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Efficient On-Line Nonparametric Kernel
Density Estimation

C. G. Lambert,1 S. E. Harrington,2 C. R. Harvey,3 and A. Glodjo3

Abstract. Nonparametric density estimation has broad applications in computational finance especially
in cases where high frequency data are available. However, the technique is often intractable, given the run
times necessary to evaluate a density. We present a new and efficient algorithm based on multipole techniques.
Given then kernels that estimate the density, current methods takeO(n) time directly to sum the kernels to
perform a single density query. In an on-line algorithm where points are continually added to the density, the
cumulativeO(n2) running time forn queries makes it very costly, if not impractical, to compute the density
for largen. Our new Multipole-accelerated On-line Density Estimation (MODE) algorithm is general in that
it can be applied to any kernel (in arbitrary dimensions) that admits a Taylor series expansion. The running
time for a density query reduces toO(logn) or even constant time, depending on the kernel chosen, and,
hence, the cumulative running time is reduced toO(n logn) or O(n), respectively. Our results show that the
MODE algorithm provides dramatic advantages over the direct approach to density evaluation. For example,
we show using a modest computing platform that on-line density updates and queries for 1 million points and
two dimensions take 8 days to compute using the direct approach versus 40 seconds with the MODE approach.

Key Words. On-line fast multiple algorithm, Smoothing, Kernel regression, Nonparametric density
estimation.

1. Overview and Motivation. The motivating application for the development of
the new algorithms in this paper is on-line density estimation in computational finance,
where high frequency data are available, and the data set grows over time. Nonparametric
density estimation techniques have been used in finance by A¨ıt-Sahalia and Lo [1] to
estimate the state-price density for options, by Boudoukh et al. [7] and Harvey [17]
to design hedging strategies for mortgage-backed securities, by Harvey [17] to describe
dynamic risk functions and by Pagan and Schwert [22] to describe the evolution of equity
market volatility.

With a finite sample set, we are interested in estimating the probability density function
(pdf) of a random variable. If the form of the pdf is known to be say, Gaussian, then it is
a simple matter of finding the best fit of a Gaussian to the data, thereby parametrizing the
density. However, when the density function is not known a priori, nonparametric density
estimation must be employed. This approach “lets the data speak for itself.” Rather than
imposing assumptions, the nonparametric technique allows us to approximate directly
the d-dimensional density that describes the joint pdf of a set of random variables. A
good reference on density estimation is [29]. One technique for nonparametric density
estimation that most people are familiar with is the use of the histogram. The data is
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divided into rectangular bins of a certain width, and then the height of the bins is based
on the number of points that fall in the bin range. By visually observing the histogram
one can observe a probability distribution of the data. It is nonparametric in that we are
not trying to fit the data to a particular curve or distribution.

This paper deals with a more powerful technique of density estimation calledkernel
density estimation. Instead of summing points within bins to create a pictorial estimate
of the distribution, a sum of kernel functions (typically Gaussians) centered at the data
points creates the estimate. Note that choosing the Gaussian as a kernel function isnot
synonymouswith fitting the distribution to a Gaussian model. The kernel is only used as a
weighting function for the points, and the method is most useful for estimating unknown
distributions. Thebandwidthof the kernel function,h, determines how much smoothing
is done, and corresponds to how quickly the kernel function decreases and hence how
widely it extends away from the datapoint. This bandwidth is analogous to the bin width
used with a histogram. Smoothing refers to the process of spreading out the data by
weighting it with kernels so that a density estimate can be determined where there are
no actual datapoints. In general more points allow a narrower bandwidth and a better
density estimate. This technique was introduced by Rosenblatt [26] and Parzen [23], and
is sometimes called Parzen density estimation. This approach is used for more than just
plotting a density estimate. It gives a differentiable function, and conditional expectations
can be estimated from the densitywithout knowing the distribution. In the limit of an
infinite sample size, the density estimate approaches that of the underlying distribution.

Nonparametric kernel density estimation is being used more widely as faster com-
puters and computational procedures become available. Various methods have been de-
veloped to make the process of nonparametric kernel density estimation more efficient.
Binning techniques, sometimes coupled with the Fast Fourier Transform, are reasonably
efficient in low dimensions [16], [28], [29], and [33]. However, they are restricted to uni-
form grids, and, typically, the density is computed over every grid point which becomes
very large as the dimension is increased, or loss of accuracy results if the grid is made too
coarse. Various data-reduction techniques are also used to speed up the computations.
The kth nearest neighbor techniques [11] and the clustering-based branch and bound
technique [18] exclude the contribution of distant kernel functions whose contribution is
negligible. These methods perform better in higher dimensions, but the error that must
be introduced to obtain a computational savings depends on the bandwidth being narrow,
or of finite extent such as for the Epanechnikov kernel. For broad bandwidths, nearly
every point may contribute significantly to the density, and then little savings is realized
as every point’s contribution needs to be computed. Many of the existing fast methods
do not perform as well with the Gaussian kernel, which is usually the kernel of choice if
one can afford to compute it.

While the nonparametric approach is very appealing, it is not without disadvantages.
The rate of convergence is slower than parametric models. For density estimation to be
reliable, very large datasets are required. Hence, one of the most promising applications
of these methods focuses on trading applications with high frequency data. However,
the estimation of the density at a single point is an order-n problem. The cumulative
time of on-line density queries forn points thus takesO(n2) time. This can make real-
time updating of the multivariate density prohibitively expensive even for datasets of
moderate size.
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Our contribution is to propose and implement an algorithm for on-line updating of
the multivariate density that can both compute the density at any point, and add a new
observation to the density inO(logn) or even constant time. The Gaussian kernel is
used as a case study, and we go on to show how to extend the technique to a wide class
of kernels in arbitrary dimensions. In addition, we discuss algorithm modifications to
determine conditional expectations from the density function.

We begin by giving an overview of the framework for multipole-based algorithms,
and then on-line nonparametric density estimation is cast into that framework. We give
a detailed presentation of the algorithm, then describe how to extend the algorithm to
implement on-line kernel regression efficiently. We then present the results of implement-
ing these methods, both in terms of speed and accuracy, for uniformly and multivariate
normally distributed points. Further improvements and extensions are then discussed.
The Appendix shows how to derive the necessary computationally efficient series ex-
pansions and translation operators for any kernel function that can be represented by a
Taylor series.

