Y (t,s) for allt € T and for all s € S.

Our analysis will focus on truth-telling in direct mechanisms. At truth-telling, the ex-post
utility of the agent is:

u(g(t,s),t,s)

With this in mind, we can define mechanisms that implement truth-telling as follows.

23 The notion of maximal best response in games with incomplete preferences, and the corresponding notion of
Nash equilibrium, was introduced by Shapley (1959) and Aumann (1962).
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Definition 16 A social choice function 1 is truthfully implementable in maximal strategies if
there exists a mechanism g such that truth-telling is a mazimal strategy in g and g (t,s) =1 (t, s)
for eacht €T and all s € S.

Equivalently, v is truthfully implementable in maximal strategies if for each ¢t € T' there exists
no o’ (t) € A(B) such that

Erx [Eyy[ul(g(b,s),t,5)]] > Exlu(g(t,s),t,s)] for all m € II(¢)
Definition 17 A social choice function v is truthfully implementable in optimal strategies if

there exists a mechanism g such that truth-telling is an optimal strategy in g and g (t,s) =1 (t, s)
for eacht €T and all s € S.

Thus if v is truthfully implementable in optimal strategies, then for each ¢t € T" and for all
o' (t) € A(B)

Er[u(g(t,s),t,s)] > Ex [Ey [u(g (b, s),t,9)]] for all m € II (¢) .
With these formalities in place, a version of the revelation principle follows.

Proposition 1 (The Revelation Principle) If a social choice function v can be implemented
in maximal (optimal) strategies by a mechanism g, then 1 is also truthfully implementable in
maximal (optimal) strategies.

Proof We prove the result for the case of maximal strategies; for optimal strategies the argument
is analogous. By assumption, there exists a maximal pure strategy [ such that g (8 (¢t),s) =
¥ (t,s). In particular, for each t € T there is no o’ (t) € A (B) such that

Erx [Eyqy[u(g(b,s),t,5)]] > Ex[u(g(B(t),s),t,s)] for all m € II(¢) .

But u(g(8(t),s),t,s) = u(x(t,s),t), which implies by definition that ¢ is truthfully imple-
mentable. -
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