2. Multipole-Based Algorithms

2.1. Background. The Fast Multipole Algorithm (FMA) [12] and its variants [2], [3],
[5], [6], [8], [9], [13], [20], [21], [27], [30], and [34] have gained wide popularity in
potential field problems where a set ofn points interact according to a given potential
function where the task is to compute at arbitrary points the field due to every given
point. Applications are found in molecular dynamics, astrophysics, circuit device sim-
ulation, and other electromagnetic field problems. For the most part, these applications
have used the rather simple(1/r )-type Coulombic (or gravitational) potential function.
One exception is the extension of the FMA by Elliott [9] to arbitrary 1/r 2µ potentials.
Additionally, a paper by Smith [30] sketches how to compute multipole expansions for
general potentials, but the bulk of the paper is devoted to the Coulomb potential.

The algorithm of Greengard and Strain [14] for computing the discrete Gauss trans-
form, which they note has applications to nonparametric statistics, is the only precedent
to the current work we are aware of. It solves anN-body problem with the multivariate
Gaussian potential, and was implemented in two dimensions. It differs from the current
work in several ways. It is an off-line algorithm, where the number of points stays fixed.
Although it uses series expansions to represent the sum of distant Gaussians, it is not
an FMA-like hierarchical algorithm with the full complement of translation operations.
Instead it chops space into a uniform set of boxes, with the size of the boxes based on
the target error and the bandwidth. Then each box interacts with some constant number
of boxes that grows as dimensionality is increased and as error is decreased. It is de-
signed for the Gaussian kernel, and they note it can be extended to kernels that are the
product of a multivariate polynomial function with a Gaussian. It relies on being able
to represent the function by Hermite polynomials. Another paper by Strain [31] extends
the above algorithm to handle the case where the Gaussians summed may have different
bandwidths.

Our new algorithm will draw on techniques from the FMA, but applied novelly to
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create an on-line4 nonparametric estimation algorithm. A brute-force on-line algorithm
contains a double summation, and would costO(n2) (quadratic) time, while the FMA
can compute this sum inO(n) (or linear) time, to any desired precision. Like the FMA,
in on-line density estimation we are givenn points that each contribute to the density
according to the kernel function chosen. In contrast to the FMA, we wish to compute
the contributions of then kernel functions atonly a single point. Furthermore,n is not
fixed as within the FMA, but grows as more data become available. Thus after each new
datapoint is added to the density, one would like to be able to do another density query
and somehow avoid recomputing thisO(n) sum from scratch.

The chief difficulty in implementing multipole-based algorithms is the complexity of
deriving translation operators for the series expansions involved in the algorithm, and
bounding the error in using the expansion approximations. Elliott [9] makes great strides
in simplifying the mathematics of manipulating multipole expansions for the Coulomb
and Lennard–Jones potentials, with the key observation that if written as a power series
in a certain way, the translations can be described in terms of the initial series forms
with minor index changes. This work used spherical coordinates which simplified the
computations for electrostatic potentials, but obscured the generalizable approaches of
how to perform multipole translations for general functions. We generally follow the
notation of [9] in the Appendix, showing how to perform multipole translations for any
function that can reasonably be approximated by a Taylor series. We also present a new
technique for bounding the error for general kernels.

2.2. Multipole Expansions. Given any potential function,8(Ez)→ <1 with Ez ∈ <d, a
multipole expansionis synonymous with forming a Taylor expansion for8(Ez− Ez0) in
the variableEz0 about the origin in an appropriate coordinate system. The termmultipole
expansioncomes from potential field theory, where there is a natural physical mapping
from terms of the expansion to monopole, dipole, quadrupole (and so on) properties
of groups of charges. We thus use (or perhaps abuse) the term loosely to refer to the
Taylor series for a potential function that converges at some distance from the center
(often outside) of the hypersphere containing the particles within the expansion (see
Figure 1).

The Taylor series for8(Ez− Ez0) can be split into a dot product (̄) of two vectors,
F andG, that separate the variablesEz andEz0. The terms of the two series have a 1–1
correspondence, and their dot product forms the potential function:

8(Ez− Ez0) = F(Ez0)¯ G(Ez).(1)

Computationally, theF half of the series is truncated to a certain order,p, and stored as an
array of various powers of the coordinate variables. One can then evaluate the potential at
Ez due to the particle atEz0 by computing the terms forG(Ez) and elementwise multiplying
corresponding terms withF(Ez0), and taking the sum of products. The advantage of
separating8 into a product of vectorsF andG is that one can form a net multipole

4 An on-line algorithm is defined as an algorithm operating in a simulated real-time environment, where the
input dataset grows with each new point seen (or grows in blocks), and recomputes the estimates by adding
input points sequentially.
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Fig. 1. Multipole expansion. A multipole expansion describes the potential atEz due to a group of particles
Ez1 · · · Ezn, and converges at some distance from the center of the enclosing hypersphere.

expansion due to many points by

n∑
i=1

8(Ez− Ezi ) = G(Ez)¯
n∑

i=1

F(Ezi ),(2)

obtaining a single set of coefficients for all of the particlesEzi , and then evaluate the
potential at any given pointEz at a cost related only to the number of terms in the
expansion, not the number of contributing points,n, included in the expansion. The
Appendix describes how to form theseF andG components of the expansion for general
functions in arbitrary dimensions. We discuss the error in the series approximations in
Section 3.2.

3. Density Estimation by Multipole Methods

3.1. Multipole Formulation for Density. The density at a pointEz ∈ <d, due ton points,
Ez1 · · · Ezn, using the kernel functionK, is estimated by the sum

f̂ (Ez) = 1

hdn

n∑
i=1

K
(Ez− Ezi

h

)
,(3)

whereh is the bandwidth parameter which controls the smoothing of the density. The
kernel function is a continuous, bounded, and symmetric real function which integrates
to one [15]: ∫

K(Ez)dEz= 1.(4)

A commonly used kernel is the multivariate normal

K(Ez) = (2π)−d/2 exp

(
−‖Ez‖

2

2

)
,(5)
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which gives the following form for the kernel density, due ton points:

f̂ (Ez) = 1

hdn
(2π)−d/2

n∑
i=1

exp

(
−‖Ez− Ezi ‖2

2h2

)
.(6)

We can cast this into a multipole framework by simply forming the multivariate Taylor
series forK((Ez−Ez0)/h), expanding inEz0 about zero. One can then form a net multipole
expansion due to many kernel functions by

n∑
i=1

K
(Ez− Ezi

h

)
= G(Ez)¯

n∑
i=1

F(Ezi ),(7)

and evaluate the density at any given pointz at a cost related only to the number of terms
in the expansion, not the number of kernel functions,n, included in the expansion. We
drop the normalization factor

1

hdn
(2π)−d/2 ,(8)

as it can be applied after all multipole expansions have been summed within an on-line
algorithm.

Using the two-dimensional Gaussian kernel as an example, the sum atEz = (x, y),
due ton kernel functions can be expressed as a bivariate Taylor series to fourth order:

n∑
i=1

K
(Ez− Ezi

h

)
=

n∑
i=1

exp

(
− (x − xi )

2+ (y− yi )
2

2h2

)
=G(Ez)¯

n∑
i=1

F(Ezi )(9)

≈ exp

(
−x2+ y2

2h2

)

×


1

x
h2

y
h2

x2

h4 − 1
h2

xy
h4

y2

h4 − 1
h2

x3

h6 − 3x
h4

x2y
h6 − y

h4
xy2

h6 − x
h4

y3

h6 − 3 y
h4


¯

n∑
i=1


1

xi yi
x2

i
2 xi yi

y2
i
2

x3
i
6

x2
i yi

2
xi y2

i
2

x3
i
6

 .
Although represented in a two-dimensional tabular form, one can think of theF andG
components of the multipole expansions as one-dimensional vectors. The summation
is just a componentwise vector sum, and the dot product follows the usual definition
of a vector dot product. In higher dimensions it becomes computationally convenient
and very efficient to flatten the multidimensional triangular tables of coefficients into
one-dimensional vectors.

Note that theF component of the expansion is just powers of the point locations
relative to the origin of the expansion. This means that if one desires to change the
bandwidth, or even use an entirely different kernel function, that density can be computed
from the same data structure.
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3.2. Error Bounds. Much has been written on error bounds of multipole-based algo-
rithms [4], [9], [12], [24], and [25]. It is quite a complex topic, and one that has often
been shaped more by practical efficiency considerations than by mathematical rigor. For
a general kernel, the error of evaluating a multipole expansion to orderp is given by
summing the tail of the series. For example, the multipole expansion for the 1D Gaussian
is given by

exp

(
− (x − x0)

2

2h2

)
= exp

(
− x2

2h2

) ∞∑
n=0

(
x0/h
√

2
)n

Hn

(
x
√

2/2h
)

n!
,(10)

with Hn(x) the Hermite polynomials. The error of truncating the expansion to orderp
is given by∣∣∣∣∣∣∣exp

(
− (x − x0)

2

2h2

)
− exp

(
− x2

2h2

) p−1∑
n=0

(
x0/h
√

2
)n

Hn

(
x
√

2/2h
)

n!

∣∣∣∣∣∣∣ .(11)

An upper bound on this error is

exp

(
− x2

2h2

) ∞∑
n=p

(
x0/h
√

2
)n

K 2n/2 exp

(
1
2

(
x
√

2/2h
)2
)

√
n!

(12)

< K exp

(
− x2

4h2

)(
x0

h

)p( h

h− x0

)
,

which follows from the bound|Hn(x)| ≤ K2n/2
√

n! ex2/2, with K a constant less than
1.09 in value [14]. The error of evaluating a multipole expansion ofm points is of course
bounded bym times this bound, but in practice one can use the single point bound. Also,
we find in practice that setting the parameters to achieve these bounds often gives four to
five significant figures more accuracy than desired. Of course, it is comforting that one
can compute kernels with expansions to well within a specified error tolerance. However,
that extra accuracy takes up much additional CPU time that is wasted if a more modest
accuracy is sufficient for a given application.

We decided a new approach was needed to obtain the tightest possible bounds. Given
fixed p, x0 and toleranceε, we numerically compute the smallestx such that (11) is less
thanε and such that there is no greaterx such that (11) is greater thanε. Instead of just
a loose analytical bounding envelope, this numerically provides a tight bound for one
dimension. We then take the approach of [9], that the worst case error of a symmetric
multidimensional decaying potential function that falls off with the distance vectorEr can
be bounded by the one-dimensional error equation, substituting vector norms in place
of x and x0. In fact, this bound appears to be tight as well, with the worst case one-
dimensional point evaluation existing somewhere on the edges of the hypersphere radius
of the multidimensional expansion. It does, however, become increasingly unlikely that
the worst case configuration will occur as the dimensionality is increased, leading to
better average case errors. There is also a fine point that figures into the use of the error
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bounds in the algorithm in Section 4.1.2, that the radius of a sphere enclosing a box of
fixed sidelength grows with dimensionality. Section 4.2 discusses the choice ofp for a
given error.

Equation (11) is an oscillating polynomial decaying as fast as the tails of the Gaussian
decrease. There are maxima and minima at all scales and one has to be very cautious in
writing convergent minimization schemes to find these numerical bounds. Such schemes
do not have to be particularly fast as the bounds need be computed only once at the
beginning of our on-line algorithm for a fixed bandwidth,h. We currently use a somewhat
inefficient but effective bisection technique to do this.

It should also be noted that we use absolute error bounds, which departs from the
approach usually used with the Coulomb potential. With the Coulomb potential, the
relative error continues to die off as the multipole expansion is evaluated further and
further away. However, with the Gaussian kernel, when you form a relative error, the
error goes down as you get farther away, then at a certain point goes up again, as you try
to approximate the tails of the Gaussian which decrease faster than polynomially. Thus
there is a lower and upper distance range within which the relative error falls within
tolerance, as opposed to the Coulomb potential which has a one-sided range beyond
which the relative error is within tolerance.

4. The MODE Algorithm

4.1. Algorithm. We now present a description of the Multipole-accelerated On-line
Density Estimation (MODE) algorithm. The algorithm is quite general and allows im-
plementation of a wide variety of kernels. Kernels not differentiable over the whole
computational region, such as the Epanechnikov kernel, cannot be implemented within
the MODE algorithm. On input to the algorithm, one specifies the number of dimensions,
d, a target error,ε, the bandwidth,h, and the order of the expansions,p.

4.1.1. Data Structure. Conceptually, the datapoints are enclosed in a regular
d-dimensional box, which is recursively subdivided into child subboxes as necessary
until only a fixed constant number of points reside in the finest level of the adaptive
decomposition. This is represented using a 2d-ary tree data structure, with nodes of the
tree corresponding to these spatial boxes. The root node at depth zero corresponds to
the entired-dimensional box. Each parent node has 2d children, corresponding to the 2d

subboxes each of side length half that of the parent. The leaf nodes, corresponding to the
boxes at the finest level of the decomposition, store the datapoints. We scale all points
to fit in a unit box of side length 1 by dividing every datapoint by twice the length of the
longest dimension. The bandwidth should also be scaled accordingly by dividing it by
the same factor.

4.1.2. Computing Error Bounds. Currently we use the one-dimensional error equation
for the given kernel (analogous to (11)) for all dimensions. A multipole expansion for
a given box is a sum of multipole expansions for all points in the box. The maximum
distance a point can be from the center of ad-dimensional box of side length 1 is the
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radius of ad-dimensional hypersphere that encloses the box:

r =
√

d

2
.(13)

Using the method mentioned in Section 3.2 and given some upper bound on the depth of
the tree,ν, and givenp, h, andε, we compute for each size of box, 20,2−1 . . . ,2−ν , the
closest pointx that it issafeto evaluate a multipole expansion at, withx0 in (11) given
by r/2i . By safe, we mean that the error in truncating the multipole expansion to order
p is less thanε. With certain kernels such as the Gaussian, the multipole expansion is
absolutely convergent. Hence at a certain depth,x can become smaller thanx0 or even
go to zero. There is no need to make the tree go any deeper than the point where the
expansion is convergent for boxes of size 2−i for all x within the unit box. We can setν
to this depth.

4.1.3. Adding a Point. Whenever a point is added, one traverses down the tree to find
the leaf node that the point belongs to. If that leaf node has less than some constant
number of points (say 40), or the depth isν, add the new point to the leaf node, and
add the contribution of that kernel to the multipole expansion for the points in that box.
Otherwise, subdivide that space into 2d subspaces, dividing the points among those new
leaves according to their position in space. Then add the datapoint to the appropriate
leaf, and compute multipole expansions of orderp for each leaf.

To add a point, we must traverse the tree to find its leaf node, and possibly add a
multipole expansion to each node in the tree along the path to the leaf. The expected tree
depth ind dimensions isO(log2d n) for most reasonable distributions, but see [12] for
a discussion of the adaptive decomposition. The size of a multipole expansion of order
p in d dimensions ispd. Hence adding a point costs an expectedO(pd log2d n) time, or
O(pd + log2d n) if density is only updated at the leaves.

With the Gaussian there is always a depth at which the box is sufficiently small relative
to h that one can evaluate the expansion at any distance within or without the cell. This
implies a constant depth tree, giving an update time ofO(pd).

4.1.4. Deleting a Point. It should also be noted that it is quite easy to delete a point,
which is a common operation in on-line algorithms. To do this, one effectively adds
a counteracting point of opposite magnitude at the same location as the point being
deleted. This is done by adding a multipole expansion of opposite sign to each multipole
expansion along the path to where the point is stored in the tree. Then delete the point
stored in the leaf node, reducing the number of points in the data structure by one. If all
of the points in all of the leaves of a parent are deleted, the tree can be compressed by
deleting those leaves, and converting the parent node into a leaf.

4.1.5. Updating the Density. There are two ways to do this. If density queries occur
about as frequently as density updates, we update the density when adding points by
simply adding the expansion for the point at each successive node as we descend to
the bottom of the tree. If density queries are very infrequent, a different approach may
be more efficient which uses the multipole-to-multipole (M2M) translation, and defers
calculation of the nonleaf expansions until they are needed. An M2M translation allows
combining the multipole expansions for small regions of space into a single multipole



46 C. G. Lambert, S. E. Harrington, C. R. Harvey, and A. Glodjo

expansion that describes the potential due to all of the regions together at a sufficient
separation (see Section A.2 of the Appendix). Effectively this allows the derivation of
parent expansions from child expansions without using the possibly hundreds of points
located at the child; only the coefficients of the child expansions are needed.

We add points as described in Section 4.1.3, that is, only updating the density at
the leaves. Then whenever a density query is done, some subset of the nonleaf boxes
at various levels will need to have their densities updated. We do this by recursively
descending from those boxes to all of their leaves, and then, from the leaf node, pass
the multipole expansion for that node upward via an M2M translation, translating the
expansion for it and its 2d − 1 siblings to the center of their parent box to get a net
expansion for every particle that is a descendant of the parent. Continue this process
recursively upward. This is like theupward passof the FMA described in [12], only it
is performed on a subset of the tree.

4.1.6. Density Query. To obtain the density at a pointEz, one recursively traverses the
tree downward, evaluating the multipole expansion for a given box atEz if the distance
between the box center andEz is sufficient, given the error bounds computed at the
beginning of the algorithm. If the box is not sufficiently separated, recursively traverse
its children. If a leaf node is reached and is not sufficiently separated fromEz, compute
the effect of those points onEz directly.

The running time for a density query is proportional to the number of multipole
expansions that have to be evaluated. The cost of evaluating an expansion is the cost of
computing theG part of the expansion and taking a dot product with theF part. Both
F andG areO(pd) in size, and the individual terms inG may take up toO(p) time to
compute. Thus evaluating an expansion costsO(pd) time. The number of expansions
that have to be evaluated is highly dependent on the kernel function,p, h, andε. With
kernels that have absolutely convergent multipole expansions, such as Gaussian, the
number of expansions to be evaluated can be constant for a given error,ε. In principle,
with enough terms in the expansions, no recursive decomposition is necessary; simply
add all points to one single expansion, and do a density query anywhere within or without
the sphereoid enclosing the points. In practice this works only for large bandwidths.
For potential functions that are not absolutely convergent such as the Coulomb, the
expansion converges only outside the enclosing sphere, and the number of expansions
to be evaluated is generally logarithmic inn using a recursive decomposition [4].

If the M2M translation scheme is used for infrequent density queries, and there have
beenk updates since the last density query, then as many as min(2dk, Lt ) leaves will
need to have their expansions shifted, whereLt is the number of tree leaves. The 2d

factor is the number of siblings of each leaf, and if any leaf is modified, it and all of
its 2d − 1 brethren must be combined to update the parent. The query time at worst is
O(min(2dk, Lt )) times the cost of the M2M translation. Each M2M translation is the
cost of convolving two polynomials of sizepd, which takesO(p2d) time. This can be
reduced toO(pd log p) with FFT techniques (see [9] and [10]), but in general the FFT
techniques only give a computational savings with largep in low dimensions [9]. If only
a small region of the space gets modified many times, orLt is small, then the query time
can be small with the M2M translation scheme.

In the case where incoming data is fairly uniform, one can decide which of the two
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methods to choose as follows. Supposek points are added on average between each
density query to thed leaves beneath a parent before the next density query. The cost of
adding them to the leaves as well as the parent via the first method is 2kpd. The cost of
adding them to the leaves only, followed byd M2M translations of the child expansions
to the parent iskpd + dp2d. The break-even point isk = dpd. Now suppose there are
Lt leaves in the tree, each equally likely to be visited. One would need to add more than
dpd Lt points between updates to expect any savings with the M2M method at the lowest
level of the tree.

4.2. Number of Expansion Terms versus Increased Cell Separation. There is a tradeoff
between increasing the separation criteria versus increasing the number of terms in the
expansions. With more expansion terms, one can evaluate a multipole expansion at the
same distance and obtain a smaller error. However, the size of those expansions grows as
pd, and if one performs M2M translation operations, those operations scale asO(p2d).
One can reduce the error by using a greater cell separation, but then more interactions have
to be directly computed rather than accumulated with multipole expansions. Typically
a balance is experimentally determined, as the cost of direct interactions depends on
the speed of computation of the kernel function on the target architecture (a costly
exponential for the Gaussian), while the speed of multipole computations is primarily
the cost of floating point operations on polynomials (+,−, ∗, /).

4.3. Upper Distance Bounds. With the case of the Gaussian kernel function, and other
functions that die off faster than polynomially, it is possible to save some additional work.
Given a user-specified tolerance, if an expansion is so far away from the evaluation point
that the tails of the Gaussian are below the tolerance, then the expansion need not be
evaluated at all. This is similar to the data reduction techniques currently used in kernel
density estimation [11], [18].

5. On-Line Kernel Regression. Like on-line kerneldensity estimation, on-line kernel
regressionhas two operations: add ad-dimensional sample point (d − 1 independent
regressors and one dependent variable), and query for the expected value of the dependent
variable at the(d − 1)-dimensional vector of independent regressors.

Ideally, we would like to formulate an algorithm for kernel regression in terms of the
multipole expansions for the density. It turns out this is possible. We refer to thed − 1
independent regressors asEx and the dependent variable asy, and letEz = (y, Ex) be the
vector of alld random variables. The regression equation is [32]

E(y|Ex) =
∫

y f (Ez)dy∫
f (Ez)dy

.(14)

If we make the substitution

f̂ (Ez) = 1

hdn

n∑
i=1

K
(Ez− Ezi

h

)
,(15)
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we obtain the nonparametric density form for the conditional expectation:

E(y|Ex) =
∫

y
∑n

i=1K ((Ez− Ezi )/h)dy∫ ∑n
i=1K ((Ez− Ezi )/h)dy

.(16)

It can be shown [32] that this equation is equivalent to∑n
i=1 yiK1 ((Ex − Exi )/h)∑n

i=1K1 ((Ex − Exi )/h)
,(17)

whereK1: <d−1→ < is the reduced-dimension result of integrating the kernel function
over the dependent dimension; that is,

K1(Ex) =
∫
K(Ez)dy.(18)

Conveniently, any normalization constants can be dropped as they cancel out in the
division. Even more conveniently, the integral of a Gaussian kernel is itself a reduced
dimension Gaussian, which is not the case for all kernels. Hence, the conditional expec-
tation is given by the fraction of two reduced dimensional Gaussian kernel sums. One
sum is weighted by the dependent variable, and the other has a unit weighting,

E(y|Ex) = G1(Ex)
⊙∑n

i=1 yi F1(Exi )

G1(Ex)
⊙∑n

i=1 F1(Exi )
.(19)

Computationally, two multipole expansions must be stored,F1 andyi F1, but the work
in forming the expansions, and evaluating them can largely be combined, as they differ
only by a constant weighting factor.

6. Computational Results

6.1. On-Line Density Estimation. We tested the computational efficiency of the MODE
algorithm implemented with a Gaussian kernel in one through five dimensions. All of the
Taylor expansions were done with the Maple mathematical software system. Symbolic
mathematical software eliminates bookkeeping errors, and greatly speeds development
time in testing the methods and in generating optimized code.

Tables 1–5 report the total elapsed wall-clock time for running the algorithm on 50,000
points ind = 1 · · ·5 dimensions with bandwidths,h, ranging from from 1 to 1

10000, and
the target error,ε, ranging from 1e-1 to 1e-8. We started with one datapoint, then queried
the density at the new datapoint, and then added that new point and repeated the process
50,000 times. To test the variability of runtime with distribution, we ran the algorithm
on three different distributions: 50,000 uniformly distributed points, 50,000 multivariate
normal points with a heteroskedastic covariance matrix, and 50,000 normally distributed
points with an ill-conditioned heteroskedastic covariance matrix, having a condition
number of about 106. All data were scaled into a unit hypercube of side length 1 by
dividing every datapoint by twice the length of the longest dimension. We did not scale
the bandwidth. The runs were done for values ofp from 2 through 6 for each level of
ε, and the shortest runtime was reported. For a given target error,ε, the worst case error
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Table 1.Running times for one-dimensional MODE density computations (seconds).∗

One-dimensional density
(n = 50,000) h = 1 h = 1

2 h = 1
10 h = 1

100 h = 1
1000 h = 1

10000

ε = 1e-1 Uniform 0.420 0.505 1.60 3.84 9.14 10.2
Normal 0.462 0.539 1.90 3.96 5.92 8.33
Ill cond. 0.461 0.545 1.72 3.63 5.55 7.55

ε = 1e-2 Uniform 0.463 0.601 3.18 6.33 9.46 10.4
Normal 0.509 0.641 2.83 5.00 7.25 9.82
Ill cond. 0.502 0.648 2.46 4.69 6.84 9.25

ε = 1e-3 Uniform 0.569 0.927 3.54 7.82 10.1 11.7
Normal 0.612 1.06 3.33 5.85 8.77 11.4
Ill cond. 0.613 0.968 3.01 5.36 8.30 10.8

ε = 1e-4 Uniform 0.643 1.05 6.57 9.27 14.6 11.9
Normal 0.649 1.09 3.81 7.45 9.63 11.9
Ill cond. 0.652 1.00 3.23 7.08 9.17 11.4

ε = 1e-5 Uniform 0.931 1.84 6.46 10.2 13.3 13.4
Normal 1.08 1.49 5.33 8.29 10.3 13.7
Ill cond. 0.969 1.46 4.89 7.92 9.88 12.4

ε = 1e-6 Uniform 0.966 2.59 5.80 14.2 22.0 12.6
Normal 1.11 1.81 5.67 10.4 13.0 14.2
Ill cond. 1.01 1.59 5.16 9.87 12.5 12.9

ε = 1e-7 Uniform 1.60 3.37 11.8 17.3 22.6 12.9
Normal 1.11 1.88 7.72 12.2 14.5 14.8
Ill cond. 1.07 1.65 7.48 11.6 13.7 13.5

ε = 1e-8 Uniform 1.83 3.53 15.8 21.2 32.0 13.3
Normal 1.79 3.12 9.89 13.9 19.4 15.6
Ill cond. 1.59 2.76 9.47 13.0 18.5 14.0

∗ Runtimes are presented for three different data distributions: 50,000 uniformly distributed points, 50,000
multivariate normal points with a heteroskedastic covariance matrix, and 50,000 normally distributed points
with an ill-conditioned heteroskedastic covariance matrix.

of any given density query is at or belowε. Typically, the average error over all density
queries is one to three orders of magnitude smaller than the target. In one through five
dimensions the direct method takes between 1600 and 2000 seconds, while the MODE
times are much better, though they vary with the error, and the bandwidth. Interestingly,
it is the bandwidths,h, of between1

2 and 1
100 that give the slower results. The very

broad bandwidths are easily approximated by a low-degree polynomial and run very
fast. The very sharp bandwidths fall off so quickly that the interactions do not extend
very far, and hence multipole expansions can be evaluated at very short distances, giving
fast runtimes. It appears that six or fewer terms in the expansions is insufficient for the
midrange bandwidths in high dimensions when high accuracy is demanded, leading to
excessive direct computations, and long runtimes for these cases (recall the discussion
of Section 4.2). We taxed the capabilities of our symbolic software in automatically
generating the five-dimensionalp = 6 expansion code, with 252 terms in the expansions,
and could probably have improved the runtimes by increasing the number of terms. Of
course, for any given dimension there will be a level of accuracy and number of points
beneath which the direct computation is more efficient. All computations were done on
a dedicated Power Challenge machine with a 75 MHz MIPS R8000 processor.
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Table 2.Running times for two-dimensional MODE density computations (seconds).

Two-dimensional density
(n = 50,000) h = 1 h = 1

2 h = 1
10 h = 1

100 h = 1
1000 h = 1

10000

ε = 1e-1 Uniform 0.651 1.58 11.9 19.8 9.49 8.30
Normal 0.697 1.60 10.1 18.8 13.8 10.8
Ill cond. 0.683 1.43 9.10 17.7 12.7 9.80

ε = 1e-2 Uniform 1.05 1.93 13.3 26.4 9.69 8.50
Normal 1.08 2.08 14.5 28.9 15.5 10.9
Ill cond. 1.08 1.91 13.3 27.4 14.0 9.88

ε = 1e-3 Uniform 1.56 2.53 17.6 33.5 10.2 8.32
Normal 1.57 2.78 18.0 44.1 16.7 11.1
Ill cond. 1.57 2.53 17.1 41.3 15.1 9.98

ε = 1e-4 Uniform 2.29 5.92 34.7 39.4 10.7 8.36
Normal 2.51 6.10 34.1 60.7 17.6 11.2
Ill cond. 2.27 5.37 32.3 58.0 16.0 10.0

ε = 1e-5 Uniform 2.46 6.13 48.7 44.8 10.5 8.49
Normal 2.73 6.09 42.9 93.9 18.8 11.1
Ill cond. 2.53 5.44 41.2 90.2 16.9 10.1

ε = 1e-6 Uniform 3.05 7.15 102 50.4 10.7 8.42
Normal 3.05 7.09 89.0 158 19.8 11.1
Ill cond. 3.04 6.38 85.8 152 17.8 10.1

ε = 1e-7 Uniform 6.12 23.5 156 55.8 11.2 8.51
Normal 6.06 16.9 120 212 20.6 11.3
Ill cond. 5.45 16.1 115 200 18.6 10.1

ε = 1e-8 Uniform 7.14 24.1 262 60.7 11.5 8.66
Normal 6.97 16.8 178 302 21.4 11.1
Ill cond. 6.37 16.1 173 285 19.3 10.2

Table 3.Running times for three-dimensional MODE density computations (seconds).

Three-dimensional density
(n = 50,000) h = 1 h = 1

2 h = 1
10 h = 1

100 h = 1
1000 h = 1

10000

ε = 1e-1 Uniform 1.22 3.43 38.6 23.0 16.4 16.0
Normal 1.26 3.74 42.3 65.7 26.9 23.3
Ill cond. 1.27 3.41 35.2 60.0 23.6 20.9

ε = 1e-2 Uniform 2.75 5.33 90.7 26.5 15.9 15.0
Normal 2.78 5.82 74.2 97.0 27.4 23.3
Ill cond. 2.73 5.35 63.0 89.5 24.6 20.9

ε = 1e-3 Uniform 4.65 9.45 256 29.6 16.2 15.2
Normal 5.04 9.74 191 129 28.4 23.5
Ill cond. 4.67 9.36 155 118 25.3 21.0

ε = 1e-4 Uniform 6.66 28.6 540 32.5 16.6 15.0
Normal 7.05 22.1 255 163 30.3 24.1
Ill cond. 6.60 18.2 212 147 26.1 21.1
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Table 4.Running times for four-dimensional MODE density computations (seconds).

Four-dimensional density
(n = 50,000) h = 1 h = 1

2 h = 1
10 h = 1

100 h = 1
1000 h = 1

10000

ε = 1e-1 Uniform 3.58 10.3 215 44.1 29.3 32.3
Normal 5.55 15.8 263 174 60.8 57.4
Ill cond. 3.60 9.92 134 110 57.6 53.4

ε = 1e-2 Uniform 8.54 102 478 48.1 29.7 32.2
Normal 9.08 49.4 644 150 62.7 57.6
Ill cond. 8.32 41.5 427 144 59.0 53.8

ε = 1e-3 Uniform 14.3 147 705 52.3 29.9 33.2
Normal 14.3 64.7 1119 184 64.3 58.0
Ill cond. 14.0 55.4 755 177 60.4 53.7

ε = 1e-4 Uniform 121 1719 934 54.6 30.1 32.8
Normal 53.6 217 3224 214 66.0 57.4
Ill cond. 43.4 176 2498 206 61.3 54.0

To illustrate the advantage over the direct method for low to moderate accuracy
simulations, we compared the running time of a brute-force density computation versus
the MODE method withh = 1

2, ε = 1
2, andp = 3, with n = 1 · · ·1,000,000 uniformly

distributed points for each of the five dimensions. Figure 2 shows these results. In two
through five dimensions the actual worst and average case errors achieved are slightly
better than 10−2 and 10−3, respectively. For one dimension the worst and average case
errors seen were about 0.023 and 0.0093, respectively. The error results for the uniform
distributions tend to be best because of the more symmetric cancellation of error that
occurs when each point is on average surrounded by a uniform field. The worst case
errors for the runs in the tables also tend to be two to three orders of magnitude smaller
than the targetε. Hence instead of ranging from 1e-1 to 1e-8 most of the runtimes in the

Table 5.Running times for five-dimensional MODE density computations (seconds).

Five-dimensional density
(n = 50,000) h = 1 h = 1

2 h = 1
10 h = 1

100 h = 1
1000 h = 1

10000

ε = 1e-1 Uniform 6.88 30.1 547 101 79.8 78.7
Normal 6.78 31.6 861 260 156 150
Ill cond. 6.83 28.1 593 206 126 119

ε = 1e-2 Uniform 29.6 414 985 111 80.6 78.7
Normal 20.4 122 3990 320 160 150
Ill cond. 18.3 103 2437 251 128 120

ε = 1e-3 Uniform 37.6 831 1291 118 81.0 77.6
Normal 37.8 205 5679 373 163 151
Ill cond. 35.0 177 3852 292 130 120

ε = 1e-4 Uniform 788 4232 1565 123 81.4 78.7
Normal 186 927 5523 425 165 508
Ill cond. 161 676 4826 328 131 119
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Fig. 2. MODE versus direct running times. We compare the “brute-force” direct on-line density computation
to the MODE algorithm, forn = 1000· · ·1,000,000 in one through five dimensions. We selected a bandwidth
of 0.5 and an error tolerance of 0.01, and used uniformly distributed data for convenience. For the brute-force
approach, we extrapolated from 50,000 points to 1,000,000 as the running times are impossibly long with its
O(n2) running time. The running times for the direct approach fall in a narrow band at the top of the graph.
For 1 million points, the direct approach would take from 7 to 10 days to compute, depending on the number
of dimensions. In one through five dimensions, the MODE approach respectively takes 11, 40, 70, 145, and
264 seconds to do on-line density updates and queries for the million points. The plot is on a log-log scale.

tables are really for worst case accuracies ranging from 1e-3 to 1e-11, and average case
accuracies from 1e-4 to 1e-12. Further work on fine-tuned error control is still required.

6.2. On-Line Kernel Regression. We implemented on-line kernel regression ind =
2 · · ·5, where the fraction of two(d − 1)-dimensional densities must be computed.
Through clever combination of computations, the running times in all cases were less
than 120% of the cost of performing one(d − 1)-dimensional density query. That is,
computingd-dimensional conditional expectation runs in about the same time asd − 1
density estimation. The errors were well behaved, though, as with any kernel regression,
one has to be cautious about performing an expectation query in a region of near zero
density, lest division by zero occur.

7. Further Work

7.1. O(n)Off-Line Nonparametric Density Estimation. Although it is desirable to have
an up-to-date estimation of the nonparametric density, it may be the case that a periodic
recomputation of the density is sufficient. Also, one may be simply interested in plotting



Efficient On-Line Nonparametric Kernel Density Estimation 53

the nonparametric density for a fixed set of points. One approach to these problems is
to solve the off-line problem of computing the density over a large grid ofg = O(n)
points. This problem can be solved inO(n) time by straightforward application of the
FMA with the appropriate kernel function. The complexity of implementing the FMA
has traditionally been difficult for the rather simple potentials used in physics problems,
let alone the more complex kernel functions contemplated in density estimation context.
However, in the Appendix we outline how to derive translations operations for the series
expansions involved in the FMA. With symbolic mathematics packages such as Maple,
one can readily derive and even generate optimized code for the appropriate routines.
Lambert’s thesis [19] shows how to do this. Of course the on-line algorithm can be used
without modification to solve the off-line problem: simply performn density updates
followed byg density queries at the gridpoint locations at a cost ofO(n logn+g logn).

7.2. Bandwidth Issues. As mentioned in Section 3.1, theF components of the multi-
pole expansions are independent of the kernel function and the bandwidth. It is theF
parts of the expansions that are stored within the tree, while theG parts, which include
the bandwidth, are computed only at query time. Thus it is possible to vary the band-
width asn increases, or even to apply different kernel functions without recomputing
the expansions stored in the tree. The only issue to be dealt with is computing a new
set of error bounds for the changed kernel. As long as the bandwidth is not changed
often, one can recompute the bounds. If the bandwidth is only gradually decreased, then
the same error bounds can be used for a long time—perhaps over the whole life of the
computation. In typical applications, the bandwidth is reduced by some constant over
nd+4 (see [29]), which decreases extremely slowly.

It should also be mentioned that partial derivatives and even multidimensional inte-
grals of the density can also be computed in an on-line or off-line fashion by straight-
forward differentiation or integration of theG component of the expansion.

The techniques presented very efficiently solve the problem where the bandwidth of
the kernel function of all the points is the same value. Often, however, a better density
estimate can be obtained by varying the bandwidth in different regions, usually in some
manner that is dependent on the density of the data. Where there are fewer points, the
bandwidth is made wider, and where there are many points, the bandwidth is made
narrower. There are two ways to go about solving this problem. One is to use the MODE
algorithm several times, once per bandwidth used. However, this would not allow a
continuous varying of bandwidth, but would require discrete levels. To allow continuous
varying of bandwidth, the bandwidth parameter,h, must be included as a variable of
the expansion. This would add an extra dimension to the problem in addition to the
spatial dimensions that the points lie in. The error bounds and separation criteria would
then have to incorporate theh parameter as part of computing interactions. A very fast
algorithm to perform this most general form of on-line kernel density estimation would
be of enormous practical value.

Appendix. Multipole Mathematics for General Potential Functions. Tradition-
ally, applications of multipole-based algorithms have been restricted to the rather sim-
ple Coulomb potential function (i.e., kernel), because of the enormous complexity in



54 C. G. Lambert, S. E. Harrington, C. R. Harvey, and A. Glodjo

deriving translation operators for the series expansions involved in the algorithm. To
our knowledge, no multipole-based algorithm has been implemented in more than three
dimensions prior to this work because of this complexity. We show a simple method for
deriving these operators that allows MODE, and indeed, any multipole-based algorithm
to be applied to a broad class of kernel/potential functions in arbitrary dimensions with
very little development time. See [19] for an exposition on using Maple to facilitate
development ofN-body algorithms.

7.3. Multipole Expansions. Many multipole-based algorithms rely on the shifting of
multipole expansions to derive their efficiency. The FMA [12] contains a superset of
these shifting operations, and we show how to compute each of them in turn. We work
in Cartesian coordinates. LetEz ∈ <d = [z(1), z(2), . . . , z(d)]T , write

Fi1,i2,...,id(Ez) =
d∏

k=1

zik−i k+1

(k)

(i k − i k+1)!
,(20)

and

Gi1,i2,...,id(Ez) = Ci1−i2,i2−i3,...,id−1−id,id(Ez)
d∏

k=1

(i k − i k+1)!,(21)

wherei k ≥ i k+1 for all k, i d+1 = 0, andCi1,...,id(Ez) denotes the coefficient of the term of
the multivariate Taylor series expansion for8(Ez− Ez0) aboutEz0 = 0 corresponding to∏d

k=1 z0
i k
(k). That is,

Ci1,...,id(Ez) =
(

d∏
k=1

1

i k!

∂ i k

∂z0
i k
(k)

)
8(Ez− Ez0)

∣∣∣∣∣
Ez0=0

.(22)

The symbolic package Maple has a library function called “coeftayl” which gives
Ci1,...,id(Ez) for arbitrary functions. The following then holds:

8(Ez− Ez0) =
∞∑

i1=0

i1∑
i2=0

· · ·
id−1∑
id=0

Fi1,i2,...,id(Ez0)Gi1,i2,...,id(Ez),(23)

for |Ez| > |Ez0|. To illustrate, let8(Ez) = ez(1)+z(2)+z(3) , then

Fi1,i2,i3(Ez) =
zi1−i2
(1) zi2−i3

(2) zi3
(3)

(i1− i2)! (i2− i3)! i3!
,(24)

Gi1,i2,i3(Ez) = Ci1−i2,i2−i3,i3(Ez)(i1− i2)! (i2− i3)! i3!,(25)

and

Ci1,i2,i3(Ez) =
1

i1! i2! i3!

∂ i1

∂z0
i1
(1)

∂ i2

∂z0
i2
(2)

∂ i3

∂z0
i3
(3)

8(Ez− Ez0)

∣∣∣∣∣
Ez0=0

(26)

= (−1)i1+i2+i3 ez(1)+z(2)+z(3)

i1! i2! i3!
.
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With theF andG formulation for the multipole expansions, the multipole translation
and conversion operations for general functions become easy. One forms a multipole
coefficients array,M for n points with weightsqj as

Mi1,...,id =
n∑

j=1

qj Fi1,...,id(Ezj ).(27)

With i1 ranging from 0 top− 1, i2 from 0 to i1, i3 from 0 to i2, and so on toi d from
0 to i d−1. This multipole expansion can be stored as ad-dimensional triangular matrix
of real numbers, as depicted in (9), or for greater efficiency may be flattened to a one-
dimensional vector. We then have the following general theorems for translating the
multiple expansions.

7.4. Multipole to Multipole Translation(M2M). Let M be the multipole expansion of
radiusr centered at the origin. Then the center of the expansion can be translated to a
new center,Ez, and have the resulting multipole expansionM ′ converge outside a radius
of r ′ = r + |Ez|. The elements ofM ′ are given by

M ′i ′1,...,i ′d=
i ′1∑

i1=0

min(i1,i ′2)∑
i2=max(0,i ′2−i ′1+i1)

· · ·
min(id−1,i ′d)∑

id=max(0,i ′d−i ′d−1+id−1)

Mi1,...,id Fi ′1−i1,...,i ′d−id(−Ez).(28)

7.5. Multipole to Local Translation(M2L). Suppose thatn charges of strengthsq1,q2,

. . . ,qn are located inside a hypersphereSa of radiusa and center atEz, with |Ez| > a+ b
anda ≥ b. Then the corresponding multipole expansion converges inside a hypersphere
Sb of radiusb centered about the origin. At any point insideSb, the potential due to the
charges inSa can be described by a Taylor series, or local expansionL, translated to the
origin whose elements are given by

Li ′1,...,i
′
d
=

p−i ′1∑
i1=0

i1∑
i2=0

i2∑
i3=0

· · ·
id−1∑
id=0

Mi1,...,id Gi ′1+i1,...,i ′d+id(Ez).(29)

One can evaluate the potential at a pointEz inside the hypersphereSb by

8(z) =
p−1∑
i1=0

i1∑
i2=0

· · ·
id−1∑
id=0

Li1,...,id Fi1,i2,...,id(Ez).(30)

7.6. Local to Local Translation(L2L). The local to local translation is used to pass
the effects of distant cells down to cell children by shifting the local expansion from the
center of the parent to the center of the child which is properly contained in the parent
cell. The equation for this new shifted local expansion,L ′, is

L ′i ′1,...,i ′d =
p−i ′1∑
i1=0

i1∑
i2=0

i2∑
i3=0

· · ·
id−1∑
id=0

Li1,...,id Fi ′1−i1,...,i ′d−id(Ez).(31)
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